SO GIAO DUC VAPAOTAO  KY THI TUYEN SINH TRUNG HQC PHO THONG
TINH QUANG NINH NAM HOQC 2026 - 2027

Mon thi: TOAN (chuyén)

BE THI CHINH THUC (Danh cho thi sinh thi vao Trudmg THPT Chuyén Ha Long)
(Pé thi nay c6 01 trang) Thoi gian lam bai: 150 phiit, khéng ké thoi gian phar dé
Cau 1. (2,0 diém)
a) Cho céc s6 thyc x,y,z théa mén x+y+z=9 va (x—1)(y-1)(z—1)=6. Tinh gié trj

1 % 1 & 1 .
xy+z-8 yz+x-8 zx+y-8
b) Mot chlec hop chira 6 vién bi mau tring duogc danh sétirl den 6, 7 vién bi mau xanh dugc

dénh s6 tir 1 dén 7 vé 8 v1en bi mau d6 dwoc danh sb tir 1 dén 8. Lay ngau nhién 2 vién bi trong

hop. Tinh x4c suét dé 14y dugc hai vién bi c6 mau khac nhau v sb ghi trén hai vién bi d6 ciing
khéc nhau.

Ciu 2. (2,0 diém)
a) Gidi phuong trinh x* +(x +2)+/2x-1-8x-6=0.

biéu thitc 4=

Y =2(x+2)y* +x*y =2x" +4x°
¥ +(2x+4)J12-2y +x* +5x+10=0.
Ciu 3. (2,0 diém) Cho m, n 13 hai s6 nguyén duong théa man 2m?* + mn—2n* +m+n=0.

b) Gidi hé phuong trinh {

2) Chimg minh riing m+n 1a sé chinh phwong va n chia hét cho 6.
b) GiA sir n chi ¢6 diing 2 u6c nguyén tb. Chimg minh n=144.
Ciu 4. (3,5 diém) Cho AABC nhon (4B < AC) ni tiép dudng trdn (0). Céc dudng cao 4D,

BE, CF 8bng quy tai H. Dudng thing qua A song song véi BC cét dudng thing EF tai . Tiép
tuyén tgi A cda (O) cit dudmg thiing BC tai J. Goi M, N lén luot 13 trung diém cda BC va 4H.

a) Chiimg minh £ = E
Al BC

b) Chimg minh AADAM & AJAOVAIN L AM.

¢) LAy O dbi ximg voi O qua M. Chimg minh tir gisc DNIO' ndi tiép.
Céu 5. (0,3 dim) Cho 2026 sb nguyén duong phan biét 16n hon 1 va nho hon 2. Biét ring
mdi s trong céc s6 trén khdng ¢6 wde nguyén td ndo khic ngoai 2 va 3. Chimg minh ring c6
thé chon ra mdt vai sb trong 2026 sb trén sao cho tich ciia ching 14 liiy thia v6i s6 mi 45 cia
mdt s6 nguyén duomg.

Thi sinh khdng dirge sie dung tai ligu. Giam thi khong giai thich gi thém,
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[ Baitap 1 ] (Lim Olympic - Quéng Ninh - Bai 1)

@ Cho céc s6 thye x,y,z thbamdn z +y+2=9va (x —1)(y — 1)(z — 1) = 6. Tinh gia
tri biéu thiec:

. 1 1

B xy+z—8+yz+x—8 N zx+y—8

@ Mot chiée hop chita 6 vien bi mau trang duge danh s6 tu 1 dén 6, 7 vien bi mau xanh
duge danh sb tit 1 dén 7 va 8 vién bi mau dé duge danh sb tit 1 dén 8. Lay ngiu nhién
2 vién bi trong hop. Tinh xéc suat dé lay duge hai vien bi ¢c6 mau khac nhau va s6 ghi
trén hai vién bi dé6 cting khac nhau.

A

@ Li giai.
@ Viz+y+z=9=>2y+2z-8=zy+(O@—-c—y)—8=zy—2z—y+1)=(2-1)—1)
Ching minh tuong tu ta duge
g 1 . 1 . 1
@-DE-1) H-DE-1) E-E-1)
B B4+t —8 B
(z -1y —-1)(z—-1)

21.20

(2) S6 cach lay 2 vien bi trong hop la: =210 = n(Q) = 210

Xét 3 truong hop khi bée 2 vien bi:

¢ Trudng hop 1: 1 bi trang va 1 bi xanh
Chon 1 bi xanh khéc s6 bi tring: Trong 7 bi xanh sé ¢6 ding 1 vién mang s6 giong véi
bi trang vita chon. Do d6, s6 cach chon bi xanh 1a 7 — 1 = 6 cach.
Nén s6 cach bbe 1 bi trang va 1 bi xanh théa man yéu cau la: 6.6 = 36 cach.

& Truong hgp 2: 1 bi xanh va 1 bi do
Tuong tu truong hop 1 ta duge 7.7 = 49 céch.

& Trudng hop 3: 1 bi dé va 1 bi tring
S6 cach boc bi trang: 6 cach. Chon 1 bi d6 khéc s6 bi trang: Tuong t, sd cach chon bi
dd 1a 8 — 1 = 7 cach. Nén sb cach chon trong TH3 1a 6.7 = 42 cach

Vay n(A) = 36 + 49 + 42 = 127.
n(A) 127

Do d6 xéc suat can tinh 1a P(A) = 2@ ~ 210°
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%3 LIM EDU

AL
¢ )

L

[ Bai tap 2 ] (Lim Olympic - Qudng Ninh - Bai 2)

(1) Giai phuong trinh 2% + (z +2)v/2z — 1 — 8z — 6 = 0.
@ Giai h¢ phuong trinh:

y* —2(x + 2)1® + 2%y = 22° + 422
v+ (2x+4)y/12 -2y + 2+ 52+ 10=0

@ L&i giai.
@ Diéu kién xéc dinh: z > %
Phuong trinh da cho tuong duong:
2~ 5z +(z+2) (V22 —1-3) =0
2(z +2)(xz — 5)

& == =0
s =aT /28 = 13
2(z+2) )
&(x-5 (x+— =0 [«
E=8)et+ p=t43/ =" @
1 2(x+2)
> — né ———— . Do dé, tu ho ta =25,
\ﬁm_2nenm+3+m>0 o do, tit () chotaxz =5

Thit lai, thod man. Vay x = 5.

y® — 2(z + 2)y? + 2%y = 22° + 42? (1)

¥’ + (22 +4)\/12—2y+ 2>+ 52+ 10 =0 (2)
Tit (1) = y(v® +2%) — 2% (z +2) — 22 (2 +2) =0 = (1* +2)(y — 22— 4) = 0.
TH1: 2° + 34> = 0 = 2 = y = 0. Thay vao (2) thiy khong théa man.
TH2: y—2z—4=0=>y=2z+4=>z<1.
Thay vao (2) suy ra: (2z +4)2 + 2z +4)vV4— 4z +2° + 52+ 10 =0

& 52°+ 21z + 26+ (22 +4)Vi— 4z =0
Dt Vl—g=t>0=pz=1-4%
Phuong trinh da cho tré thanh 5(1 — )2 + 21(1 — ¢?) + 26 + (2(1 — t?) + 4)2t = 0
& (58* — 1082 45) +1(21 —218%) 4+ (6 —2t%)26+26 =10
& 5t' — 48> — 3182 + 12t + 52 =0
& (t—2)%(5t> + 16t + 13) = 0

Dot>0nénti=2=g=~3=y==-2

Vay hé phuong trinh c¢6 cip nghiém duy nhat z = -3,y = —2.

Trang 2 £l LIM Olympic - CLB 6n chuyén, HSG
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[ Bai tap 3 ] (Lim Olympic - Qudng Ninh - Bai 3)

Cho m,n 1a hai s6 nguyén duong théa man 2m?* + mn — 2n* +m +n = 0.
@ Chiing minh rang m + n 1a s6 chinh phuong va n chia hét cho 6.
@ Gia stt n chi ¢6 diing 2 u6c nguyéen t6. Chiing minh n = 144.

@ Ldi gidi.
(1) Gia thiét tuong duong (m +n)(2m —n + 1) = n?.
Dit d = (m +n,2m —n + 1) thi m +n v 2m —n + 1 chia hét cho d nén n? chia hét cho d*

hay n chia hét cho d nén m chia hét cho d, tit d6 két hop 2m —n + 1 chia hét cho d suy ra 1
chia hét cho d hay d = 1.

Vi vay m + n 1a s6 chinh phuong.

Gidsttnléthin=1 (mod 2) nén 0 =2m*+mn+m-+n—2n°>=2m+1=1 (mod 2), v
ly. Vay n 1a s6 chn hay n chia hét cho 2.

Vi m+n la sé chinh phuong nén ton tai sé nguyén duong ¢ sao cho m+n = t* hay m = t*—n.
Thay vao gia thiét c6 2(t> —n)? +n(t* —n) —2n® +n+1>—n = 0 hay 2t* —3t>’n —n? +¢*> = 0.
Do d6 n? = t*(2t> — 3n + 1).

Néu n khong chia hét cho 3 thi t* va 2t* — 3n + 1 khong chia hét cho 3.

Vi thé * =1 (mod 3), khi d6 2t* —3n+1 =0 (mod 3), vo 1.

Do dé6 n chia hét cho 3, va vi n chiin nén n chia hét cho 6.

@ Vi (m+n)(2m —n+1) =n? nén tit § 1 suy ra ton tai x,y nguyen duong dé m +n = 22,

2m—n+1=192% (z,y) =1, vi thé zy = n hay m = 2% — zy.

Suy ra ¢ =2m—n+1 =222 —3zy+ 1.
Tit d6 172 = 4y® + 122y + 92° —4 = (2y + 32)* —4 = (2y + 3z — 2)(2y + 3z + 2).

Vi n chi ¢6 2 u6ce nguyen t6 va chia hét cho 6 nén ton tai a, b nguyen duong sao cho n = 223",
van =xy va dé ¥ 2 > 1 nén ta c6 cic trudng hop:
& Truong hop 1: z =2 va y = 3°.
Suy ra 17.2%* = (2.3° + 3.2* — 2)(2.3° + 3.2° + 2).
Do 2.3° 4+ 3.2¢ — 2 < 2.3 4 3.2% 4 2, hai s6 ciing chin, khong ciing chia hét cho 8, va
2.3 4+ 3.2 — 2 > 4, vi thé sé chi x4y ra cac trudng hop sau:
* 2.3°432%—2=234,suyra b <2, thit b= 1 vd b = 2 suy ra v nghiém.
# 2.3% 4+ 3.2¢ — 2 = 68 nén 70 chia hét cho 6, vo ly.
#* 2.3° 4+ 3.2% + 2 = 34 suy ra 32 chia hét cho 6, vo 1.
* 2.3°+32°4+2=68,suyrab<3.
Thit tung truong hop suy ra b = 2, tit d6 a = 4 hay n = 144.

£ LIM Olympic - CLB 6n chuyén, HSG Trang 3
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& Truong hop 2: z = 3° vay = 2%
Suy ra 17.3%° = (201 + 31 — 2)(2°*! 4 3"+ +2).
Pé ¢ (2% 48P =9 potl L gl p ) = 1w 0 8P =95 ] 1180 08 hrai truiSng higp:
% 20+ 4 31 _ 9 — 17 suy ra b = 1, thit lai vo nghiém.
% 20t 4 391 L 9 — 17 suy ra b = 1, thit lai vo nghiém.
& Truong hop 3: z = 293%, y = 1.
Suy ra 172% = (2 + 3z — 2)(2+ 32 + 2) hay 2(3 — 22) = 0, vd Iy do > 1 la s6 nguyen.

Qua tat ca truong hgp da xét ta c6 n = 144 1 gia tri duy nhat thod man.

[ Bai tap 4 ] (Lim Olympic - Qudng Ninh - Bai 4)

Cho AABC nhon (AB < AC) noi tiép dudng tron (O). Cac dudng cao AD, BE,CF dong
quy tai H. Dudng thang qua A song song v6i BC cit duong thing EF tai I. Tiép tuyén tai
A ciia (O) cat duong thang BC tai J. Goi M, N lan lugt 1a trung diém ctia BC va AH.

. ., Al EF
@ Chiing minh 17 = BO

(2) Chitng minh AADM v AJAO va IN L AM.
(3) Lay O’ d6i xiing v6i O qua M. Chitng minh tit gidgc DNIO' noi tiép.

4 I
0
Fvy
4 B b M c
0/

(&' L&i giai.
@DotﬁgiécBECFn@itiépnénﬁ]: FEC = AFEI va TAE = ACB = JAB nén

Al AFE EF

Trang 4 £l LIM Olympic - CLB 6n chuyén, HSG




Chuong 1. Chuyén Toan Quéang Ninh - 2026 LIM EDU

(2) Tt gide AOM J noi tiép duong tron dudng kinh OJ = AOJ = AMD = AADM & AJAO.
Ta dé c6 cac két qud MF | NF va MN L EF tai X.

Goi duong thing qua N vuong géc véi AM tai T cit EF tai I'.
Ta ¢6 ANTM > ANXI' = NT-NI' = NX - NM = NF? = NA? = NAT' = 90° (hé thitc
lugng ddo) = AI'//BC = I' trung I hay IN L AM tai T.

@ Theo tinh chat quen thuoc 20M = AH = O’M N A 13 hinh binh hanh.

= O'N//AM va O'M = AN = O'N L IN.

p / IA  AD IA  AD g
Ta c6 AIAN v» AADM (g.g) = N DM oM — DM = AAID v» AMO'D (c.g.c).

= ADI = MDO' = IDO' = IDM + O'DM = IDM + ADI = 90°
= TDO’ = INO = 90° = Tt gisc DNIO' noi tiép.

— Luuy.

Ta c6 thé giai bing cach khac nhu sau:
AN DM OM DM OM Al
@ Ta chiing minh:

T DA T I oy T i
Do d6 ta can: AAID v» AMOD.

Dt g =EF, b=A0va¢=AB.

y PR o IE = z.c%/(b* — &) va IF = z.b°/(b* — &)
¢ ching min , 3¢ = g SUY Ta: L€ c’) va = g ).
cx
Suy ra: Al = m
Dit x = EF, b= AC va ¢ = AB.
g g 3 IE _ AP? 3w R N 212 _ 2
Dé chiing mmh;iu’qe TF = Apz SW IE=2x.c°/(b°—c") va IF = 2.b°/(b* — ¢°).
cx
Suy ra: Al = m
" o n . I —¢? OM AH a.AH
St dung dinh i Pytago ta c6: DM = 5y SWYTA o = e =
Ta can c6: GAH ony
“®_2  AD.— )
hay 1a: a.AH = % hay la: BC.AD = AB":# hay 1a: BC.AD.AH = AB.AC.EF.
. EF AE EF AE
Ta c6: B0~ AB" Do do: BC.AB.AC’ 1B AB.AC = AE.AC.

Ta can ¢6: AD.AH = AE.AC hay tam giac AHE dong dang ACD (g.g) (ding).

@ Ta co6: O'NAM la hinh b1nh hanh do do: O'N||AM suy ra: O’NI = 90° Lai co tuy2ta
c6: ADI = ODM suy ra: IDO' = IDM+O'DM = AID+ODM = AID+ADI = 90°.

Do d6: O'DI = 90°. Vay ta thu duge: INDO' 1a tit giac noi tiép.
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[ Baitap 5 ] (Lim Olympic - Qudng Ninh - Bai 5)

Cho 2026 s6 nguyén duong phan biét 16n hon 1 va nhé hon 2*°. Biét ring méi s6 trong céc
s6 trén khong c6 udc nguyén t6 nao khac ngoai 2 va 3. Chitng minh ring c6 thé chon ra mot
vai s6 trong 2026 s6 trén sao cho tich ctia chiing 1a lity thita v6i s6 mil 45 clia mot s6 nguyén
duong.

@ Li giai.
Goi 2026 s6 da cho 13 z; = 2%3% (1 =1,2,...,2026) véi 0 < a;,b; < 44.
Xét 2026 s6 y; = v129 - ; = 2435 véi i = 1,2, ..., 2026, trong d6

Ai=a+ar+---+a, Bi=b+by+---+b.
Véi mbi i, xét cap s6 du (A4; (mod 45), B; (mod 45)), c6 tat ca 45-45 = 2025 cip s6 du ¢ thé co,
trong khi ta c6 2026 cip. Theo nguyén ly Dirichlet, ton tai ¢ > j sao cho

A;=A; (mod 45), B; = B; (mod 45).
Do d6 A; — A; =0 (mod 45) va B; — B; =0 (mod 45). Mat khéc ta co:
J

Vi A; — A; va B; — B; déu chia hét cho 45, nén ton tai cac sé nguyén khong am u, v sao cho

Ai = Aj = 45’[1,, Bz = Bj = 45v.
Buy o oy =278 = (T8N,

Tu dé ta c6 diéu phai chiing minh.
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