PE THI CHQON HQC SINH GIOI CAP TRUONG

NAM HOQC 2026 - 2027
Mbn: TOAN
Ngay thi: 23/07/2026
PE CHINH THUC Thoi gian lam bai: 180 phiyt, khong ké théi gian phdt dé
(Dé thi c6 01 trang)
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a, =2027
au 1. (4,0 diém) Ch 5 ac dinh boi: 2
Ciu 1. ( iem) Cho day sb (a,) xéc dinh boi - a:-l’ vneN.
a, :

a) Chimg minh réing day sb (a,) c6 gi6i han hitu han va tim giéi han dé.
b) Xét day sb (b,) xéc dinh bi: b, = Z—a"—], Vn e N. Tim tit ca cac sb ty nhién m sao cho ton
i=0 4, +

tai neN dé [5,]=m (trong 46, [x] 1a sé nguyén 16m nhit khong vuet qua x).
Ciu 2. (4,0 diém) Tim tit ci céc sb nguyén duong n biét ring: Tén tai cdc da thirc
£(x), £(x)ses £, (%), g(x) v6i hé s6 nguyén, khic hing (khong nhat thiét phan biét) théa méan
dong thoi hai diéu kién:

i) Pa thic g(x) chia hét cho x* +1;

i) T/ (x)' -1)=g(x)' -1, VxeR.

i=]

Céu 3. (4,0 diém) Cho tam gidc ABC nhon (4B < AC ) ndi tiép dudmg tron (O). Goi M la trung
diém ciia doan thing BC, G la diém chinh giita cung BC chita 4. Pudng trdn noi iiép (I ) clia tam
gidc ABC tiép xic véi BC, CA, AB lanlugttai D, E, F. Céc dudng thing GB, GC cét EF tuong
img tai P, Q.

a) Chimg minh rang bbn diém F, D, M, Q cung thuc mét dudng tron.

b) Pudmg tron ni tiép (J) cliatam gidc GPQ tiép xiic véi PQ tai H. Goi N latrung diém GH.
Chimg minh ring JN song song véi IG.
Ciu 4. (4,0 di#m) Tim tét ca céc sé chinh phuong trong day s6 x, =1,x, =2,x,,, =4x, —x, ,Vn>1.
Ciu 5. (4,0 didm) Trong bang nxn 6 vudng xép 661 quin démind sao cho mdi quin démind phi

kin ding 2 6 vudng 2x1 hoiic 1x2, ngoai ra hai quin d6miné bét ky khong cham nhau (khéng c6
diém chung ké ca & canh hay dinh). Tim gi4 tri nhé nhit cua ».

HET
e Thi sinh khong dwgc sir dung 1ai li¢u va mdy tinh cam tay.
« Cdn bé coi thi khéng giai thich gi thém.
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( Baitoan 0.1. ] (Lim Olympic - Chuyén Trén Phi - P1)

ag = 2027
Cho day s6 (ay) xac dinh bdi: b
Ap+1 = L 3 Vn € N.
an + 1

@ Chitng minh riang day s6 (a,) ¢6 gi6i han hitu han va tim giéi han do.
n

" a; 2 2 2 2 sa
@ Xét day so (by) xac dinh bdi: b, = Z . _:_ 7 Vn € N. Tim tat ca cac so tu nhién m sao cho
i=0 "

ton tai n € N dé [b,] = m (trong d6, [z] 1a s6 nguyén 16n nhat khong vugt qua ).

(&' L&i giai.

@ Dé ¥ a, > 0 v6i moi s tu nhién n.
aE _ an
a,+1 a,+1
Vi (a,) la day gidm va bi chan dudi béi 0, nén ton tai gidi han hitu han nll’ngo a,=L>0.

Mat khéc, an — ans1 = an — > 0 v6i moi n nén day (a,) gidm ngit.

2
L+1
Suy ra L(L+ 1) = L2, hay L = 0. Do d6 ILm a, = 0.

Cho n — oo trong hé thitc truy hoi, ta duge L =

Z 2, ~ 2,0 . . z a;
@ T dang thic 6 trén, véi moi 7 € N ta ¢6 _:_ T = %~ 041

aj
n
Vi thé v6i moi n thi b, = Y (a; — Git1) = 6o — Gnt1 = 2027 — an1.
i=0
Do ap4q > 0 nén b, < 2027 v6i moi n. Hon thé nita lim b, = 2027 do lim a, = 0.
n—oo n—oo

Ngoai ra b1 — b, = - nén 0 < by — b, < 1.
an+1 +
s 2027 , -
Truée hét, by = 5028 € (0,1) nén [by] = 0.

Xét mot s6 nguyén m € {1,2,...,2026}. Vi b, — 2027 > m nén ton tai n sao cho b, > m.
Goi n 1a chi s6 nhé nhat ¢6 tinh chat d6. Khi ay b,_1 < m < b,,.

Mt Klifie, By = bt (B =Bt} € Bl S

Do d6 m < b, < m+ 1 suy ra [b,] = m.

Nguge lai, vi 0 < b, < 2027 nén [b,] chi c6 thé thuoc tap {0, 1,...,2026}.

Vay tat ca s6 tu nhién m thod man la m € {0,1,...,2026}.
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( Baitodn 0.2. J (Lim Olympic - Chuyén Trén Phi - P2)

Tim tat ca cac s6 nguyén duong n biét rang: Ton tai cac da thic fi(z), fo(x),. .., fo(x), g(x) véi
hé s6 nguyén, khac hing (khong nhat thiét phan biét) théa man dong thai hai diéu kién:
& Da thitc g(z) chia hét cho #2 + 1;

& H (fi(z)* = 1) = g(z)* -1, Vz € R.
i=1

@ L&i giai.
Ta sé chitng minh ring cic s nguyén duong n théa man bai toan la céc sb 1é.
(1) Chitng minh 7 1a sb 1é:

Dau tién ta c¢6 g(i) = 0 v6i i 1a s6 phiic thod man 2 = —1.
n
H (fj(z)? = 1) = g(z)®— 1, Vo € R va hai vé 1a da thitc nén diéu nay ciing diing véi moi z € C.

n
Thay z =i, ta c H =—-1.
j=
Vé6i j € {1,2,...,n}, ddt f;(i) =2; € Z[i) = {a + bi | a,b € Z}.
V6i mbi s6 phitc z = a + bi, xét N(z) = a® + b” 1a chudn ciia z.
n n

Khi 6 [J(:3 —1) = —1 nen [[ N(z} —1) = N(-1) = L.

Jj=1 j=1
Vi zj € Z[z] nén N(zJ2 — 1) la s6 nguyén duong hay N(zjz -1)=1v6ij=12,..,n
Khi d6 z]2~ — 1€ {1,-1,i,—i}, xét ting trudng hgp va dé y N(z?) = N(zj)2 12 s6 chinh phuong dé
suyra z; =0véimoi j=1,2,...,n

Vivay —1 = f[(z]2 —1)=(—1)" nén n la sb 1&.
j=1
@ Ching minh n 1é thod man:
Ta cb ding thite: (4% — 3t)% — 1 = (¥ — 1)((2t)% = 1)2.
Xét day da thitc (Py)rso duge xdc dinh béi Py(z) = 2% +1 va
Pii1(z) = 4P (z)® — 3Py(xz) Vk>0.
Thay t = Py(z), ta dugc:
Pey1(2)? — 1= (Pe@)? - 1) ((2Pe(2))* - 1)°.
Vi n 1a s6 18 nén ton tai s6 nguyén duong m sao cho n = 2m + 1.
Dit g(z) = Pu(x), fi(z) = Po(z) = 2%+ 1 vA v6i mi k= 0,1,...,m — 1, dat:

forr2(z) = forts(z) = 2Pk (2).
Khi d6, ap dung lien tiép ding thitc phia trén, ta co:

m—1 n
g(2)? —1=Pp(z)* — 1= (Py(z)® - 1) H (2B:))? H
k=0 j=1

Mit khéc, Py(i) = 0. Néu Py (i) = 0 thi: Ppyq(i) = 4P(3)® — 3Pk(d) =
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Do d6, theo quy nap, Pi(i) = 0 v6i moi k > 0 nén g(i) = 0 hay g(x) chia hét cho 22 + 1.

Vay v6i moi sb 16 n, ton tai cac da thic khac hang fi, fa,. .., fn, g € Z[z] théa man:
n
[T (#@?-1) =g@?-1 v g()=0.
j=1

Vay tat ca s6 nguyén duong n can tim la cac so 1é.

(e D

( Bai todn 0.3. ) (Lim Olympic - Chuyén Trén Pha - P3)
Cho tam giac ABC nhon (AB < AC) nai tiép duong tron (O). Goi M la trung diém ctia doan
thang BC, G la diém chinh gitta cung BC chita A. Dudng tron noi tiép (I) clia tam giac ABC tiép
xtic véi BC,CA, AB lan lucgt tai D, E, F. Cac dudng thang GB, GC cit EF tuong tung tai P, Q.
@ Chiing minh ring bén diém F, D, M, Q cing thuoc mot dudng tron.
@ Dudng tron noi tiép (J) ciia tam gidac GPQ tiép xiic véi PQ tai H. Goi N la trung diém G H.
Chitng minh rang JN song song véi IG.

@ Lai giai.

(1) Goi EF cit BC tai S. D8 § ring: g—g.g—j.% =1 (do BF = BD, AF = AE, EC = CD).

Vi thé: AD, BE, CF dong quy (theo dinh li Ceva dio).
Ap dung hang diém diéu hoa co ban thi: (SD, BC) = —1 do d6 theo hé thitc Maclaurin thi:
S5D.SM = 8B.8C

Ta c6 tam gidac GBC dong dang tam gidc AEF (g.g) do d6: ZAFQ = ZQCB suy ra: FQCB noi
tiép suy ra: SF.SQ = SB.SC = SD.SM suy ra: F, D, M, Q cung thuoc mot dudng tron.
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2) Lay K do6i xing H qua J. Ta c6 mot tinh chat quen thugce sau ctia mo hinh dudng tron noi tiép (céc
ban ty chitng minh lai): GK di qua tiép diém bang tiép géc G ciia tam gidc GPQ va GK //JN.

Tuong tu ¥ dau ta chitng minh duge: P, E, M, D cung thuoc mot duong tron.
Do d6: ZEPM = ZEDC = 90° — C/2.

Lai ¢6: ZEPB = ZEFB + ZABG = ZA+90° — A/2+ B/2 — C/2 = 180° — LC = 24/M PE suy
ra: M P la phan gidc goc BPQ hay M la tam bang géc G cua tam giac GPQ.

Goi X 1a hinh chiéu ctia M lén PQ. Ta c6: GX//JN. Do d6 ta can chi ra ring: I, X, G thiang hang.
Lay L 1a hinh chiéu ctia M 1én GC va T déi xing G qua O.
GM ML MX

T T8 T
thang hang. Vay ta c¢6: JN//IG.

2

Ta co6:

suy ra: tam giac GM X dong dang tam giac GT'I (c.g.c) suy ra: G, X, [

=
[ Baitoan 0.4. ) (Lim Olympic - Chuyén Trén Phii - P4)

Tim tat ca cac sd chinh phuong trong day s6 zg = 1,21 = 2,Tp1 = 4Ty — Tp_1 V0 > 1.

@ L gidi.

Dé ¥ 29 = 1 1a mot sé chinh phuong trong day trén.

Ta sé chiing minh khong con s6 chinh phuong nao khac, that vay gia sit phén ching.
Goi n 1a s6 nguyén duong nhé nhat thod man diéu nay. Khi d6 z, =0,1,4 (mod 5).
Déy x, =1 (mod 5) néun =0 (mod 3) vh z,, =2 (mod 5) néun = 1,2 (mod 3).
Do d6 n phai chia hét cho 3, tit d6 ton tai m nguyeén duong dé n = 3m.

: " . 5 i S —
Data=2+\/§vaﬂ=2—\/§th1a,3=lvaxn=Tvdxmoln.Khldo
3m 3m m m\3 __ mam(,m m
Tam = — —;B _ b+ 33 Pl +p )=4$§n—3$m

Dé y théem z,, = 1 (mod 3) véi n chin va z,, = 2 (mod 3) véi n 1é nén z,, khong chia hét cho 3 v6i moi n.
Tu doé gcd(xm,4w$n —3)=ged(®s,3) = 1.

Ma 3, = T (422, — 3) VA 3, 1 s6 chinh phuong nén z,, 1a s6 chinh phuong, vo 1y vi 3m = n 1a sb
nguyén duong nhé nhat thod man z,, 1a s6 chinh phuong.

Vi vay khong ton tai sé nguyén duong n dé x,, l1a s6 chinh phuong, do dé s6 chinh phuong duy nhéat trong

f
( Baitoan 0.5. ) (Lim Olympic - Chuyén Trén Phi - P5)

Trong bang n x n 6 vuoéng xép 661 quan domind sao cho mdi quan dominoé phi kin ding 2 6 vuong

2 x 1 hogc 1 x 2, ngoai ra hai quan domind bat ky khong cham nhau (khong c6 diém chung ké ca
& canh hay dinh). Tim gia tri nhé nhat ctia n.

(£ L&i giai.

Ta goi cac giao diém cla cac dudng ké trong bang la cac dinh luéi.

Béang n x n ¢6 tit ca (n + 1)? dinh lusi.

Méi quan dominé phtt mot hinh chi nhat kich thuée 1 x 2, do d6 chita ding 6 dinh 1udi.

Vi hai quan domino bat ky khong c6 diém chung (ké ca ¢ dinh), nén 6 dinh ludi thuoc hai quan khac
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nhau ciing d6i mot phan biét. Bsi vay, néu xép duge 661 quan thi: .

6-661 < (n+1)>2
T day suy ra duge n+ 1 > 63 hay n > 62.

Dé chi ra n = 62 thoa méan, ta xép nhu sau:
1 2 3 4 5! wew 62

Hang 1

Hang 2

Hang 3

Hang 60

Hang 61,62

Trén mdi hang thuoc tap hop {1,3,5,...,59}, ta diat cac quan domind ndm ngang phi cac cap cot:
(1:2); (dsB); (7:8)s 025 (61; 62)

C6 30 hang dugc chon va trén moi hang ¢6 21 quan, nén ta diat duge 630 quan domino.

Trén hai hang 61 va 62, ta dat 31 quan domino thing diing tai cac cot: 1,3,5,...,61.

Cach sap xép trén cho ta 661 quan domind, do dé gia tri nhé nhat ctia n bang 62.
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