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Than tang cdc em hoc sinh khod sau truong THCS Tran Phi!
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1 Giéi thisu

V6i niem dam mé danh cho Toan hoc dong thoi mudén déng gop, gitp dé cac ban hoc sinh khoa
sau c6 theém tai lieu tham khéo, tai lieu dugce toi bat dau thyc hien tit khoang dau thang 6 nam
2026, ngay sau khi hoan thanh ki thi tuyén sinh va tring tuyén vao trudsng THPT Chuyén Bien
Hoa va két thic Tap 1 v6i 25 dé tu luyén vao cudi thang 7 dé don toan bo tam tri cho viec hoc
doi tuyén ctia nam hoc méi. Trong day bao gom céac dé thi chuyen chinh thic nam 2026 va phia
sau la 25 dé thi do toi bién soan dya trén kién thitc va kinh nghiem da duge dic két sau thoi gian
on tap miét mai. Cac dé thi chinh thitc sé khong c6 dap an dé tiét kiem dung lugng cho tai lidu.
Cau tric de thi sé da dang, khong c¢d dinh theo dang dé thi chuyén ¢ mot truong hay tinh nao
cd ma tham khao theo cau tric ¢ cac trusng nhu KHTN va chuyén céc tinh khac dé cac ban ren
luyén ki nang. Theo danh gia ctia toi thi bo dé nay kha kho cho hoc sinh THCS, phut hop véi nhitng
ban c6 nén chiac vd mudn thit stic lam nhitng bai todn dot bién yéu cau tu duy cao hon. Phan dé
tu luyen duge viét khong c6 dap 4n ngay sau, cac ban hay nghiém tic gidi va suy nghi nhu di thi
that dé dat hiéu qua cao nhat, tranh doc dap an ngay vi lam vay sé khong cam nhan dudce vé dep
ciing nhu phan khé ctia bai toan. Cung véi do, tai lieu nay cling 1a 18i tri an sau sic danh cho céc
co giao da rén gifla t6i trong nhiing nam thang cap 2 dudi mai truong THCS Tran Pha than yéu,
va 10i chia sé vé kinh nghiém lam bai danh cho cic ban hoc sinh. Xin chan thanh gii 16i cAm on
dén cac thay co, cac tac gid ctia nhitng tai lieu tham khdo da cung cap nhiéu kién thic quy bau.
Xin cdm on ban Ngé Thu Thuy - THPT Chuyén Bac Ninh di hd trg minh hoan thien bo tai lieu.

Trong qua trinh thuc hién, toi da hét sic nghiem tdc va dat tron tam huyét, danh nhiéu thoi
gian tim hiéu tong hgp va chinh sita, song véi kién thiic va kinh nghiém con han ché, tai liéu chic
chin van khong thé tranh khoi nhiéu thiéu sét, mong ban doc thong cdm va gép . Moi ¥ kién déng
g6p xin moi ngudi gii vé dia chi hsgscsp2011@gmail.com

To6i mong rang day sé la tai lieu tham khao c6 ich danh cho thay c¢o va cac ban hoc sinh dang on
tap. Xin chic cac ban thanh cong!
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Loi tri an

-Kinh gtii c6 gido Pham Thi Ngoan, gido vién day doi tuyén toan 7 va la gido vien chii nhiem
16p 7TA7 nam hoc 2023 - 2024! Véi em, c¢o la mot ngusi giao vien dang kinh va ciing 1a ngusi ma em
luon yéu quy, biét on tran trong. Nam d6, nho sy tin tudng va ki vong clia co, khi c¢6 chon em vao
doi tuyén hoc sinh giéi thanh phd; trong thoi gian hoc boi dudng trude khi thi, em nhé mai mot bai
hinh ma em gidi dugc nhanh nhat doi tuyén va nhan duge 16i khen clia ¢o, cling v6i sy may méin
gianh duge dat giai nhi, em da c6 lai su tu tin va ban linh dé chinh phuc duge nhitng thit thach 16n
hon sau nay. Trong suét cd nam hoc, em nhé ring minh doi khi rat nghich ngom: choi bai trong tiét
hoc ciia ¢o, hay tham chi trén tiét dé di loanh quanh trudng,... Nhung co luon bao dung va tha thi
cho em. C6 nhu nguoi me hién luén yéu thuong bado ban em dudi mai truong THCS Tran Pha, gitap
em c6 dudge ngdy hom nay. Mot lan nita, em xin chan thanh cdm on c6 va xin phép gt 16i chiic stic
khoé dén co!

-Kinh gtii ¢6 gido Nguyén Thi Ngoc T, gido vién chii nhiém 16p 6A7 nam hoc 2022 - 2023
va ciing la gido vien day doi tuyén nam hoc 2022 - 2023 va nam hoc 2025 -2026. Co 13 ngudi gido
vien dé lai trong em nhiéu an tugng nhat, khong chi c6 long biét on thanh kinh ma con ¢6 mot chit
"ghét". Nam hoc 16p 6, em ting rat s¢ dén hoc thém nha co6 vi ¢d hay mang em to6i di hoc muon
mic dit khi d6 16i 1a clia em va em ciing khong biét tai sao minh ngt ldm thé. Em nhé khi iy em
con s¢ ¢o vi cac hinh phat trén 16p nita. Sang t6i nam 16p 9, hoi dau nam khi biét co sé 1 gido vien
day bo mon toan cho 16p em da cdm thay khong thich, em ciing khong 1o tai sao khi dé lai nhu thé.
Vao khoang thang 3 sau khi biét minh trugt doi tuyén truong (lay 6 ngusi), két qua dé dén tit nhidu
yéu t6 tit chinh ban than em dé la qua ti tin vao kha ning ctia minh, khong chiu chap nhan khuyét
diém va tham chi budi hom d6 em da dén muon va bi anh hudng tam 1y. Sau d6 em tu din vit rat
nhiéu, ¢6 ban da néi ring thuc té doi tuyén c6 thé lay nhiéu hon nhung em van khong dude chon
mic dit khong 1o thong tin 1a ding hay sai. Diéu d6 khién em cang buon hon niita, ltc 4y em da sinh
ra "ac cam"danh cho ¢6, c6 nhitng thai do hanh dong ma em cho 1a khong phai phép véi gido vién.

Tt hom dé em lao dau vao luyén tap va giai dé, nhitng két qua ciia cac ban dugce di thi dat gidi
nhat nhi tinh cang tiép them dong lyc "trad thu"cho em. T6i nhitng ngay cudi, 6 16p hoc thém clia
thay Binh em thay minh hay giai bai nhanh nhéat, dac biét 1a trong mot budi hoc hinh nao dé khién
em nghi minh c6 thé xép hang cao, tham chi con mo thi khoa dé b6t 4y ndy véi ki thi chon doi
tuyén. Thé nhung mot 1an nita em lai qué tu tin vio ban than minh, khi & trong phong thi khong
hiéu tai sao em khong lam duge bai nhu mong doi dit né thuoc dang dé so v6i mit bing chung cac
ban va so véi nhiing dé em da luyén tap hang ngay. Em biét 16 diém yéu ctia minh la phan hinh hoc
cyc tri va tinh minh hay ra (du bai ra trong dé rat dé) nhung em da b6 qua phan dé khién em ling
ting trong phong thi. Vi di mat binh tinh nén em da khong thé tap trung hoan thién tron ven 1
cau ndo ca ma chi ¢d ging viét nhicu nhat c6 thé, viét ¥ clia tat ca cac cau trong dé mac dut khong
biét ding hay sai. Khi budc ra khoi phong thi va vé nha tu kiém tra lai, so dap an véi céc ban thi
em cam giac rang minh da truct chuyén. Nhitng ngay ti lic di thi vé dén tan phut trude khi biét
diém chuan va két qua, em da tu minh trai nghiém cam giac nudi tiéc va that vong tran tré nhu la
minh trugt chuyén that. C6 1& cho dén hién tai thi day 1a trai nghiém tha vi giau cam xtc va dang
gia nhat ciia em.

T6i khi biét ban than da chinh thitc dé chuyen tinh, em méi triat bo cdm xic tiéu cuc kia xudng
va mot lan nita, quay lai v6i sy ty tin va u6c mo chinh phuc dinh cao méi. Khi nhin lai hanh trinh
va nhitng cdm xtc da qua, em lai c¢6 goc nhin khac vé co. Gia sit, néu ngay d6 em duge chon vao
doi tuyén tinh thi lieu em c6 tiép tuc c6 ging hay sé ngli quén trén d6 véi o tudng vé ning luc clia
minh nhi? Néu nhu c6 khong nghiém khac va "tan nhan"nhu vay thi lieu em c6 du trai nghiém, vap
nga dé c6 duge nhu ngay hom nay hay khong? Hon nita, lic ay co déi xit v6i em van nhu vay tham
chi quan tam hon, cadm gidc c6 mot chit hi vong danh cho em dé hom nay, em cadm thay minh that

8 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

budn cusi vi da "ghét"co kieu do.

Em xin chan thanh gii 10i cAm on sau sac dén c¢o va t6 long biét on, tran trong khi da dude lam
hoc sinh ctia ¢6. Cam on ¢o rat nhieu!

-Kinh gtti ¢c6 Lé Thi Thanh Hué, gido vién day Ngit Van ma em theo hoc nam 16p 9.

Trudce tien, em xin cAm on ¢o vi da bat em lam dé qua nhiéu (ddi v6i em) dé dat duge diem 9 van
ki thi tuyén sinh. Hdi 16p 8 em c6 di hoc them va duge danh gia kha cao vi thé em nghi 16p 9 ciing
van "dé&"nhu vay. Cho tdéi khi dau he vao 16p hoc clia ¢o, toan bo nhiing théi quen viét bai hay nhiing
lap luan so sai deéu bi co bat stta lai toan bo. Sudt tit d6 dén hét ki 1 em cam giac van minh dudi
di, dén hoc co6 kha 1a ap Iic va buon ngti. Nhung sang dén ki 2 nho sy ting cuong va tam huyét clia
o, em da dat duge phong do 6n dinh hon (hinh nhu ciing khong 6n 1dm va van budn ngt) rdi cudi
ciing dat két qua tot. Noi vui vay thoi nhung em nghi em tring tuyén vao chuyén ciing nho diém
van nita, vi diém chuyeén ctia em thap nhat 16p ma diém vin lai cao nhat nén né ciing "ganh"duge
mot chit. Em xin cdm on ¢6 vi da day cho em nhiing kién thiic hay, bo ich va danh sy ki vong ciling
nhu tam huyét vao bai gidng. Em chic ¢o that nhiéu siic khod!

-Kinh gtii thay Duong Gia Huy, gido vién manh nhat con titng hoc cho t6i hién tai.

An tuong tit nhitng budi dau tién ciia con vé thay la thay noéi chuyén rat than thién, dé tinh va
gidng bai dé& hiéu. Thay la ngudi da dinh huéng, 1a ngusi cho con biét t6i cac kién thitc va bai toan
mdi la vi hoc btia dé con tré nén giéi hon va la ngusi luon dong vien, khich 1é con. Con biét minh
hay c6 tinh xau la luon cé gang "pho dién"nhiing thit khong can thiét va doi khi #n néi c6 phan
khong 1é phép, chinh thay la ngusi da méng con dé con sita 16i va trd nén tét hon.

Lan di thi thit 6 Chuyén Su pham thay c6 ra dén con thi xong nhung con lam bai khong tot va
cam thay kha c6 16i. Hom thi that ¢ chuyén tinh cling thé, con néi rang con chiac chan trugt chuyen
va khong muén theo toan nita, thay ciing 1a ngudi bao con 1a khong dugde guc nga sau that bai, nhung
nhiing ngay sau d6 hinh nhu thay ciing cdm thay that vong va khong mudn néi chuyén véi con:)).
Khé 1 phéat hoang day cht. Nhung cudi ciing con vAn may méan dd chuyén, van c6 thé tiép tuc theo
dudi con duong hoc toan.

Con cam thay biét on, may m#n vo cliing vi ngay dé da dude chuyen 16p va hoc tring thay. Cam
on thay rat nhiéu. Mong thay day con 5 budi day sé nhu da hita:( va khong trit gian 1én hoc sinh
hoc giéi & cac khoa sau.

Sau day 1a cac dé thi chinh thic chuyén todn nam 2026.
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2 Cac dé thi chinh thic
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
TUYEN QUANG NAM HOC 2026 - 2027

MON THI: TOAN (CHUYEN)

DE THI CHINH THUC o
N Thoi gian lam bai: 150 phit, khong ké thoi gian phat
(Dé thi ¢ 01 trang) qé

Cau 1 (2,0 diém)

a) Ching minh ring v/8 + 2v/15 4+ /7 — 4v3 — /5 = 2.

7z 1 z 2
b) Cho s6 thuc = théa man 1 <z < 1. Tim gia tri 16n nhat cta bieu thic P = x4/2 — x.

Cau 2 (2,5 diém)
1. Cho phuong trinh 22 — 2(m + 3)z +m? + 3 = 0 (1), v6i m 1a tham sb.
a) Giai phuong trinh khi m = 2.
b) Tim tat ci cac gia tri ctia m dé phuong trinh (1) ¢6 hai nghiem phan biét 21, 2, thda man

(221 —1)(225 — 1) = 0.

2+ 22 =3zy+x—y
22 =2y —1++/22-2y+1=0

Cau 3 (3,0 diém). Cho tam gidc nhon ABC c6 AB < AC. Goi M, N, P lan lugt la trung diém
ctia cac doan thing BC,CA, AB. Trén cung nhé PN ciia dudng tron ngoai tiép tam gidc APN, lay
diém F sao cho PAF = MAC. Goi D la giao diém ctia AM va trung tryc canh AB. Chitng minh
rang:

2. Giai hé phuong trinh: {

a) Tam giac APF dong dang véi tam giac AMC.
b) PD = PB-tan NPF.
¢) Ba diém B, F, D thang hang.
Cau 4 (1,5 diém)
a) L6p 10A c6 18 hoc sinh nit vA mot s6 hoc sinh nam. Chon ngau nhién mot hoc sinh trong 16p.

Zz Z 2 S 3
Biet xac suat dé hoc sinh d6 1a nam bang g; hoi 16p 10A ¢6 bao nhiéu hoc sinh?

b) Ban dau, ban A c¢6 25 chiéc keo, ban B ¢6 26 chiéc keo va ban C c¢6 27 chiéc keo. Ba ban A,
B, C thuc hién mot tro choi nhu sau: Méi lugt choi, ban ndo ¢ nhiéu keo nhét sé cho hai ban
con lai mdi ban mot chiée keo va bé mot chiée keo vao hop dung keo chung. Xac dinh s6 keo
cua ba ban A, B, C sau 52 lugt choi.

Cau 5 (1,0 diém)
a) Gid sit d 1a mot uée cia A = 3% 422, Chitng minh réing d ciing 1a mot udc ciia B = 3% —22*°.

b) Tim udc chung 16n nhat cia C' = 32 4 22°" va D = 32" 4 227",

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
LAO CAI NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat

De thi co 02 t .
(Dé thi co rang) e

Cau 1. (2,0 diém)

2 N 3V 14/x+6 >.(\/_—3+—3\/E+9
Vi+1l 43 z+4/r+3 VT T+ 3T

1. Cho biéu thic M = ( ) voi x>

0,z #9.
a) Rit gon bicu thic M.
b) Tim tat ca cac s6 thyc z dé M nhan gia tri nguyén.

. 1 1 1 202
2. Cho a, b, c 1a ba s0 thuc khac 0 thoa man — + — + — = 026
a b ¢ abe

1 1 1
a2 + 2bc — 2026 + b2 + 2ca — 2026 + 2 + 2ab — 2026

. Chitng minh ring

0.

Cau 2. (1,0 diém) Cho phuong trinh 22 — 2z +m — 1 = 0 v6i m la tham s6. Tim tat ca gid tri clia
m dé phuong trinh da cho c6 hai nghiém phan biét x1, x5 théa man 2% + 23 = 20.
Cau 3. (0,5 diém) Cho 6 diém phan biet A, B,C, D, E, F thit ty ndm trén mot dudng tron theo
chiéu quay ctia kim dong ho. Chon ngiu nhién hai diém trong céc diém da cho va ndi lai thanh mot
doan thang. Tinh x4c suat dé doan thang d6 khong phai la canh ciia luc gidc ABCDEF.
Cau 4. (1,0 diém) Thay gido An di xe méy tit A dén B véi mot tdc do khong ddi. Khi tit B trd
vé A thay quyét dinh tang toc do them 10 km/h nén thoi gian vé it hon thoi gian di 24 phut. Biét
quang duong AB dai 80 km. Tinh toc do xe may ctia thay khi di tit A dén B.
Cau 5. (0,5 diém) Cho céc sb thuce duong a, b, ¢ théa man ab+ be+ ca = 2(a + b+ ¢). Chitng minh
rang
1 1 1
21 12 T2 T3
a?+b>4+2c b*+c?+2a +a*+2D

1
< -
!
Cau 6. (1,0 diém)

a) Ching minh ring A = 13 + 23 4+ 3% + - - 4 20263 chia hét cho 2027.
b) Tim tat ca cac cdp s6 nguyen (x,y) théa man phuong trinh (22 — x4+ 1)(y* — 2y — 5) = x + 4.

Cau 7. (3,5 diém) Cho tam gidgc ABC nhon (AB < AC) noi tiép duong tron (O), cac dudng phan
giac trong ciia tam gidc cit nhau tai I. Tia Al cit (O) tai diém M. Ké duong thing d vudng goc
voi AT tai I, d cit cac duong thing BC, AB, AC lan lugt tai cac diém S, E, F. Duong thang SM
cat (O) tai diem K (khac M).

a) Chiing minh ring OM la dudng trung tryc ciia doan thing BC.

b) Chiing minh rang AM BI can tai M.

c¢) Chiing minh rang SI? = SB-SC va SM L IK.

d) Duong thang IK cit BC tai H. Tia M H cit (O) tai P. Chiing minh ring APEF la ti giac
noi tiép.
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Cau 8. (0,5 diém) Cho tap hop A = {1;2;3;...;100}. Chitng minh riing v6i moi cach 1ay ra 51 s6
khéac nhau tit tap A thi luon ton tai hai sé trong céc s6 duoc lay c6 tong bing 101.

— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
THAI NGUYEN NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1 (2,0 diém).

\/5+1+\/_—2 8y/x — 14
Vi+5 Jr—4 x+r—20

b. Cho phuong trinh 22 4+ 2(m + 5)x + m? + m — 2 = 0 (m la tham s6 thuc). Tim tat ca gia tri
ctia m dé phuong trinh da cho c6 hai nghiém phan biét z;, xo thoa man 22 + 13 = 144.

a. Rit gon bicu thitc P =

Cau 2 (1,0 diém). Cho da thiic P(x) = 2" + (22 + 1)", v6i n la s6 nguyen duong. Biét ring P(x)
chia hét cho da thiic x + 1. Chiing minh rang, P(2027) — 4 chia hét cho 5.
Cau 3 (1,0 diém). C6 mot nhém 6 ngudi gom An, Binh, Cuong, Duyén, Mai, Nam. Néu ngudi
nay két ban véi nguoi kia thi 2 ngudi d6 1a ban ctia nhau. Trong nhém nay, An chi két ban v6i Nam
va Binh; Cudng chi két ban v6i Binh va Duyén; Mai chi két ban v6i Nam va Duyeén. Trong 3 ngudi
Binh, Nam, Duyén moi ngusi la ban v6i dung 2 ngusi khac trong nhém 6 ngusi trén. Trong 3 ngusi
An, Cuong, Mai khong c¢6 2 ngusi nao 1a ban ctia nhau. Chon ngau nhién dong thoi 2 ngudi trong
nhém 6 ngudi trén. Tinh xac suat ciia bién c6 X: “2 ngudi duge chon khong 1a ban ctia nhau”.
Cau 4 (2,0 diém).

a. Cho a,b, c 1a cac s6 nguyén duong théa man 4a? + b? + ¢ — 9 = 5ab + 2bc + 4ca. Chiing minh

rang, ab + 1 va ab + 4a + 2b — 2¢ + 10 deéu 1a cac s6 chinh phuong.

b. Chitng minh ring, khong ton tai sé6 nguyen n dé n + 2026 va n — 2 déu la lap phuong clia cac
s6 nguyen.

Cau 5 (3,0 diém). Cho duong tron (O) c6 AB la mot day cung khong di qua tam ctia dudng tron.
Hai tiép tuyén ctia duong tron tai cac diém A, B cit nhau tai diém M. Ké tia Mz ndm gitta hai tia
MA, MO. Goi C va D la giao diém ciia tia Mz véi dudng tron (O) sao cho diém C nam gitta hai
diém M va D. Goi E la trung diém ctia doan théng C'D.

a. Chitng minh ring, nam diém M, A, E,O, B ciing thudoc mot dudng tron va EM 1a tia phan
giac cua AEB.

b. Goi H la giao diém ctia hai dusng thing AB va MO. Dudng thang C H cit dudng tron (O) tai
diém F (F # C). Chiing minh ring, MC - MD = MH - MO va dudng thing DF song song
v6i dudng thing AB.

c. Duong thang DF cit cac tia M A, M B tuong ting tai cac diem P, Q. Goi I 1a giao diém ctia
hai dudng thang EP va AD; J la giao diém ctia hai duong thing EQ va BD. Goi K la trung
diém ctia doan théng I.J. Chting minh ring, ba diém H, K, D thang hang.

Cau 6 (1,0 diém). Xéc dinh tit ca cac tap hop X thoa man dong thoi cac dicu kien sau:

i) Tap hop X c6 2026 phan tit. Cac phan tit 1a cic s6 thuc duong. Tong clia tat ca cac phan ti
clia tap hgp X bang 2027.

ii) V6i hai phan tit phan biet bat ky a, b thudc tap hgp X thi ¢6 it nhat mot trong hai 6 |a—b|, a+b
cting thudc tap hop X.

— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
PHU THO NAM HOQC 2026 - 2027

DE THI CHINH THUC _ MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat
dé Danh cho thi sinh du thi vao lop chuyén Todn

(Dé thi c6 01 trang)

Cau 1 (3,0 diém).

a) Mot khach san md cita 24 gio mdi ngay. Quén 1y phan cong vi tri tryc 18 tan theo gio. S6 gio
trite duge chia déu cho s6 nhan vién 1& tan. Sau khi tuyén théem 1 nhan vién mdéi thi thai gian
tryc clia mdi nhan vien 1€ tan gidm 48 phit. H6i ban dau khach san c6 bao nhiéu nhan vién 1&
tan?
b) Cho P(z) la da thitc bac 3 théa man P(1) = 2, P(2) = 3, P(3) = 4, P(4) = 17. Tinh gia tri
P(0).
co. ~ 3
c) Giai phuong trinh v2? =2z + 16 =2 — 1 + —7
'T —
Cau 2 (1,5 diém). Cho m,n la hai s6 nguyen duong, m > 1 va p la s6 nguyén t6 1é sao cho
pr=1+45-2"
a) Chiing minh rang m 1a s6 chin.
b) Tim tat ca cac bo (m,n,p) thoa man.
Cau 3 (1,5 diém). Cho cac s6 thic duong a, b, ¢ théa man abe = 1.
T S
ab+b+1 be+c+1 cat+a+1
1 1 1
+ + .
3a+4b+2c 3b+4c+2a  3c+4a+2b
Cau 4 (3,0 diém). Cho tam giac ABC nhon v6i AB < AC. Duong tron ni tiép (I) tiép xic véi
ba canh BC,CA, AB lan luct tai D, E, F. Goi EM, FN la hai duong cao clia tam giac DEF. Goi
I’ 1a diém déi xing ciia I qua EF.

a) Chiing minh rang

b) Tim gia tri 16n nhat ctia biéu thic P =

a) Chiing minh rang M N song song BC' va I’ 1a tryc tam cia tam gidc AEF.

—_—

b) Chiing minh ring DFI' = MEC va T'MC = 90°.

c) Goi S la giao diém ctia I'C v6i DE, T la giao diém ctia ID v6i MC. Chiing minh ring 5 diém
I'M,N,S,T cing nam trén mot duong tron.

Cau 5 (1,0 diém). Ban dau trén bang c6 100 s6 1. Mdi budce ban An chon mot sé a bat ky trén
2 2 2 2 . N P 2,0 Z Z a a

bang sau d6 x6a né di va thay the bdi bon so 11
£ ., .1 111

the bdi bon so —, —, —, —.
e bdi bon s0 7, -, 5 7

a) Hay chi ra mot cach thyce hien dé sau hitu han bude, trén bang khong c6 77 s6 giong nhau.

. Chéng han, néu chon s6 1 thi An sé thay

Y

R

b) Tim sé nguyén duong k 16n nhat sao cho bat ké ban An chon s6 nhu thé nio thi sau méi budc,
trén bang luon ton tai it nhat k s6 giong nhau.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
PHU THO NAM HOQC 2026 - 2027

MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat
dé Danh cho thi sinh du thi vao lop chuyén Tin

PE THI CHINH THUC
(Dé thi c6 01 trang)

Cau 1 (3,0 diém).

a) Mot khach san md cita 24 gio mdi ngay. Quan ly phan cong vi tri tryc 1& tan theo gio. S6 gio
trite duge chia déu cho s6 nhan vien 18 tan. Sau khi tuyén them 1 nhan vién mdéi thi thoi gian
tryc clia moi nhan vien 1@ tan gidm 48 phat. Hoéi ban dau khach san ¢6 bao nhiéu nhan viéen 1é
tan?

b) Cho P(z) la da thitc bac 3 théa man P(1) = 2, P(2) = 3, P(3) = 4, P(4) = 17. Tinh gia tri
P(0).

3
¢) Gidi phuong trinh va?2 -2z +16=2— 1+ ——

r—1

Cau 2 (1,5 diém). Cho m,n la hai s6 nguyen duong, m > 1 va p la s6 nguyeén t6 1é sao cho
P =145,

a) Ching minh rang m 1a s6 chin.
b) Tim tat cd cdc bo (m,n,p) thoéa man.
Cau 3 (1,5 diém). Cho a, b, ¢ 1a cac s6 thuc duong théa man a + b+ ¢ > 3.
a) Ching minh rang 4(a® + 0*) > (a + ).
b) Tim gia tri nhé nhat ctia biéu thic

a’® + b3 b3+ 3 A +a®

=050 Taxar T axop

Cau 4 (3,0 diém). Cho tam giac ABC nhon (AB < AC), c6 cac duong cao AD, BE, C'F cit nhau
tai H. Goi M, N lan luogt 1a hinh chiéu vuong goc ctia D len BH,CH.

a) Chiing minh réng AE - AC = AF - AB va M N song song véi EF.

b) Duong tron tam O duong kinh AD cat AB, AC lan lugt tai P, Q. Chiing minh rang M, N, P, Q
thang hang.

c¢) Duong tron duong kinh DC cat OC' tai S (khac C), DS cat AC tai T. Chiing minh rang
AC-TQ = AT - QC.

Cau 5 (1,0 diém). Ban dau trén bang viét cap s6 c6 thi tu (2;3). Mdi buéc ban Phit duge phép
thay thé cip (z;y) trén bang bang mot trong cac cap (y;x), (—z;y), (y — z;y).

a) Hay chi ra mot cach thuyc hién dé sau hitu han buéc ban Pht viét duge cap (4;1) lén bang.

b) Héi sau hitu han bude ban Phu c6 viét duge cap (2026;2027) lén bang hay khong?

— HET —
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Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
BAC NINH NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat

De thi co 02 t .
(Dé thi co rang) e

Cau 1. (2,0 diém)

1) Tinh gia tri ctia biéu thic P = khl rz=20—33
) & 1— 2\/_ \/ \/ 3V3+5

2) Cho ham s6 bac nhat y =
3m

— 2:10 + py— (m la tham s6) c6 do thi la duong thang d. Tim
m dé dudng thing d cit cac truc toa do Oz, Oy lan luct tai A, B sao cho AB = V2.

Cau 2. (2,0 diém)

3w 12z

3z
— +
ver+4+2 V1—-x+1 /3x+9+3

?+ (@ -1y+1) =2y -1
22 +9y2—-10=0

1) Giai phuong trinh: = 2%+ Tx.

2) Giai hé phuong trinh: {

Cau 3. (1,5 diém)

1) Cho da thic P(z) = —2% — 42% + 262 + d v6i d 1a tham s6 thyce. Tim hai s6 thuc phan biét
m,n théa man P(m) = P(n) = 0 va tich m.n nhé nhat.

2) Tim tat ca cac s6 nguyén t6 p,q,r thoa man (p+ 1)(q + 2)(r + 3) = 4pqr.
Cau 4. (3,0 diém)

1) Cho tam giac ABC ¢6 truc tam H, BAC > 90° va noi tiép duong tron (O). Tiép tuyén tai A
ctia (O) cat duong thang BC tai S. Goi M, I lan luct la trung diém cic canh BC va AH.

a) Chiing minh réng I 1a tryc tam tam giac SAM.

b) Goi K la giao diém thtt hai ctia dudng thing AM véi dudng tron duong kinh AH. Chiing
minh rang SK tiép xtc véi duong tron ngoai tiép tam gidac BCK.

2) Cho tam giac ABC' c6 ba géc nhon, liy mot diem P bat ky thuoc mién trong clia tam giac.
Chitng minh khoang cach 16n nhét trong cac khodng céch tit diem P dén cac dinh A, B, C clia
tam giac khong nhé hon 2 lan khoang cach bé nhét trong cac khoadng cach tit diém P dén cac
canh cua tam giac ABC.

3) Mot vat dung dung my pham dugc thiét ké gdm hai phan, phan
than 1a hinh tru ¢6 mot day dudi la hinh tron v6i ban kinh r =
6 cm, chiéu cao h = 5 cm va phan nap 13 mot nita hinh cau ban
kinh r = 6 cm (tham khao hinh vé). Nguoi ta can son mat ngoai
(bao gom ca day) ctia vat dung do, tinh dién tich can son.

Mot vat dung dung my pham dugc thiét ké gom hai phan, phan than 1a hinh tru c6 mot day
duéi 1a hinh tron véi ban kinh 7 = 6 cm, chiéu cao A = 5 cm va phan nap 14 mot nita hinh cau
ban kinh = 6 cm (tham khdo hinh v&). Ngudi ta can son mit ngoai (bao gom ca ddy) cia
vat dung do6, tinh dién tich can son.
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Cau 5. (1,5 diém)

1) C6 hai tam bia hinh tron I va II ngoai nhau gin trén cting mot mat phang. Tam bia I duge
chia thanh 4 hinh quat nhu nhau ghi s6 lan lugt tit 1 dén 4. Tam bia IT dugc chia thanh 6 hinh
quat nhu nhau ghi s6 lan luct tit 1 dén 6. Truc quay ctia mdi tam bia dugc gan miii tén c¢d dinh
& tam. Ngudi ta thiét ké dé khi quay hai tam bia dén khi chiing dimg lai thi miii tén gin trén
truc quay ¢ mdi tam bia chi thuoc ngau nhién bén trong mot hinh quat ndo dé. Trong tro choi
“Vong quay may man”, ngudi choi sé quay lan lugt hai tam bia. Khi hai bia ding lai, mii tén
clia tam bia I ¢ hinh quat ghi s6 z, miii tén ctia tam bia II & hinh quat ghi s6 y. Ngudi chaoi sé
nhan dude qua néu z + y 1a mot s6 nguyen t6. Tinh xac sudt dé nguoi choi nhan duge qua.

2) Cho 29 diém trén mat phang, trong d6 khong c6 ba diém nao thang hang. Ngudi ta mubn to
mau tat ca cac doan thang ndi gitta chiing, sao cho mdi doan thang dudc to bsi 1 mau va khong
c6 tam gidc nao c6 hai canh cting mau. Héi can it nhat bao nhieu mau dé t6 duge nhu vay?

3) Cho cac s6 thuc a, b, ¢ thay doi va théa man a® + b® + ¢® > 4 + 3abe. Tim gia tri nhd nhat cla

T=a+b+c+V2(a—0bl+b—c|+|c—al.

__ HET —
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Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
HUNG YEN NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau I. (1,0 diém)

Cho bidu thite A — St = VT +4  Te+ 14y +7

Vo —3 x—2yx—3

Tim tat ci cac gia tri clia x théa man z > 0; 2 # 9 sao cho

(diéu kien x > 0;x # 9).

A han eid tri _
nhan gia tri nguyeén.
JT+4 Ul g L guy
Cau II. (2,0 diém)
1) Trong mit phang toa do Oxy, cho dudng thing (d) : y = 2ma — 3m + 3 v& parabol (P) : y = 22

Tim tat ca céc gia tri cia tham s6 m sao cho duong thang (d) cit parabol (P) tai 2 diém phan biét
1

—+ =
ZL’1—|—1 I’Q—i‘l

Br—y—1)Vy+1+3x—-1=y/3x—y

2 +y? =5

¢6 hoanh do z1, x5 thod méan
2) Giai hé phuong trinh: {

Cau III. (3,0 diém)
1) Tim tat c& céc cap s6 nguyen (z;y) théa man: 5 (22 + xy + y?) = 7(z + 2y).
a 5b

2) Tim tat ca cac cap s6 nguyén duong (a, b) sao cho 14 s6 nguyén to.

3) Trén bang c¢6 2027 s6 1. Ban Dric thyc hién céc lan bién ddi nhu sau:

Lan 1: ban Diic x6a di s6 a; va sd by bat ki trén bang sau dé thay béi s6 2v/a;b;.

Lan 2: ban Dic tiép tuc x6a di s6 as v s6 by bat ki trén bang sau dé thay bdi s6 2v/asbs.
Ban Drc tiép tuc thuc hién bién d6i nhu tren, sau 2026 lan thi trén bang chi con lai mot s6. Ching
minh s6 con lai trén bang nhé hon 2027.

Cau IV. (3,0 diém)

1) Mot thita dat c6 dang hinh thang ABC'D v6i hai canh day la A B
AB = 12(m) va CD = 20 (m). Trén cac canh AD va BC ngusi
ta lan lugt lay hai diém M va N sao cho M N song song véi hai

day dong thai M N chia hinh thang thanh hai phan c6 dien tich M/ \N
bang nhau (tham khdo hinh vé bén). Tinh do dai ctia doan thang
MN (don vi mét). D C

2) Cho tam gidc nhon ABC nai tiép dudng tron (O) v6i AB < AC. Goi M 1 trung diém ctia canh
BC'. Tia phan giac cua BAC cit canh BC tai D va cét duong tron (O) tai P (khac A). Goi E la
diém déi xtng véi D qua M; trén duong thing AO lay diém H sao cho HD vuong géc véi dudng
thing BC tai D, trén duong thing AD lay diém F sao cho FE vuong goc véi duong thing BC tai
E.

a) Chiing minh boén diem B, H, C, F ciing nim trén mot dusng tron (w).

b) Goi T la giao diém khac F ctia AD va (w). Biét duong tron ngoai tiép tam giac MTP cat
duong thang TH tai @ (khac T). Chitng minh dudng thang QA tiép xic v6i dusng tron (O).

Cau V. (1,0 diém)
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Cho céc sb thuc a, b, c phan biéet. Tim gia tri nhé nhat ctia biéu thec:

(R S
(b=c)?  (c—a)® (a—0)

P:(a2+bz+02)[

— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
HAI PHONG NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (2,0 diém)

1. Mot tai dung cac qua boéng cung kich thude, cuing khoéi lugng, dong chat; trong d6 ¢6 3 qua mau
xanh, 3 qua mau do, 4 qud mau vang; cidc qua bong ciing mau thi khac nhau. Lay ngau nhién dong
thoi 4 qua bong tir tii dé. Tinh xac suat dé 4 qua béng dude lay ra c6 ding 2 mau.

2. O mot cia hang chuyén kinh doanh sdn pham A, méi kilogram san pham A c6 gia nhap veé 1a 120
nghin dong va gid ban niem yét 1a 200 nghin dong. Tai thoi diém hién nay, mdi ngay ciia hang dang
ban duge 240 kg san pham A. Dé tang s6 lugng san pham béan ra, chii cita hang muén chay chuong
trinh khuyén mai gidm gia ban. Biét ring néu gidm mdi 1% clia gia ban niém yét ban dau thi khoi
luong hang ban duge tang them 20 kg. Héi chii ctta hang d6 can gidm gid bao nhiéu phan tram cta
giad ban niem yét ban dau dé thu dude lgi nhuan 16n nhat trong mot ngay?

Cau 2. (2,0 diém)
22+ 2y +22 -8y —3=0

1. Giéi hé phuong trinh: )
2%+ 4y* — 22y + 62 — 18y +9 =10

2. Cho da thic P(z) = x* + ax® + ba® + cx + d véi a,b,c,d € R. Biét rang P(1) = 1, P(2) = 4,
P(3) = 9. Tinh gia tri ctia biéu thitc S = P(4) + P(0).

Cau 3. (3,0 diém)

Cho ntta dudng tron (O), dusng kinh AB. Goi C' 14 diém c6 dinh thuoc doan thang OB (C khac O
va B). Dudng thang d vuong goc v6i AB tai diem C cit nita duong tron (O) tai diem M. Trén cung
nhé M B lay diém N bat ky (N khac M va B), tia AN cat duong thang d tai diém F, tia BN cat
duong thang d tai diém E. Duong thang AFE cit ntta dudng tron (O) tai diéem D (D khac A).

1. Ching minh EN - AB=FA-ND.
2. Chitng minh F' 1a tam duong tron noi tiép tam giac CDN.

3. Goi I 1a tam duong tron ngoai tiép tam gidc AEF. Chitng minh ring diém I luén nim trén
mot dudng thing cd dinh khi diém N thay doi.

Cau 4. (1,0 diém)
Cho a, b, c 1a ba s6 thuc duong théa man diéu kien ab + be + ca = abc. Tim gia tri 16n nhat ciia biéu

thic:
P— i<1+l>+ l<1+i>+ i(1+i>
“VNab\e  ab be \a  bc ca \b ca/’

Cau 5. (2,0 diém)

1. Cho z, v, z 1a cac s6 nguyén duong théa man z — y 1a sd nguyén t6 va 322 = xy + yz + zz. Chiing
minh ring 8z + 1 1a s6 chinh phuong.

2. Cho tap hop X = {1; V2,3V 2027}. Chting minh rang trong 92 s6 khac nhau bat ky dugc

lay ra tu tap hgp X luon ton tai hai s6 = va y sao cho |z — y| < 3.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
NINH BINH NAM HOQC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Bai 1. (2,0 diém)
1. Cho z,y, z 1a cac s6 thyc duong théa man z + y + z = 3. Chiing minh

1 1 1 6
3r+yz 3y+zz 3z+zy (r+y)(y+z)(z+x)

2. Xét da thic P(r) = 2 — max + 1, v6i m 1a mot s6 thuc. Gid st da thitc P(x) c6 ba nghiem
thuc 1a a, b, c.
(a) Chting minh abc = —1.

(b) Tim tat ca cac gia tri ctia m dé a® + b5 + ® = 19.
Bai 2. (2,0 diém)

1. Giéi hé phuong trinh
43 (> +1) + V22 —2=0
22%y (1+ \/y2+3) =z 4 /322 + 1

2. Mot doan thién nguyén du dinh chd 48 tan hang dé hudéng ng phong trao “Huéng vé Mién
Trung than yéu”. Khi chuan bi khéi hanh thi s6 hang héa tang thém 7 tan so v6i du dinh, do
dé doan thién nguyéen phai bo sung thém 3 xe, lic nay mdi xe chd it hon dit dinh 1 tan hang.
Hoéi ban dau, doan thién nguyén du dinh ding bao nhiéu chiéc xe dé chd hang, biét cac xe chd
s6 tan hang bang nhau?

Bai 3. (3,0 diém) Cho tam gidgc ABC (AB < AC) noi tiép duong tron (O; R) duong kinh BC. Lay
diém H nim trén doan thang OC (H khong tring v6i O va C). Duong thang di qua H va vuong
goc voi dudng thang BC cit duong thing AC tai E va cit duong thing AB tai F. Goi D la giao
diém ciia duong thang BE véi dudng tron (O; R) (D khong tring véi B). Goi I 1a giao diém ctia hai
duong thang AD va BC. Tiép tuyén tai A ctia duong tron (O; R) cat duong thang EF tai G.

1. Chiing minh ba diém F, D, C théng hang va tam giac FAD dong dang véi tam giac FCB.

2. Ching minh G 1a trung diém ctia EF va tim vi tri ctia diém H trén doan thang OC sao cho
OI + 40H dat gia tri nhé nhat.

3. Dudng thang qua B song song v6i dudsng thang FC cat dusng thang C'A tai S. Goi K la giao
diém ctia hai duong thing FH va AD. Chiing minh duong thing OS song song véi dudng
thang CK.

Bai 4. (1,5 diém)
1. Tim tat ca cac cap (z;y) nguyén duong théa man 2% — 2y* + 2x — y — zy = 21.

2. Cho 2026 s6 nguyén duong ay, as, . . ., azges. Chiing minh ton tai hai s6 nguyén duong x,y thoa
man y > 1 vd xy + a; chia hét cho x + a; véi moi s6 nguyén duong ¢ tir 1 dén 2026.
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Bai 5. (0,75 diém) Xét a,b, ¢ 1a ba s6 thuc duong théa man ab + be 4 ca = 3.

1. Ching minh a 4+ b+ ¢ > 3.

(2a+b+c)? N (20 +c+a)? N (2¢+ a+b)?

2. Tim gi4 tri nhé nhat ctia biéu thiic P =
b+c c+a a-+b

Bai 6. (0,75 diém) C6 8 “cht” meo, mdi “chi” dugc dit ten 1a mot day ky tu thudc tap hop
{000;001;010;011; 100; 101; 110; 111} sao cho khong ¢6 hai “chi” meo nao trung tén. Hai “chd” meo
goi 1a “lien két” v6i nhau néu trong day ky tiu tén clia ching, c6 ding mot vi tri ma hai ky tu tuong
ting khac nhau (vi du: hai “cht” meo 000 va 001 duge goi l1a lien két v6i nhau, nhung hai “chid” meo
000 va 011 thi khong dugc goi 1a lien két v6i nhau). Tim s6 nguyén duong k nhé nhat, sao cho trong
k “cht” meo phan biet dude chon tly ¥ tit 8 “chd” meo trén, ton tai 3 “chi” meo ma mot “chi” lien
két véi hai “chu” kia.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
QUANG NINH NAM HOC 2026 - 2027

MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat
de

DE THI CHINH THUC
(Dé thi c6 01 trang)

Cau 1. (2,0 diém)

a) Cho cac s6 thuyc z,y,z théa man x +y +2z =9 va (z — 1)(y — 1)(z — 1) = 6. Tinh gia tri biéu
1

. 1
thic A = + + .
xy+z2—8 yz+x—-8 zx+y—38

b) Mot chiéc hop chita 6 vien bi mau trang duge danh sb tit 1 dén 6, 7 vien bi mau xanh dugc
danh s6 tit 1 dén 7 va 8 vién bi mau dé duge danh s6 tit 1 dén 8. LAy ngau nhién 2 vién bi
trong hop. Tinh x4c suat dé lay dugce hai vien bi ¢6 mau khéc nhau va s6 ghi trén hai vien bi
d6 ciing khac nhau.

Cau 2. (2,0 diém)
a) Giai phuong trinh 22 + (z + 2)v/2z — 1 — 8z — 6 = 0.

y? — 2(z + 2)y* + 2%y = 223 + 42?

b) Giai hé phuong trinh
) P & {y2+(2x+4)\/12—2y—|—m2+5x+1():0

Cau 3. (2,0 diém) Cho m,n 1 hai s6 nguyén duong thda man 2m? + mn — 2n% +m +n = 0.
a) Ching minh rang m + n 1& s6 chinh phuong va n chia hét cho 6.
b) Gia st n chi c6 ding 2 wéc nguyen t6. Chiing minh n = 144.

Cau 4. (3,5 diém) Cho AABC nhon (AB < AC) noi tiép duong tron (O). Céac dudng cao
AD,BE,CF dong quy tai H. Duong thang qua A song song véi BC' cit duong thang EF tai
I. Tiép tuyén tai A ctia (O) cit duong thing BC tai J. Goi M, N lan lugt la trung diém ctia BC va
AH.

Al EF

AJ  BC’

b) Ching minh AADM ~ AJAO va IN L AM.

a) Ching minh

c) Lay O’ d6i xting v6i O qua M. Chitng minh t gidc DNTO' noi tiép.

Cau 5. (0,5 diém) Cho 2026 s6 nguyén duong phan biét 16n hon 1 va nhé hon 2. Biét ring mdi
s6 trong cac s6 trén khong cé uée nguyen té nao khac ngoai 2 va 3. Chiing minh ring c6 thé chon
ra mot vai s6 trong 2026 s trén sao cho tich ctia ching 1a liiy thita v6i s6 mit 45 clia mot sd6 nguyén
duong.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
CAO BANG NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (2,0 diém)
Cho biéu thite P = (—2— — 2V =1 ): 2VT +3
Vr—2 2x—-3yx -2/ br—10/x

a) Rit gon bicu thic P.

véi x> 0,z # 4.

b) Tim tat ca cac gia tri # nguyén duong dé P nhan gia tri nguyén.
Cau 2. (2,5 diém)
a) Mot hop c6 20 chiée thé cting loai, duge danh s6 1an lugt tir 1,2, 3, ..., 20. Rat ngdu nhién mot

chiéc thé trong hop trén va quan sat sé ghi trén thé d6. Tinh xac suat ciia bién c¢6 A: "S6 ghi
trén chiéc thé rat duge chia hét cho ca 2 va 3".

b) Giai phuong trinh sau: 2% — 2z + 3 = 2v/222 — 4z + 3.

¢) Tim tat ca cac sb thuc a va b dé da thic P(z) = ax® + 122% + bz + 1 1a 1ap phuong clia mot
da thtc.

Cau 3. (2,0 diém)

a) Mot cay cau treo c6 tru thap doi cao 60 m so v6i mat cau va duge dit tai hai diém A, B, do
dai AB la 360 m. Day cap c¢6 dang mot dudng parabol va duge treo trén cdc dinh thap (nhu
hinh vé& bén). Hay tinh do cao clia day cap tai vi tri C' so v6i mit cau theo don vi mét. Biét C
cach trung diém O ctia doan AB 1a 90 m theo phuong ngang.

b) Mot Ong cdng thoat nude bang beé tong ¢ dang hinh tru rong véi chiéu cao bang 2 m, dudng
kinh duong tron day ngoai 1a 1 m. Do day ctia cong 1a 0,1 m (nhu hinh vé ben). Hoi thé tich
bé tong can ding dé san xuat éng céng trén 1a bao nhieu mét khéi? (Lay 7 ~ 3,14 va lam tron
két qua dén chit s6 thap phan thit hai).

Cau 4. (1,5 diém)
Cho dudng tron (O) duong kinh AB = 2R. Goi I la trung diém ctia doan thang AO, F 1a diém chinh
gitta cung AB va F la diém thuoc duong tron (O) sao cho E, I, F thing hang. Cac tia Az, By lan
lugt 1a tiép tuyén tai A vi B clia dudng tron (O) véi Az, By ciing thuoc mot nita mit phang chia
diém E c6 b la dudng thang AB. Qua F ké dudng thang d vuong goc véi ET va cat Az, By lan
lugt tai M, N.
a) Chting minh rang AMET 1a tit gidc noi tiép.
b) Tinh dién tich tam giac OM N theo R.
Cau 5. (2,0 diém)

a) Trong hinh chit nhat (H) kich thudc 14 6 cm va 4 cm cho nam diém phan biet A;, Ay, Az, Ay, As.
Chitng minh ring trong nam diém d6 luon ton tai ba diém cting thuoc mot duong tron ban
kinh 2,5 cm.

b) Cho p va 2p+ 1 (v6i p > 3) 1a céc s6 nguyen t6. Chitng minh rang 2p* + 7 1a hop s6.
— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
SON LA NAM HOC 2026 - 2027
DE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi c6 03 trang) Thoi gian lam bai: 150 phit, khong ké thoi gian phat
de

x+1+\/x3—1_a:\/5+1
Voo ox—+x  x+r

Cau 1. (2,0 diém) Cho biéu thiic A = voi x> 0;x # 1.

1. Rat gon biéu thiic A.
f . 6 o
2. V6i nhiing gia tri nao cua x thi bieu thic P = 1 nhan gia tri nguyén?

Cau 2. (1,0 diém) Hai doi cong nhan dét may can san xuat mot s6 lugng khau trang theo don
dat hang. Néu lam chung thi sau 4 gio ho sé lam xong. Nhung hai doi mdéi lam chung duge 3 gio thi
doi I nghi, doi II tiép tuc lam trong 3 gio nita mdi xong. Héi mdi doi néu lam mot minh thi phai bao
lau méi xong cong viec?

Cau 3. (1,0 diém)

1. Cho phuong trinh 22 — 2 — 3 = 0 ¢6 hai nghiém x,, 7o. Khong giai phuong trinh, hay tinh gia
tri clia bieu thic A = 3123 + 21 + 22(323 + 1).

2. O mot hoi chg thuong mai, nguoi ta dung trén mit san mot cai cong c¢6 dang parabol y = az?
(Hinh 1). Biét cong c6 chidu cao OH = 6 m va khoang cach gitta hai chan cong AB = 4 m.
Ngudi ta treo trén cong mot day den trang tri M N = 2 m song song véi AB. Tinh gia tri clia
a va khoang cach tit day den dén mat san.

Y

B HR

Hinh 1

Cau 4. (1,0 diém) Mot hop chita 8 thé duge danh s6 ti 1 dén 8. Rt ngau nhién lan lugt hai
thé tit hop khong hoan lai. Tinh x4c suat ctia moi bién c6 sau:

1. A: “Téng hai s6 ghi trén hai thé 1a mot s6 chia hét cho 10”.

2. B: “Tich hai s6 ghi trén hai thé 16n hon ba lan tong clia ching dang 1 don vi”.
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Cau 5. (4,0 diém)

1. Mot co sé san xuat nén thom thiét ké mot mau qua ting cao cap. Mdi bo san pham gom mot
hop nhita hinh try trong suét va mot vien nén thom c6 dang hinh cau duge dit vao bén trong
hinh tru sao cho nam vira khit, tiép xic véi mat day va mat xung quanh ctia hop (Hinh 2).
Vién nén nay c6 ban kinh R = 4 cm.

(a) Tinh thé tich ctia hop nhita hinh try va thé tich vien nén hinh cau. (Lay © ~ 3,14 va theo
don vi em?, két qud lam tron dén hang phan tram).

(b) Dé c6 dinh vién nén va trang tri, co s san xuat do day phan khong gian trong gitta vién
nén va hop nhita bang cac hat sap mau li ti. Biét mdi 100 cm?® hat sap mau c6 gia 1a 15
000 dong. Tinh chi phi tién mua hat sap mau dé san xuat 500 bo qua ting nhu trén. (don
vi tricu dong, két qud lam tron dén hang phan tram).

Hinh 2

2. Cho duong tron (O) duong kinh AB. Ké duong kinh C'D vuong géc véi AB. Lay M thuoc
cung nhdé BC va AM cit CD tai E. Qua D ké tiép tuyén véi (O) cit duong thing BM tai N.
Goi P 1a hinh chiéu vuong goc ciia B léen DN.

(a) Chiing minh: Cac diém M, N, D, E cuing thuoc mot dudsng tron.
(b) Chiing minh: EN || CB va AM - BN = 2R?.
(c) Tim vi tri diém M trén cung nhé BC' dé dien tich tam gidc BNC dat gia tri 16n nhat.

Cau 6. (1,0 diém)

1. Mot nguoi thg moc tien khoi gb thanh mot hinh tru. C&t hinh tru dé bdi mot miit phang chita
truc, ta dudgc mit cat 1a mot hinh chit nhat. Xét hinh chit nhat ABCD dudgce tao bdi truc va
mot duong sinh ciia hinh tru (Hinh 8). Biét chu vi ctia hinh chi nhat ABC'D béng 12 cm. Hoi
the tich 16n nhat ctia khoéi gd hinh tru nay c6 thé dat duge l1a bao nhieu?
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2. Cho s6 nguyén duong n théoa man 2 + 2v/12n2 + 1 1a s6 nguyén. Chiing minh 2 + 2v/12n2 + 1
14 s6 chinh phuong.
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KY THI TUYEN SINH VAO LOP 10 THPT
NAM HOC 2026 - 2027

SO GIAO DUC VA DAO TAO
LANG SON

MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat

PE THI CHINH THUC
(Dé thi c6 02 trang)

de
Cau 1. Tric nghiém (2,0 diém)
2y =2 .
1. Nghiém ctia hé phuong trinh {:c Ty la (x;y) bang
2e+y="7
A. (—1;4). B. (—4;1). C. (1;—4). D. (4;-1).

2. Cho tam giac ABC vuong tai A, biét ABC = 60° va AB = 4 cm. Ban kinh duong tron ngoai tiép
tam giac ABC bang

4
A. 8 cm. B. 4 cm. C. %ﬁ cm. D. %g cm
3. Mot truong THCS ¢6 40 hoc sinh dang ky... bang sau:
Nguyén Chuyén Chuyén Chuyén Chuyén Chuyén Chuyén
vong Toan Van Anh Ly Hoéa Dia
S6 lugng 16 8 10 2 3 1
S6 hoc sinh dang ky di thi chuyén Toan chiém ti lé 1a
A. 30%. B. 25%. C. 40%. D. 12%.

4. Gia st phuong trinh 22+22—6 = 0 ¢6 hai nghiem 1a 21, 2. Gia tri ctia biéu thitc P = z1+29— 22125
bang

A. 10. B. —10. C. -14. D. 14.

5. Cho hinh tru c¢6 ban kinh day r = 3 va chiéu cao h = 5. Dién tich xung quanh bang

A. 15m. B. 457. C. 30r. D. 48m.

6. Cho tit giac ABC'D noi tiép dudng tron, biét ABD = 80° thi AC'D biing

A. 160°. B. 80°. C. 100°. D. 40°.
7. Két qua ctia phép tinh /(5 — 3v/2)2 + V18 + 6 bing

Al B. 6v2 — 1. C. 6v2 + 11 D. 11.
8. Gieo mot con xtc xac... Xac suat 2 1an gieo giong nhau bang

Al b0 oL b1
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Cau 2. (1,0 diém) Cho biéu thitc

B VI +2 VI+3 T 4+2)\ Ve » . _
A_(x—5\/5—|—6+\/_—2+3—\/§>'(1_\/5—1—1) Vol x > 0;x # 4,0 # 9.

1. Rit gon biéu thic A.
2. Tim cac gia tri ctia z sao cho A = 3y/z — 5.

Cau 3. (1,0 diém) Mot doanh nghiép san xuat vé hop nhan duge mot don dit hang, sén pham c6
dang mot hinh tru c6 nap, vdi thé tich 1a 401,92 cm? (14y 7 ~ 3, 14). Doanh nghiép nén thiét ké vo
hop v6i ban kinh day bang bao nhiéu cm dé tong dién tich vat lieu lam vé hop 1a nhd nhéat, ma thé
tich khong d6i?

Cau 4. (2,0 diém)
1. Gidi phuong trinh 2% + 3z + 2 = 622 + 3z — 3.
22 — 3xy+y? —4x+ 3y +2=0
V2 —y+2+y—x+1=3
3. Gi4 stt phuong trinh 22 — 62 — 3 = 0 ¢6 hai nghiém phan biét z; > x,. Khong giai phuong trinh,
|JZ1 - 5| — |l‘2| —1
7?2 + 23

2. Giai hé phuong trinh {

tinh gia tri ctia biéu thitc P =

Cau 5. (2,5 diém) Cho duong tron (O), hai dusng kinh AB, CD vudng géc v6i nhau tai O. Goi
K la diém bat k¥ trén doan thing OD (K khac O; D). Duong thing qua K, vuong géc véi AK, cit
BC tai M. Goi G la giao diém ctia AM va CD.

1. Chiing minh réng tam giac AM K vudng can.

—

2. Goi N la giao diém ctia AK va BD. Chitng minh ring M A 14 phan gidc cia CMN.

3. Goi F la giao diém ctia GN va KM, E la giao diém ctia AF va MN, I la tam dudong tron
ngoai tiép tam gidc AMN. Chitng minh ring tit giac I FEB noi tiép.

Cau 6. (1,5 diém)
1. Tim céc s6 nguyén z;y théa man phuong trinh 22 + zy — 292 + 72 + 2y + 1 = 0.

-1 pr—1

= =b.
ava —

2. Cho p 1a s6 nguyéen t6 1é va a; b 1a céc s6 tur nhién théa man b

1. Chitng minh rang (b —a) : p.
2. Tim cac sd nguyén td p sao cho a va b 1a cic s6 chinh phuong.

3. Xét tap hop S gom tat ca cac udc nguyen duong ciia s6 20262027, Tit tap hop S ¢6 thé chon ra tbi
da bao nhiéu s6 sao cho trong cac s6 dude chon, khong c6 2 s6 nao 1a boi clia nhau?

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LGP 10 THPT
THANH HOA NAM HOC 2026 - 2027
Pi THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt
Cau 1: (2,0 diém)
. 1 1 3
a) Cho a,b la cac so thuc duong théa man 8 + a? + b> = ab+2 va — + =5 Tinh gia tri cta
a

biéu thitc Q = a® + b°.

b) Xét da thic P(x) = az® + bx + 2 v6i a,b 1a cac he s6 thyc. Biét rang v6i moi s6 thuc z thoa
man |z| < 1 thi |P(x)| < 4. Tim gid tri 16n nhat ctia biéu thitc S = |a| + |b|.

Cau 2: (1,0 diém)

2% — 3v2x — 1 =71 — 2(y* + 2y)
\/xz —r—1—y= y—H

vr—1—y
Cau 3: (1,0 diém) Goi S 1a tap hop tat ca cac sb tu nhién c6 bon chit s6 phan biet duge lap tit céc
chit s6 4, 5, 6, 7, 8, 9. Chon ngdu nhién mot s6 tit tap hop S. Tinh x4c suat chon dugde sé co tong
tat ca cac chit s6 14 mot sd chin.
Cau 4: (2,0 diém)

Giai hé phuong trinh

a) Tim tat ci cac cdp s6 nguyen duong (z;y) théa man (v + y)* + 4o = 4(y* — 3y +9).

b) Tim tat cd cic s6 nguyen t6 p va ¢ thdéa man (p + q)P = (¢ — p)?~L.

Cau 5: (3,0 diém) Cho tam gidc nhon ABC (AB < AC) c6 dusng tron ngoai tiép (O), dusng cao
AH (H thuoc canh BC) va tam dudng tron noi tiép 1a I. Duong thang Al cit duong tron (O) tai
diém thit hai M (khac diém A). Goi F la diém ddi xing véi A qua O. Duong thang MF cat cac
duong thang AH, BC' theo thit tit tai N va K.

a) Chting minh réng cac tam giac INF va IMC la cac tam gidc can.
b) Chiing minh rang tit gidc NHIK noi tiép dudng tron.

c¢) Duong thang FI cit duong tron (O) tai diém thit hai D (khac diém F), hai dudng thing AD
va BC' céat nhau tai diéem S. Chiing minh ring néu AB + AC = 2BC thi ti gidc SIKM la
hinh binh hanh.

Cau 6: (1,0 diém) Mot thuat toan dugc lap trinh trén may tinh nhu sau: ban dau, mot s6 sb
nguyén duong (nhiéu hon mot s6) duge hién lén man hinh. Sau d6, cit mdi giay, mot s6 bing tong
binh phuong clia tat ca céc s6 da hieén trén man hinh lai duge hién len (vi dy, néu ban dau c6 cac
s6 1 v 3 dugc hién trén man hinh, thi 6 giay dau tién, s6 10 = 12 4 32 sé dugc hién lén; ¢ giay thi
hai, 6 110 = 12 + 3% + 10% s& dugc hién len;...). Goi ny 1a s6 u6c nguyen t6 phan biét clia s6 hien
tréen man hinh & giay thi & (K > 1). Ching minh rang nq + ng + - - - + naga > 2053351.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
HA NOI NAM HOQC 2026 - 2027

MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat
dé. Danh cho thi sinh du thi vao ldp chuyén Todn

PE THI CHINH THUC
(Dé thi c6 02 trang)

Cau I (2,0 diém)

1. Chon ngau nhién mot s6 tu nhién nhé hon 125. Tinh xac suat ctia bién ¢d A: “Sé duge chon
viét duge dudi dang tong ctia hai s6 chinh phuong lien tiép”.

2. Cho a, b, c 1a cac s6 thuc théa man dong thoi a +b+c = 0 va a® + ¢ — 4bc — 2b+ 2 = 0. Tinh
gia tri clia biéu thitc M = abe.

Cau II (2,0 diém)

A+ +c2+1

1. Cho n la sé nguyén duong théa man ton tai cac sd nguyen duong a, b, ¢ sao cho n = 2
abc

Chting minh n chia hét cho 4 nhung khong chia hét cho 8.

?+3 Ay
r4+2 2y+1

2. Tim tat ca cap s6 tu nhién (x;y) théa man

Cau III (2,0 diém)

1. Tim tat cd cap s6 nguyén duong (n;p) théa man dong thoi p 1a sd nguyen té va 4n? + p3 +
4p* — 8p — 32 chia hét cho np + 4n.

2. V6i a,b, ¢ 1a cac s6 thyc khong am thoa man a + b+ ¢ = 2, tim gia tri 16n nhat va gid tri nho

bc+2a+1 ca+2b+1 ab+2c+1

nhét ctia biéu thic P = +
ta bied a1+ 1 1 211

Cau IV (3,0 diém)

Cho tam gidc nhon ABC can tai A, ¢6 duong cao AH. Lay diém O thuoc doan thing AH sao
cho OH > OA. Duong thing AB cét dudng tron tam O ban kinh OB tai diém thi hai 7. Lay diém
E thudc doan thang AB sao cho AE > AT. Dudng trung tryc ctia doan thing C'E cit duong thang
AH tai diém N.

1. Chitng minh bén diém A, E, N, C ciing thudoc mot duong tron.

2. Dudng thing qua diém A va song song véi dudng thang BC cat duong trung tric ctia doan
thang C'F tai diém K. Goi F la trung diém ctia doan thing ET. Chitng minh OFK = 90°.

3. Chting minh dudng tron tam O ban kinh OB, duong tron dusng kinh NK va duong thang TK
cing di qua mot diém.

Cau V (1,0 diém)
Xét s6 nguyéen duong n va tap hop S gdom n s6 nguyén duong a,, as, as, . .., a, thdéa man dong
thoi cac dieu kién sau:

l.ag<ay<ag <--- <a, = 2000.
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2. V6i moi s6 ty nhien k, 2 < k < n, ton tai cac s6 nguyén duong 4, j nhé hon k (khong nhat thiét
phan biét) sao cho ay, = a; + 4a;.

1. Chitng minh tat ci cac phan tit clia tap hop S déu 14 s6 chén.

2. Tim gia tri 16n nhat cta n.
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
HA NOI NAM HOQC 2026 - 2027

MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat
dé Danh cho thi sinh du thi vao lop chuyén Tin

PE THI CHINH THUC
(Dé thi c6 01 trang)

Cau I (2,0 diém)
1. Mot hop chita 4 vién bi ¢6 cling kich thuée va khéi lugng nhu nhau gom: bi mau xanh, bi mau
do6, bi mau tim va bi mau vang. Ly ngau nhién dong thoi 2 vien bi trong hop. Tinh x4c suat
clia bién ¢d A: “Lay dudc 2 vien bi trong d6 ¢ vién bi mau xanh”.

2. Cho a, b, c 1a cac s6 thuc duong théa man 2a? + 2b% + ¢ — 2ac — 2bc = 0. Tinh gia tri ciia biéu
thieP= 4y " 1
20+1 2b4+1 c+1
Cau II (2,0 diém)
1. Véi a, b 1a cac s6 nguyen duong thoa man a® — b3 1a s6 nguyén t6. Chiing minh a® — b3 + 2027
chia hét cho 6.

2. Tim tat c& cap s6 nguyén duong (x;y) thoa man 3* —1 =2 - 13Y.
Cau IIT (2,0 diém)
. . 3403+ 2763
1. Tim tat ca cac sd6 nguyen duong a, b, ¢ thda man ab = 6¢2 va %

2. V6i a,b, ¢ 1a cac s6 thyc khong am thoa man a + b+ ¢ = 3, tim gia tri 16n nhat va gid tri nho
) 2 p
a b c

bc+2a+3+ca+2b+3+ab+20+3.

14 s6 nguyén to.

nhét ctia biéu thic T =

Cau IV (3,0 diém)

Cho tam giac ABC c6 ba goc nhon (AB < AC), noi tiép dudng tron (O). Goi M 1a trung diém clia
doan thang BC. Dudng thang MO cit dudng tron (O) tai hai diém E, F (ME < MF). Ké dudng
thing qua F vuong goc véi duong thang AC tai diém D. Goi H la truc tam clia tam giac ABC' va
S 1a trung diém ctia doan thing HE.

1. Chitng minh tam giac BAF dong dang véi tam giac M DC.
2. Duong thing AH cat dusng tron (O) tai diém thit hai Q. Duong thing QF cit dudng thang
BC tai diém T. Chitng minh diém S thuoc dusng thang M D va T'SO = 90°.

3. Duong thang qua S vuong géc véi duong thang BS cit duong thang AC tai diem P. Ching
minh PA = PF.

Cau V (1,0 diém)
V6i mbi s6 nguyen duong n (n < 99), xét 100 s6 nguyén duong ay, as, . . ., ajg thoa man dong thoi
hai dieu kién:

l) l<ar<as<as<---<aj.

i) Véimoi 1 < j <4 <100 thi a; —a; # n.

1. Khi n = 2, chttng minh a3 — a; > 4.

2. Tim tat ca gia tri ctia n dé aigo nhd nhat.

_ HET —
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DAT HOC QUOC GIA HA NOI Df)\ THI TUYEN SINH VAO LGP 10
TRUONG DAI HOC KHOA HOC TU TRUONG THPT CHUYEN KHTN NAM
NHIEN 2026

D& chinh thic

MON THI: TOAN (VONG 1)
Thoi gian lam bai: 120 phiit (khong ké thoi gian phdt dé)

Cau I. (3,5 diém)
1. Giai phuong trinh

30+ /(2+32)2 - 2) (V2432 — 292 — ) = 6.

2. Giai hé phuong trinh
2z + 3y + b6xy = 2,
3(4x? 4+ 9y?) = 6xy(4z* + 9y?) + 30zy + 12.
Cau II. (2,5 diém)
1. Tim 2,y nguyén théa man dang thiic

82° + 27y® = 18zxy + 4a + 6y + 4.

n
2. Ky hiéu Zai =ai+ay+---+ap, VOiyl,ys,...,ys la cic so thuc bat ky, tim gia tri 16n nhat
i—1
ciia biéu thic

6 2
E 2yi 2Yit1 21 )
M = ( ) ( — , trong do6 yo = Vg, Y7 = Y1.

—\1+y7/) \1+yh,  1+yl, g d6 yo = Yo, yr =11

Cau III. (3,0 diém)
Cho hinh thoi ABCD v6i BAD < 90°. Trén canh AD lay diém M (M # A, D). Cac dudng thang
CM va AB céat nhau tai Q.
1. Chiting minh rang hai tam gidc BCQ va DMC dong dang.
2. Trén canh AB lay diéem N (N # A, B). Dudng thing CN cit duong thing AD tai R. Ching
ik 1 BN DM
ang —— = ——.
minh ring — 0~ DR
3. Goi (O) la duong tron tiép xtc véi AB, AD lan lucgt tai B, D. Gia si tiép tuyén qua R (khac
RD) va tiép tuyén qua Q (khac QB) ciia (O) cit nhau tai P. Goi giao diém ctia AP va QR la
S. Chting minh ring dudng thing C'S di qua trung diém ctia M N.
Cau IV. (1,0 diém)
C6 100 diém phan biet trong mot ngi giac 16i, cac diém nay cuing 5 dinh ctia ngii gidc tao thanh
105 diém trong d6 khong cé 3 diém nao thang hang. Biét rang ngii gidc dude chia hoan toan thanh
nhitng tam giac duge tao bdi cac doan thang ndi gitta 2 trong 105 diém trén sao cho:
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1. Khong c6 2 doan thiang nao c6 diem chung (ngoai trit cdc dau mit ctia ching);
2. Mdi tam gidc khong chia bat ki diém nao & bén trong né.

Tinh s6 tam gidc théa man nhitng yéu cau trén.

__ HET —
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DAT HOC QUOC GIA HA NOI Df)\ THI TUYEN SINH VAO LGP 10
TRUONG DAI HOC KHOA HOC TU TRUONG THPT CHUYEN KHTN NAM
NHIEN 2026

D& chinh thic

MON THI: TOAN (VONG 2)
Thoi gian lam bai: 120 phiit (khong ké thoi gian phdt dé)

Cau I. (3,5 diém)

1. Giéi phuong trinh

1+5€/1—25:c2+€’/1+5x+6/1—5x=4($/(1+5x)2+§/(1—5x)2).

2. Giai hé phuong trinh
23 + 8y + 6y + x = 3(2? + 4y?) + 1,
3+ 2 =2%+ 2.

Cau II. (1,5 diém)
Xét phuong trinh (22 + y)(y® + z) = 3%, trong d6 x,y, 2 1a cac s6 nguyéen duong.

1. Chting minh rang khi # = y thi khong ton tai z thoa man phuong trinh.
2. Tim tat c& cac bo (z,y, z) théa man phuong trinh véi x > y.

Cau III. (1,0 diém)
V6i cac s6 thuc khong am a, b, ¢, d thda man dang thiic a + b+ ¢ + d = 1, hay tim gia tri 16n nhat
ctia bicu thiic

S=(a*+b*+c'+d") — (a®+ b+ +d°).
Cau IV. (3,0 diém)
Cho tit gise ABC'D noi tiép duong tron (O) véi DCB < ADC' < 90°, gia sit c6 didm P niim trong
ti giac ABC'D sao cho PA vuong géc AD va PB vuong goc BC'. Dung hinh binh hanh PAQB. Goi
K 13 hinh chiéu vuong goc ciia ) 1én AB.

1. Chitng minh réng I?Q\B — BCD.

. . HD KB
2. i H la hinh chié 0 6c cia P léen C'D. Ch inh rang — = —.
Goi a hinh chieéu vuong goc cia P léen C'D. Chiing minh rang 70 - A
3. Lay diém R sao cho DR song song AH va CR song song BH. Goi giao diém ctia hai duong
thang RH va AB la L. Chiing minh ring cac diem D, C, K, L cing nim trén mot duong tron.

Cau V. (1,0 diém)

V6i mdi day sb ag, as, ..., ago gom 600 s6 nguyén duong, ky hieu m 1a s6 bo (a;, a;,a) véi 1 < i <
J < k <600 thoa man a; = a; + 1 va ay = a; + 1. Xét tat ca cac day sé nhu tren, hay tim gid tri 16n
nhat c6 thé ciia m.

__ HET —
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DAI HOC SU PHAM HA NOI DE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN DAI HOC SU

PHAM NAM 2026

D& chinh thiic

MON THI: TOAN (VONG 2)
Thoi gian lam bai: 120 phiit (khong ké thoi gian phdt dé)

Cau 1. Cho cac s6 thuc duong z,y, 2 théa man 22 = y + 2.
a. Chiing minh ring /2(z — /y) = V2 + vz — Vz — /2.
b Tinh 7= V2 VI VI VE

VT VYT 2

Cau 2. Cho da thitc P(x) he s6 thuc, bac 30, ¢6 it nhat 11 nghiém phan bi¢t. Chiing minh rang
khong ton tai hai da thic Q(z), R(z) c6 he s6 thuc, khac hing s6 théa man: P(z) = Q3(x) + R3(z)
véi Vo € R.

Cau 3. Cho (zy, 72, 73, 74) 12 hoan vi ctia bo (1;2;3;4). Tim gia tri 16n nhat ctia biéu thric:

P =/lz1 — 1|+ /|22 — 2| + /|25 — 3| + /|4 — 4

Cau 4. Cho tam giac ABC noi tiép duong tron (O). Dudng tron (O’) tiép xtc véi cac canh
AB, BC lan lugt tai N va E, va tiép xtc trong véi dusng tron (O) tai diém M. Hai dudng thang
MN va ME lan lugt cat duong tron (O) tai cic diem S va T.

a. Chting minh rang duong thang ST song song véi duong thing NE.

b. Goi P va @ lan lugt 1a giao diém ctia ST vé6i cac canh AB, BC. Chitng minh ring: BP? =
BQ*=TQ - PS.

c. Goi I 1a tam duong tron noi tiép tam gidc ABC. Chitng minh ring t gidc I PBQ 1a hinh thoi.

Cau 5. Goi S 1a tap hgp cac sd nguyén duong x sao cho ton tai cac s6 nguyén duong y, m thoa
man: z2 + 2™ = y%. Tim tat ca cac sd nguyén duong x sao cho ci x va x + 1 déu thuoc S.

Cau 6. Cho bang 6 vuong 2026 x 2026, mdi 6 dugc t6 mot trong hai mau den hoisic trang. Mot
bang dude goi 14 hoan hdo néu sd 6 den trén mdi hang va trén moi cot c6 it nhat 1013 6 va khong
vugt qua 1200 6. Chitng minh ring ta luon c6 thé chuyén S; thanh S, sau hitu han bude chuyén mau
(v6i S; va Sy 1a hai bang hoan hdo bat ky), biét rang mdi bude chuyen ta thay mau mot 6 (tit den
sang trang hodc tir trang sang den) sao cho sau khi thay, bang van luon hoan héo.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
NGHE AN NAM HOC 2026 - 2027

MON THI: TOAN (CHUYEN)

DE THI CHINH THUC o
NI Thoi gian lam bai: 150 phit, khong ké thoi gian phat
(Dé thi c¢é 01 trang) aé

Cau 1 (2,0 diém).

a) Giai phuong trinh nghiém nguyéen x? + 2y* + 3zy — 2o — 3y = 0.

b) Cho n 1a mot s6 nguyen duong va m la mot uée sé nguyen duong ctia 2n2. Héi n? +m c6 the la
s6 chinh phuong khong? Tai sao?

Cau 2 (7,0 diém).

2\? 2 \°
Giai phuong trinh: (—) ( > = 5.
a) Giai phuong trin ; + poe]
(141 =) =ya® +y* + 1)

3122 —1 =16 (y — x\/4x? — 1)

b) Giai hé phuong trinh: {

Cau 3 (2,0 diém).

Mot hop ¢6 7 vién bi gom hai vién bi mau xanh duge danh s6 1 va 2; hai vién bi mau dé duge danh
s6 3 va 4; ba vién bi mau vang duge danh s6 5, 6 va 7.

a) Mot ban hoc sinh chon ngau nhién 6 vien bi tit hop. Tinh x4c suat ctia bién c6 “6 vien bi dugc
chon ¢6 3 vién bi mau vang’”.

b) Thay gido t6 chiic tro choi boc bi triing thudng nhu sau: Mdi hoc sinh chon ngau nhien 3 vién bi
tit hop roi bo lai, néu trong cac vién bi dude chon c6 hai vién bi duge danh s6 lién tiép nhau thi ban
d6 tring thudng. Ban An ld mot hoc sinh tham gia tro choi. Tinh xéac suat dé ban An tring thudng.

Cau 4 (7,0 diém).

Cho tam gidac ABC nhon c¢6 BC' > BA. Duong tron tam I noi tiép tam giac ABC tiép xtc véi cac
canh AB, BC, CA lan lugt tai cac diem M, N, E. Goi K la giao diém ciia tia BI véi doan thang
NE.

a) Ching minh BIA = BNE va AAKB 1 tam giac vuong.

b) Tia BI cit doan thang AC tai diém T. Chiing minh KT.BN = KB.ET.

c¢) Qua A vé dudng thang d vuong goc véi AI. Tia NE va tia NM cat duong thang d lan lugt tai
cac diem F va D. Goi H la giao diém ctia AI va ME, O 1a giao diém ctia hai dudng thang HF v
DI. Chitng minh bén diém A, O, I, F cing thudoc mot dudsng tron.

Cau 5 (1,0 diém).
Cho céc s6 thuc duong z,y, z théoa man x + y + 2z = 2. Tim gia tri nhé nhat ctia biéu thic:

T-va[— L] 1y
S \vay | VE | Va Y2

Cau 6 (1,0 diém).

Trén mat phéng cho 18 diém phan biét trong dé khong c6 ba diém nao thing hang. Qua hai diém
bat ki ta vé dugec mot doan thang va trén doan thang dé ghi mot sé nguyén bat ki 16n hon 1. Chiing
minh ring ton tai mot tam gidc c6 cac canh la cac doan thing da vé va tong cac sé ghi trén cac canh
clia tam giac do6 1a hgp s6.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
HA TINH NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

I- PHAN GHI KET QUA (3 diém) (Thi sinh chi can ghi két qud vao to gidy thi. Méi cau
tra 1oi ding 0,25 diém).
13 i 17
3VTHVIL 4T +2V/11
bang bao nhiéu?

Cau 2. Cho cic s6 thuc a,b théa man a — b = 3. Gia tri ctia bieu thic A = a?(a + 1) — b*(b —
1) — 11ab + 6 bang bao nhiéu?

Cau 3. Tim tat ci cac gid tri ctia tham sé m dé phuong trinh 22 — 2(m + 1)z + (m —2)? =0 ¢6
hai nghiém phan biét trong d6 mot nghiem bang binh phuong nghiém con lai.

Cau 4. Tim tat ca cac sb nguyén x sao cho gia tri ciia biéu thic 22 — z + 6 13 mot sd chinh
phuong.

Cau 5. Cho da thic P(z) = 423 +az +b. Biét ring P(z) chia hét cho cac da thic x —2 va x + 1.
Gia tri cia M = 2a — 5b bang bao nhiéu?

Cau 1. Cho céc s6 thuc a, b théa man = a7+ b/11. Gia tria+b

3
” . AR 2 . sin” o + cos «
Cau 6. Cho «a la géc nhon théa méan sin a—3 cos a = 0. Gia tri cua bieu thiic A =

sin v + 3 cos3
bang bao nhiéu?
. . AB 3

Cau 7. Cho tam giac ABC vuodng tai A, dudng cao AH (H thudc canh BC). Biét rang 10— 1
va BC = 15 cm. Do dai doan thing C'H biang bao nhiéu?

Cau 8. Cho duong thang (d) : y = ax + b di qua diém I(1;2). Tim cac s6 thyc duong a, b dé
dudng thang (d) cit cac truc toa do Ox, Oy lan lugt tai A, B sao cho tam gidc OAB can.

Cau 9. Tim tat ca cac gia tri clia tham s6 m dé dudng thang (d) : y = 2ma +m? —m — 5 cit
parabol (P) : y = 22 tai hai diém phan biét A, B sao cho ba diém A, B va C(1; —3) thiang hang.
C

Cau 10. Cho hinh thoi ABCD c6 canh bang 6 cm, goc BAD = )

60° lay diém A va diém C lam tam, vé cac cung tron cé cling ban

kinh bang 6 cm. Dién tich phan to dam gidi han bdi hai cung tron

bang bao nhieu? (Hinh vé bén). A ¥

Cau 11. Mot bé ca canh hinh tru c¢6 ban kinh day bang 20 cm, ngudi ta cho vao bé c4 mot vién
da trang trf thi thay mic nudc trong bé ca dang lén 2 cm. Hoi vien da canh d6 cé thé tich biang bao
nhiéu?

Cau 12. Goi S 1a tap hop cac s6 tu nhién c6 3 chit s6 doi mot khac nhau dude lap tit cac chit s6
0;1;2;3;4. LAy ngdu nhién mot sé thuoc tap S. Tinh xac suat dé s6 lay dude chia hét cho 3.

II- PHAN TU LUAN (7 didm) (Thi sinh trinh bay 10 gidi vao to gidy thi).
Cau 13 (2 diém).

a) Giadi phuong trinh Vo — 1+ vz +2=2>+2 — 3.

2?2 —y? + 22y — 6y =1

b) Giai hé phuong trinh
) P s {x(2x2—x—2)—x2y—5y:—1
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Cau 14 (1 diém). Tim tat ca cc cip s6 tu nhien (z;y) théa man 2° - 4> = 3622 + 12z + 16.

Cau 15 (2 diém). Cho duong tron (O; R) va diém M ndm ngoai dudng tron. Goi A la giao
diém ctia MO va dudng tron (O; R) (A nim gitta M va O), tit diém M vé duong thing cit dudng
tron (O; R) tai hai diém phan biét N va P (N nam gitta M va P, N khac A), dudng thang di qua N
va vuong goc véi M P cit tiép tuyén tai A ctia duong tron (O; R) tai diém I. Vé tiép tuyén IB véi
duong tron (O; R) (tiép diém B khac A va P). Goi F la giao diém ctia duong thang M P va dudng
thing OB.

a) Chimg minh MN - MP = MO? — R* va AAMI dong dang ABNA.

b) Goi (O') dudng tron ngoai tiép tam giac MIF (tam O’ khac O), dusng thang OO’ cat M P tai
J. Chiing minh /0O’ vuong géc véi 1.J.

Cau 16 (1 diém). Cho a, b, c 1a 3 s6 thyc duong va théa man abc = 1. Tim gi4 tri nhé nhat ctia
hidu thite P — a’+1 +b2+1 +02+1+ 1
(a+1)2  (b+1)2 (c+1)2 ab+bc+ca+1
Cau 17 (1 diém).

a) Cho a,b la hai s6 nguyen duong. Chitng minh ring néu ¢ > 2 thi gia tri ctia biéu thiic
P = a?b? — 2a — b khong phai 1a mot sd chinh phuong.

b) C#t mot to gidy hinh chit nhat theo mot dudng thang, dugc hai manh. Lay mot trong cac manh

d6, cit theo mot duong thing dugce hai manh, va lam tiép nhu vay nhiéu lan. Héi can phai cit
it nhat bao nhiéu lan dé duge 16 hinh luc giac?

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
QUANG TRI NAM HOC 2026 - 2027

MON THI: TOAN (CHUYEN)

DE THI CHINH THUC o
NI Thoi gian lam bai: 150 phit, khong ké thoi gian phat
(Dé thi c¢é 01 trang) aé

2 2 _]- ]-
Cau I (1,5 didm). ChobiéuthﬁcP:(x o1l avrd ) VT e 004,
Vo —1 V41 r+4

1. Rt gon biéu thic P.
2. Tim tat ca cac gia tri nguyén ctia x dé P nhan gia tri nguyen.
Cau IT (2,0 diém).

1. Mot ctta hang nhap vé 120 chiéc xe dap. Ciia hang treo gia ban mdi chiéc xe dap ting 30% so
véi gia lic nhap ve. Sau khi ban duge 20 chiée xe dap, clta hang treo gia ban méi gidm 20% so
v6i gia da ban truée do va véi gia ban mdi nay thi 100 chiée xe dap con lai da duge ban hét.
Biét cac chiéc xe dap c6 gia nhap vé bang nhau va s6 tién 1ai clia ctta hang thu duge sau khi
ban hét 120 chiéc xe dap 1a 50 trieu dong. Héi gia nhap vé ciia mdi chiéc xe dap 1a bao nhiéu
trieu dong?

2. Cho phuong trinh 22 — mz +m — 3 = 0 véi m la tham s6. Tim tat ca cac gia tri clia m dé
phuong trinh c6 hai nghiém phan biét x1, 5 théa man 222 + x3 + mwzy — 8 = 0.

Cau III (3,5 diém).

1. Tu mot tam gd hinh vuong ABCD c6 canh bang 1 mét, ban Toan lam mot cai ban bang cach
xac dinh cac diém M, N, P, @ lan luot thuoc céc canh AB, BC,CD, DA sao cho MA= NB =
PC = QD rdi cat tam gd theo cac dudng thang M N, NP, PQ, QM. Sau khi cit, sin pham
tao ra la 1 mat ban c6 dang hinh ti giac M N PQ va 4 chan ban ¢6 dang la 4 hinh tam giac
AMQ@Q,BNM,CPN,DQP. Tinh do dai doan thing M N biét dién tich ti gidc M N PQ bing

g lan dien tich hinh vuong ABCD.

2. Cho tam giac nhon ABC noi tiép duong tron (O) c6 AB < AC va AFE la tia phan giac
ctia BAC (E € BC). Cac duosng cao AM, BN,CP ctia tam giac ABC' cit nhau tai diem H
(M € BC,N € CA,P € AB). Biét AO cat BC tai F va AH cat PN tai K. Chiing minh:

—

a) PH la tia phan giac cuia M PN.

b) AAKP dong dang véi AAFC.

c) EF-EB< EM - EC.
Cau IV (1,5 diém). Xép ngau nhién 5 ban An, Binh, Tam, Nhién, Phtic ngdi trén mot hang ghé
dai c6 5 chd ngoi. Tinh xac suat clia bién ¢6 D: "An ngodi canh Binh nhung An khong ngoi canh
Nhien".
Cau V (1,5 diém).

1. Tim tat ca cac cap s6 nguyen (z,y) thoa man 22 + zy — 2y + 3 = 0.

2. Cho m,n la cac s6 nguyen duong théa man (m — n)(2m + 2n — 1) = m?. Ching minh m — n
14 s6 chinh phuong.

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
PA NANG NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (1,5 diém)

véi a,b >

Cho biéu thic P = (
0.

vat+avh o 3vh 7\/%+10b).a+12b+7\/a
Va+vh  a+4vb  a+4b+5vVab) T (Va+Vb)?

a) Rit gon biéu thic P.

a + 2025b

b) Khi P la s6 nguyén, tinh gia tri biéu thitc Q = 2 2026D"

Cau 2. (1,5 diém)
Hai ban An va Binh, mdi ban chon ngau nhién mot dinh cta luc giac déeu ABCDEF canh a.

a) Mo ta khong gian mau va cic két qua thuan lgi ctia bién c¢6 M: “Ban An va ban Binh chon
dugc hai dinh trung nhau”.

b) Tinh xac suat ciia bién ¢6 N: “Ban An va ban Binh chon dugc hai dinh ma khoang cach gitta
ching bang av/3”.

Cau 3. (2,0 diém)
a) Giai phuong trinh v/3(2% — ) = v/32% — 22 — 1.

b) Tai mot Truong Trung hoc co s6 A, khdi 16p 8 ¢6 s6 hoc sinh nam gap 3 1an s6 hoc sinh nf;
khoi 16p 9 ¢6 s6 hoc sinh nam gap 6 lan s6 hoc sinh nit. Néu tinh chung cé hai khéi thi tong
s6 hoc sinh 1a 750 va tong s6 hoc sinh nam gap 4 lan tong s6 hoc sinh nit. Hoéi khoi 16p 8, khoi
16p 9 6 Truong A, mdi khdi c6 bao nhiéu hoc sinh?

Cau 4. (1,5 diém)

a) Trong mat phang toa do Oxy, tim tat ca cac s6 thyc am a dé parabol (P) : y = 2% cit dudng

thing d; : y = ¢ — a tai hai diém c6 hoanh do 1, zo vA cat dudng thang ds : v = 22 — 3a tai
, 1 1 1 1
hai diem ¢6 hoanh do x5, x4 thoa méan + + + = —.
T1— T3 To—T3 X1 —Tg4 Xo—T4 3

2
9
LT 2} binh phuong
y 2y

b) Ton tai hay khong cac s6 nguyen duong x,y sao cho gia tri biéu thiic
clia mot s6 nguyen t6? Vi sao?
Cau 5. (2,0 diém)

Cho tam giac ABC (AB < AC < BC), c¢6 dudng tron noi tiép (I) tiép xic véi cac canh
BC,CA, AB lan luct tai D, E, F. Goi P la hinh chiéu vuong goc ciia C len dudsng thang BI.

a) Chting minh réng 2 - PIC + BAC = 180° va ba diém P, E, F thang hang.
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b) Tia DI cit cic dudng thing EF, PC lan lugt tai L, K. Goi M, N lan lugt 1a trung diém ciia
\ . DI NL
cac doan thang BC| I K. Ching minh rang M N vuong géc véi EF va DN + NI~ 1.

Cau 6. (1,5 diém)

Cho tam giac nhon ABC (AB < AC) ndi tiép dudng tron (O). Dung hinh binh hanh ABDC.
Trén cung nhé BC' ciia dudng tron (O) lay diém M sao cho tia DM nam gitta tia DA va tia
DC'. Dudng thang qua M, song song véi dudng thiang AC, cit canh AB tai P va duong thang
qua M, song song véi dudng thang AB, cit canh AC tai Q. Duong thang AD cit dudng tron
ngoai tiép tam giac APQ tai F' (F khac A). Chiing minh réng tam giac M BC dong dang tam
giac PMA va AM 1a tiép tuyén clia duong tron ngoai tiép tam giac M DF.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
THANH PHO HUE NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1 (1,5 diém).

) 2 1 1
a) ChobiéuthfrcA:<$+5ﬁ+6—x+ ﬁ)( +
r++/x—6 x—4 VI+2 -2

tat ci cac gia tri nguyén ctia x dé biéu thitc A nhan gia tri 14 s6 nguyén.

)Véix>0,x7é4. Tim

b) Cho a, b, c 1a ba s6 thic duong théa man dicu kieén a + b + ¢ + Vabe = 4. Tinh gia tri cia biéu
thic

B = /a4 —b)(4—c)+ /b4 — )(4 — a) + \/c(4 — a) (4 — b) — Vabe.
Cau 2 (1,5 diém).

a) Biét phuong trinh 2% + ax +b+1 =0 (b # —1) c6 hai nghiém nguyén phan biet. Chitng minh
a? 4+ b 1a hop sb.

b) Goi S la tap hop @sé tu nhién c6 ba chit so. Chon ngau nhién mot sO tu tap S. Tinh xac
suat chon dudc s6 abc théa man a > b > ¢ > 0 va abc — cba chia hét cho 21.

Cau 3 (2,0 diém).

2”*27 x?+3
P 22+3r+5

a) Tim tat ci cdc s6 nguyeén t6 p va cac s6 ty nhien z,y thoa man
b) Cho a va b 1a céc s6 nguyén sao cho a > b > 0 va ab(a + b) chia hét cho a? + ab + b?. Chiing
minh rang (a — b)* > 3ab.

Cau 4 (1,0 diém). Cho a,b,c la ba s6 thyc duong théa man dicu kien ab + be + ca = 5 va
a’+ 0%+ =6.

a) Ching minh ab=c* —4c+5 vac < 2.

b) Chitng minh o + (a —2) + (b—2) + (c—2)
abc b c a

9
> —.
-2

Cau 5 (1,0 diém). Trén ban c6 2n chong vé, méi chong vé c6 it nhat mot quyén vé. Hai ban An
va Binh cting choi mot tro choi, An & ngudi choi trude, tiép theo 1a Binh va c luan ty thay phién
nhau. O luot choi ctia minh, ngudi choi chon mot s6 nguyén k bat ki théa man 1 < k < n va thuc
hién 2 budc lién tiép sau:

e Buéc 1: Lay khoéi ban &k chong vé va loai bé khoi tro choi.

e Bué6c 2: Chon k chong vé trong cac chong v con lai trén ban va phan moéi chong vé d6 thanh
hai chong vé méi sao cho mdi chong vé méi déu phai co it nhat mot quyén veé.

Nguoi thua la ngusi dau tien ma khi dén lugt choi ctia minh thi khong thé thuc hién duge ca hai
bude trén va ngudi con lai sé thang.
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a) Trudng hop n = 1 va mdi chong vé déu c6 5 quyen. Chiing t6 ring v6i moi cach di ctia An thi
Binh luén c6 cach di dé thing.

b) Chiing minh rang néu lic dau c6 it nhat mot chong v6 ¢6 s6 v6 1a s6 chdn thi An luon c6 cach
di dé thing.

Cau 6 (3,0 diém). Cho tam gidc nhon ABC (AB < AC) noi tiép duong tron (O) va I la tam
dudng tron noi tiép cia tam gidc. Duong thing qua I va vuong géc véi Al cit BC tai Q. Duong
thang AI cat dudng tron (O) tai P (P # A), QP cat (O) tai H (H # P). Goi M la trung diém BC,
D 1a hinh chiéu vuong goc ctia I len BC, E la diém déi xtng ctia D qua M va K la diém déi xiing
I qua O.

a) Ching minh QI = QB - QC.
b) Chitng minh /H | PQ va KE 1 BC.

¢) Chitng minh AQPF la t1 gidc noi tiép va IM song song véi AE.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
QUANG NGAI NAM HOC 2026 - 2027

MON THI: TOAN (CHUYEN)

DE THI CHINH THUC o
. Thoi gian lam bai: 150 phit, khong ké thoi gian phat
(Dé thi cé 02 trang) 2é

Cau 1. (1,5 diém)

1. Mot cai tui chita 5 qua bong gidng nhau duge danh s6 1, 2, 3, 4, 5 (mdi qua béng duge danh
mot s6 khac nhau). Boc ngdu nhién lan lugt hai qua bong tir ti (mdi lan boc mot qua, qua
béng boc lan dau khong duge hoan lai). Tinh xac suét ctia bién c¢6 A: “Hai s6 ghi trén hai qua
béng boc duge déu 1a s6 chin”.

2. Tim tat ca cac s6 nguyén to p,q,r sao cho p < g < r va pq + 25, pr + 100 1a nhitng s6 chinh
phuong.

Cau 2. (2,0 diém)
2z 1 N 2 N
1. Cho ham so y = §x2 c6 do thi (P). Goi A, B la cac diem thudc (P) c¢6 hoanh do lan lugt 1a
—2 va 4. Tim toa do diém M trén truc tung sao cho M A + M B nhé nhét.

2. Cho a,b 1a hai s6 thiyc khong am va ¢ 1 s6 thyc duong thdéa man dang thic

3¢c—2b
= V2b+ V3c.
va++va+2b—3c

5b + 4a + 8be — 2038¢
a—2b+2023¢

Tinh gia tri ctia biéu thitc M =

Cau 3. (2,0 diém)

z+3=2/(By—z)(y+1)
drxy — 20 — 2y — 1= /10y +1
2. Cho céc s6 thyc duong a, b, ¢ théa man a + b+ ¢ = 1. Chiing minh rang

1 n 1 n 1 N 7
a+bc b4+ca c+ab ~ 1+abc

1. Giai hé phuong trinh {

Cau 4. (3,5 diém)

1. Mot coc thity tinh dang hinh tru duge dit thing ding. Phia bén trong coc ¢6 duong kinh day

bang 8 cm va dién tich xung quanh bang 967 cm?.

I

|

|

—
4 cm

|
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(a) Tinh thé tich phan bén trong ctia coc.

(b) Mot lugng nude duge rét vao coc sao cho do cao ctia ¢ot nude bang 1 chiéu cao thanh
bén trong coc. Tinh do cao clia cot nude trong coe sau khi thd nhe mot vien bi sat dang
hinh cau, dudng kinh bang 4 cm vao trong coc nude.

2. Cho tam gidc ABC nhon, khong can, noi tiép duong tron tam O. Goi H 13 tryc tam ciia tam
giac ABC va D, E, F lan luct 1a chan cac dudng cao ha tit cac dinh A, B, C.

(a) Chiing minh H 1a tam ctia duong tron noi tiép tam giac DEF.

(b) Duong thang AO lan lugt cdt EF, BC va dudng tron (O) tai K, L, M (M khéac A). Tiép
tuyén tai M ctia (O) cat dudng thang AD tai N. Chiing minh NL//HK.

(c) Duong thang AD cit duong tron (O) tai T (khac A). Dudng tron ngoai tiép tam gidc
AFT cét duong thang BC tai hai diem P, Q. Chiing minh CP = CQ.

Cau 5. (1,0 diém) Viét tat ca cac hop s6 khong vugt qua 30 len bang.

1. C6 thé to méi s6 tréen bang bdi mot trong hai mau xanh, dé (ca hai mau déu duge dung) sao
cho tich céc s6 cting mau bang nhau dude khong? Tai sao?

2. 06 thé x6a di 3 s6 trén bang va to6 mdi s6 con lai bdi mot trong ba mau xanh, dé, vang (ca ba
mau déu duge dung) sao cho tich cdc s6 cing mau bang nhau duge khong? Tai sao?

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
GIA LAI NAM HOC 2026 - 2027
DE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi c6 02 trang) Thoi gian lam bai: 150 phit, khong ké thoi gian phat
de

Cau 1 (2,5 diém)

) 1 -1
1. Chobiéuthﬁ’cP:( Ve — VT A+ )<1+—x )véixZO,x;él.
V-1 2z +1 T+ +1

a) Rit gon biéu thic P.

b) Tim tat ca céc so6 nguyén z dé bic¢u thitc P nhan gia tri nguyen.

2. Goi x1, 75 & hai nghiém ctia phuong trinh 22 — 2 — 3 = 0. Khong giai phuong trinh, hay tinh
gia tri clia cc biéu thic A = 22 + 23 va B = 25 + 3.

Cau 2 (2,0 diém)
1. Gidi phuong trinh a2 — 32 +2+ 1=z — 1+ Vo — 2.

2. Goi S 1a tap hop cac s6 tir nhién c¢6 3 chit s6. Chon ngau nhién mot sé thuoc tap hgp S.

a) Tinh xac suat dé chon dugc s6 chia cho 11 du 2.

b) Tinh xac suat dé chon dugc s6 abc thda man a + ¢ = 4b.
Cau 3 (1,5 diém)
1. Tim tat ca cic sd nguyén x,y théa man phuong trinh 322 + 4xy + 3% — 42 = 11.

2. Tim tat c& cac s6 nguyén duong m, n sao cho (m + n)(m?® + 7n) la 1ty thita bac 4 ctia mot s6
nguyen to.

Cau 4 (3,0 diém)

Cho tam giac ABC nhon (AB < AC) noi tiép dudng tron (O). Ba dudng cao AD, BE,C'F
clia tam gidc ABC cit nhau tai H. Ké duong kinh AN ciia duong tron (O). Goi I va M
tuong tng 1a trung diém cia AH va BC.

—

1. Ching minh tit giac BHCON 1a hinh binh hanh va EFD = EMC.

2. Goi G la giao diém ctia AM va OH. Chiing minh IM vuong goc véi EF va G la trong tam
cua tam giac ABC.

3. Duong tron (I) ngoai tiép tam gidc AEF cat duong tron (O) tai K (K # A). Cac tiép tuyén
tai A va K ctia duong tron (I) cat nhau tai 7. Ching minh TM, AH, EF dong quy.

Cau 5 (1,0 diém)

1. Mot s6 nguyen duong dude goi 1a "s6 t6t"néu trong bicu dién thap phan ctia né thi chit s6 2
xuat hién nhiéu lan hon chit s6 7 va né dude goi 1a "sd6 xau"néu chit s6 7 xuat hién nhiéu lan
hon chit s6 2. Chéng han, 2027 c6 chit s6 2 xuat hién 2 lan va chit s6 7 xuat hien 1 lan nén
2027 1a "s6 t6t"; con 127 ¢6 chit 6 2 xuat hién 1 1an va chit s6 7 xuat hién 1 1an nén 127 khong
phéai 1a "sd tot"ciing khong phai 1a "sd xau". Trong tat ci cic sd nguyén duong khong vuot
qué 2027, hay tim hiéu ctia s6 lugng cac "s6 t6t"va s6 lugng cac "s6 xau"?
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2. Xét cac sb6 duong a, b, c thda man a + b+ ¢ = 6. Tim gié tri nho nhat ctia bicu thiic

ad+4 B+4 S+4
P =
b+c c+a a-+b

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
KHANH HOA NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1 (2,00 diém).

) 2
a) Riat gon bieu thic A =

x 8
x—2ﬁ+ﬁ+2+x—4

b) Cho da thic bac ba P(z) = az® + ba® + cr + d v6i he s6 nguyen. Biét P(v/5) = 5 va
P(3/5) = 5¢/5. Tinh P(1).

Cau 2 (2,00 diém).

a) Giai phuong trinh 22 + 12 + 5 = 32 + V22 + 5.

b) Mot manh vuon hinh chit nhat ¢6 dién tich xac dinh. Néu tang chiéu dai them 3 m va téng
chiéu rong 2 m thi dién tich tang thém 141 m?. Néu gidm chiéu dai 4 m va gidm chiéu rong 5 m thi
dién tich gidm di 230 m?2. Tinh dién tich ctia manh vuon.

,Voix >0,z #£ 4.

Cau 3 (1,50 diém).
a) Tim tat ca cac cap sd (m,p) véi m la sd nguyén duong va p la sd nguyén t6 thda man dang
thitc p? + pm = m?.

b) Tim s6 ty nhién a dé (a® — 8)% + 36 14 s6 nguyen to.

Cau 4 (3,00 diém).

Cho dudng tron (O) va hai diéem A, B ¢6 dinh nim trén dudng tron, AB khong la dudng kinh.
biém C di dong trén cung 16n AB sao cho ABC' la tam gidc nhon va CA < CB. Diém D la hinh
chiéu ctia C trén dusng thing AB. Ké dudng kinh CT ciia duong tron (O), dudng thang qua B vuong
goc voi CT cat CT tai E.

a) Chiing minh tt giac BCDFE nai tiép.

b) Chiing minh CD - CI = CA-CB va DFE song song v6i Al.

c¢) Goi F 1a hinh chiéu ctia diém A trén C1. Chiing minh khi diém C di dong thi tam dudng tron
ngoai tiép ctia tam gidc DEF la mot diém cb dinh.

Cau 5 (1,50 diém).
a) Cho tap hgp X gom 2026 s6 nguyén tluy y. Chitng minh ton tai mot tap hop T 1a tap hgp con

cia tap hop X sao cho tong cac phan ti ctia tap hop 7' chia hét cho 2026.
b) Cho 3 86 thyc duong a, b, ¢ thda man abc = 1. Chiing minh (1 + a)?(1 + b)3(1 + ¢)* > 256.

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LGP 10 THPT

LAM DONG NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat

De thi co 02 t .
(Dé thi co rang) e

PHAN I. TRAC NGHIEM NHIEU LUA CHON (4,0 diém) Thi sinh trd 10i tit cau 1 dén
cau 16. Moi cau hoi thi sinh chi ghi mot phuong dan.

Cau 1. Trong mat phang toa do Oxy, cho ham s6 y = ax + b (a # 0) c6 do thi la dudng thang
(d). Xac dinh hé s6 a,b dé (d) di qua hai diém A(1;3), B(2;4).
Ala=1,0=1. B.a=1,b=2. C.a=2,b=2. D.a=2,b=1.
Cau 2. Trong mit phiang toa do Oxy, cho ham s6 y = —222% ¢6 dd thi la parabol (P) va hai diém
B, C thuoc do thi c6 cuing tung do 1a —8. Khi d6, dién tich ctia tam gidc OBC bang
A. 4. B. 16. C. 12. D. 8.
Cau 3. Goi 71, 73 1a cac nghiém ciia phuong trinh 22 +2(m — 1)z — 1 = 0. Gia tri ctia biéu thiic
T = 2% 4+ 23 — 3x129 bang

A. 4m? — 8m + 5. B. 4m? — 8m + 9.
C. m? —2m + 4. D. m?> —8m — 1.
Cau 4. Cho AM NP vuong tai N. Hé thitc nao sau day la dung?

A. NP=MP -cosP. B. NP = MN - cos P.
C. NP=MN -tanP. . D. NP = MP - cot P.
Cau 5. Cho duong tron (O) duong kinh AD, ACB = 76° (xem hinh du6i). S6 do BAD bing

B
O
A D
C

AL Te. B. 21°. L1 1C. 14°. D. 28°.
Cau 6. Cho ba s6 thuc a, b, ¢ khac 0 thoa man — + 7 + - =2;a+ b+ c = abe. Gia tri biéu thic

a c

1 1 1 .
P = E + E -+ g bang

A P=2. B. P=3. C.P=1. D. P=4.
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PHAN II. TRAC NGHIEM DUNG SAI (4,0 diém)

Cau 3. Tt mot khoi gd hinh tru cao 15 cm, ngudi ta tién thanh mot khéi gd hinh nén c¢6 dinh
triing véi tam clia mot mit day khéi tru gé ban dau, day non tring véi day tru con lai. Biét phan
gd bé di c6 thé tich 1a 6407 (cm?).

Lm0 - O -
A N ~
Phan g6 bo di

Khoi gb ban dau

a) Thé tich ctia khéi gd hinh tru ban dau gap hai lan thé tich ctia khoi nén.
b) Thé tich ctia khdi gb hinh tru ban dau bang 9607 (cm?).
c) Ban kinh day ctia khoi gb hinh tru bang 8 (cm).
d) Dién tich xung quanh ctia hinh nén bang 1357 (cm?).

PHAN III. TU LUAN (12,0 diém)

Cau 1. (3,0 diém) a) Cho phuong trinh 22 — 2ma —m — 1 = 0. Tim m dé T+ 2 =—4dm.
b) Tim a,b dé f(x) = az® + ba? + 9 chia hét cho g(z) = 2 — 2z — 3.

. 3y2+2—2 1) = 4y\/22 — 2y + 2
Cau 2. (3,0 diém) a) Giai he phuong trinh: { ylo+1) = dyya? =2y +
3y +2xy — 2y =2

b) Mot hop gom 7 tam thé ghi s6 {1;2;4;6;7;11;12}. Tinh x4c suat dé tong hai thé rit ra chia hét
cho 3.

Cau 4. (1,5 diém) a) Chitng minh 3a? + 4b% — 2a + 3 > 4ab + 4b v6i moi a, b € R.

1 1 .
b) Cho a,b,c > 0 théa man — + b + — < 3. Tim gi4 tri 16n nhat cta:
a c

1 1 1
= + +
2Va2 +202+1 202 +2c2+1 22 +2a2 + 1

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
PAK LAK NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (3,00 diém)
T+y="7

2

) . Tinh gia tri cac biéu thitc sau: M = xy; N =
iy + Yy = =21

a) Cho hai s6 thuc z, y thoa man: {

?? +yh P=2"+y% Q =z -yl
b) Gidi phuong trinh v/3x + 3 + Va2 + 5 + 42? + 22 = 26.
¢) Véi z 1a 86 thyc va r > 3. Tim gia tri nhé nhat ctia biéu thic:

A =422 - 192+ 58 + 5vx + 1.

Cau 2. (2,00 diém)
a) Tim da thitc bac ba P(z) véi he s6 nguyeén, biét da thic P(x) c6 nghiem z = 1, P(—1) = —4 va
P(1 —+/2) =6—4V2.
b) Co gido mang lén 16p hai chiéc hop, trong moéi hop chi ¢6 bi mau xanh va bi mau dé, mdi hop
dung khong qua 20 vien bi. Co goi ban An lén thuc nghiém, An sé kiém ké sb luong va mau sic bi
trong hop thi nhat, roi tinh xac suat boc duge bi xanh khi boc ngau nhién 1 vién trong hop nay. Co
cling goi ban Binh lén thiic hién tuong tuy nhu vay doi v6i hop thit hai. Biét rang hai ban déu tinh
ding va tong xéac suat tinh duge ciia hai ban 13 %g. Hoi trong ca hai hop ¢6 bao nhiéu vién bi xanh?
Cau 3. (1,50 diém) Cho tam giac ABC (AB < AC) vuong tai A c6 duong phan gidgc AD. Goi
E, F lan lugt 14 chan dudng vuong goc ké tit D dén AB va AC. Goi I 1 giao diém ctia DE va BF,
K la giao diém ctia CE va DF. Chiing minh rang:

[E EB
YD~ BA
b) I K song song véi BC.
c) AK vuong géc véi BF.
Cau 4. (1,50 diém) Cho tit gidc 16i ABC'D noi tiép duong tron (O). Hai duong chéo AC va BD
cat nhau ¢ K. Trén cung nhé BC lay diém E (E # B,C). Duong thang KE cit cic dudng tron
ngoai tiép cac tam giac ABK va CDK lan luot tai G, H (G, H # K) va cit duong tron (O) tai F
(F # E). Chiing minh rang:
a) Tam gidc ADF dong dang véi tam gidac AEG.
b) EG = HF.
Cau 5. (1,00 diém) Cho a, b, ¢ 1a cac s6 nguyén duong, trong dé a, b 1a hai s6 nguyén t6 ciing nhau
va (a®b+ab®+c?) chia hét cho ac. Chitng minh ring s6 a 1a lity thita bac 3 clia mot s6 nguyén duong.
Cau 6. (1,00 diém) Cho cac s6 thuc duong a, b, ¢ théa man ab + be + ca = 3. Chitng minh ring:

a>+ab V+bc AH4ca 1

1
< Z 2 b2 2 Z
Pi3 T ars T ags s3l@tira)ty
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54 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
THANH PHO HO CHI MINH NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Bai 1: (2,0 diém)
1.1. Cho cac sb thuc a, b thda man dieu kien v/a + 2b + va — 2b = 2. Tinh gia tri biéu thic

P = (a 1= b2)2026 + (a —92_ 1)2)2027.
1.2. Tim tat cd cac s6 thiyc a,b sao cho a va b 1a nghiém clia phuong trinh:
2® — (2ab — 4)z +a® + b* — 12 = 0.

Bai 2: (2,0 diém)

2.1. Trong gio luyén tap, thay gido viét lén bang phuong trinh bac hai az? + bz + ¢ = 0. Hai ban
Thanh va Phic déu chép lai phuong trinh dé giai nhung sai dé: ban Thanh chép sai hé s6 a nén tim
dude hai nghiém 1a 4 va 8; ban Phiic chép sai hé s6 ¢ thanh s6 doi clia n6 nén tim dude 2 nghiem 1a
—2 va 8. Chitng minh phuong trinh clia thay gidao 1a vo nghiém, biét rang Thanh va Phic déu giai
ding phuong trinh minh chép.

2.2. Cho hinh vuéng ABCD cé do dai canh bang 1. Xét diém M di dong tré/nEC’ sao cho dién
tich AABM bang x, v6i 0 < z < 3. Lay diem N tren doan thang C'D sao cho AMN = 90°. Tim
dé dien tich ABDN nhé nhét.

Bai 3: (3,0 diém)

3.1. Cho AABC nhon (AB < AC) noi tiép duong tron (O). Tia phan gidc trong clia BAC cit
dudng trung truc ctia doan thang BC tai D.

a) Chiing minh tt giac ABDC' 1a t1 gidc noi tiép.

b) Goi M la trung diém BC, H la tryc tam AABC. Chitng minh dugng tron tam M ban kinh
M D tiép xuc v6i duong tron duong kinh AH.

3.2. Cho AABC déu. Trén canh AB, canh AC va tia cﬁi\cﬁa BA lay céac diém D, E, F sao cho
AD = CFE = BF. Goi G la trung diém DE. Chitng minh FGC = 90°.

Bai 4: (1,5 diém)

4.1. Tim tat ci s6 tu nhién n théa man n + S(n) = 2026 véi S(n) 1a tong cac chit s6 clia n.

4.2. Cho a,b, c 1a cac s6 nguyén thoa man 5a® — be, 5b> — ca, 5c? — ab déu chia hét cho 8. Chiing
minh abc chia hét cho 8.

Bai 5: (1,5 diém)

5.1. Mot hop chita 15 thé ghi céc s6 1;2;:3;...;14;15. Hai ban An v Binh rat lan lugt mdi ban
mot thé tir hop, An rit trude va khong hoan lai. Goi a,b lan lugt 1a s6 ghi trén thé An va Binh rat
dugc. Tinh xac suat dé cap s6 (a,b) thda man phuong trinh 22 — az + b = 0 c6 nghiém nguyén.

5.2. Tim s6 nguyén duong n nhé nhat théa man tinh chat: trong n s6 tir nhién lién tiép luon ton
tai mot s6 c6 tong cac chit s6 chia hét cho 7.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
THANH PHO DONG NAI NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Bai 1: (2,0 diém)

20y —12 T 8
T-3Vi+2 Ji—1 Ji-2

2. Cho phuong trinh z? — 4z +m — 2 = 0 (v6i m la tham s6). Tim tat cd cac gia tri cia tham s6
. ) ) ) , o1 1
m dé phuong trinh da cho c6 hai nghiém phan biét x,, x5 théa man — + — — x129 = 3.
Ty T2

1. Rit gon biéu thic P = + véix >0, # 1,2 # 4.

Bai 2: (2,0 diém)
3 —yP=a—y

1. Giai hé phuong trinh
oP & {2x2—|—5xy+5y2:1

2. Cho da thiic P(z). Biét rang, khi chia P(x) cho da thiic z ta duge phan du bang 2026 va khi
chia P(x) cho da thiic 22 — 1 ta dugc da thiic du 1a 5z + 2044. Tinh P(1) va tim da thic du
khi chia P(z) cho da thic Q(z) = z(x? — 1).

Bai 3: (2,0 diém)
1. Tim tat ca cic s6 nguyén t6 p, g sao cho p? + ¢* + 30 1a s6 chinh phuong.
2. Cho cac s6 thyc duong a, b, ¢ thdéa man a® + b® + ¢ = 3. Chitng minh ring:

(a) ab+bc+ ca < 3.

(b)

a b c
S@ 1T T AT

Bai 4: (3,0 diém)

3
< -.
4

Cho tam giac ABC' (AB < AC) nhon, noi tiép dudng tron (O) va c6 dudng cao AD. Goi
E, F lan luot 1a hinh chiéu vuong goc clia D lén cac duong thing AB, AC.

1. Chting minh rang ti giac BCFE noi tiép.

2. Ké dudng kinh AG ciia dusng tron (O) va goi I 1 trung diém doan thing G'D. Chitng minh
rang [E = IF.

3. Goi R la giao diém ctia dudng tron (O) va dudng thang AD (R # A), dudng thang EF cit
duong tron (O) tai hai diém P, Q. Chitng minh rang D la tam dudng tron ndi tiép tam gidc
POR.

Bai 5: (1,0 diém)

1. Trong hop c¢6 5 qua bong, méi qua duge ghi mot trong cac s6 152;3;4;5 (hai qua bong khéac
nhau ghi hai s6 khac nhau). Ban An chon ngdu nhién dong thoi hai qua bong trong hop. Tinh
xac suat dé ban An chon dudc hai qui béng c6 tong binh phuong ctia hai sé ghi trén hai qua
béng 14 mot sd nguyen to.
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2. Cho bang 6 vuong 6 x 6 (l1a bing gom 6 hang va 6 cot, moi hang vA mdi cot gom 6 6 vuong)
nhu hinh vé bén dudi. Héi ¢6 thé ghi duge hay khong vao mdi 6 vuong ctia bang mot trong cac
s6 1;2:3;5 sao cho tdng cac sb trén mdi hang chia hét cho 11, dong thoi tong cac s6 trén mdi
cot chia hét cho 137

Bang 6 x 6

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
TAY NINH NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

. . 4
Cau 1. (1,5 diém) Cho bieu thic P = <\/§\/i 5 + xﬁ) : \/%/i 3 (v6i x> 0,z # 4).

a) Rit gon biéu thic P.
b) Tim tat ca cac gia tri nguyén duong ctia  dé biéu thiic P nhan gia tri nguyen duong.
Cau 2. (2,0 diém)

a) Biét phuong trinh 22 — 52 + 2 = 0 ¢6 hai nghiém phan biét z; va xo. Khong giai phuong trinh,
< P S . 1
hay tinh gia tri ctia bieu thic: A =

x%—4w1+5+x§—4x2+5'

b) Theo ké hoach, mot t6 cong nhan phai lam 240 san pham trong mot thai gian nhat dinh. Nhung
khi thie hién, nang suat clia t6 da vugt nang suat du dinh 3 sin pham mdi ngay. Do d6 t6 da
hoan thanh cong viéc sém hon du dinh 4 ngay. Thuc té mdi ngay t6 da lam duge bao nhieu
san pham?

xy + 22 = 2y* + 4y

2\2y+3=x—-y+3

Cau 4. (2,5 diém) Cho dudng tron (O; R) va mot diém A nim ngoai duong tron. Ké hai tiép tuyén
AB, AC véi dudng tron (O) (B, C 1a cac tiép diém). Vé cat tuyén ADE ctia (O) sao cho D nam gitta
A va E, dong thai tia AE nam giita hai tia AB vh AO. Goi H la giao diém ciia AO va BC, K la
trung diém ctia doan thang DE.

Cau 3. (1,0 diém) Giai hé phuong trinh: {

a) Ching minh nam diém A, B, O, C, K ciing thuéc mot dusng tron.
b) Goi I la giao diém ctia hai dudng thing AE va BC. Ching minh AH - AO = Al - AK.

c¢) Duong thang CK cit dudng tron (O) tai diém tht hai 1a F. Ching minh duong thang BF
song song véi duong thing AE.

Cau 5. (1,0 diém) Tim tat ca cac cip s6 nguyen duong (x,y) théa man phuong trinh sau:
22% — y* — xy + 3z = 6.

Cau 6. (1,0 diém)
L1
2r+y  x+2

2 9
r+1 2x+3)

a) Cho x,y > 0 va z + y < 2. Chiing minh:

2
> —.
-3

b) Cho x > 0, tim gia tri nhé nhat ctia biéu thic: P =
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Cau 7. (1,0 diém) Dé két nbi giao thuong sau khi sap nhap hai tinh, ngudi ta du dinh xay dung
mot tuyén duong cao toc noéi tir thanh phd A dén thanh phd B ciia hai tinh d6. Tuyén duong nay
phai vugt qua mot con song. Gia sit doan song chay qua khu vic nay c¢6 hai bo song song véi nhau
va bé rong mat song 14 200 mét. Cay cau bac qua song yeéu cau phai duge thiét ké vuong goc véi bo
song. Biét rang, khodng cach tit thanh phé A dén bo song gan nhat 1a 62 km, khoadng cach tit thanh
phé B dén bo song gan nhat 13 70 km. Hinh chiéu vuong goéc ctia A va B trén ciing mot bd song
cach nhau 55 km. Gia st nguoi ta xay dung dugc cay cau tai vi tri phtt hop ddm bao tuyén duong
giao thong ngén nhat di tit A dén B (bao gom hai doan dudng bo va chiéu dai cay cau). Hoi tuyén
duong do dai bao nhiéu kilomét?

A
62 km
- G
- 0,2 km D
E L]
ED =255 km
70 km
B
— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
CAN THO NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (1,5 diém)

a) Cho bicu thitc Q = (ﬁ—%) : (gi—; — gti),véix>0,x7él,x7é4.

b) Tinh gia tri cia biéu thiic Q khi z = 5

2
+3
Cau 2. (2,0 diém)

a) Giai phuong trinh 224+ 3 —Vax+1=2+ 2.

b) Trong mit phang toa do Oxy, cho parabol (P) : y = 22 vi dudng thing (d) : y = (m+3)z—3m
(m 1a tham s6). Tim cac gia tri ctia tham s6 m dé dudng thang (d) cit parabol (P) tai hai
diém phan biet A(x1;y1) vA B(xo; ;) thda man VYL + VY2 = 5.

Cau 3. (2,0 diém)

a) Trong mot tro choi, An gieo mot con xtc xac 6 mit can ddi va dong nhat hai lan. Lan tht
nhat An gieo dude mat a cham, lan thit hai An gieo duge mat b cham. An sé thang trong tro
choi néu hai s6 a,b théa man da thic P(z) = 23 — az® + bz — 6 chia hét cho da thic (z — 2).
Tinh xéc suat dé An thing trong tro choi.

b) Tim nghiém nguyén khong am ctia phuong trinh (z + y)? = z + 2.
Cau 4. (2,5 diém)
Cho tam gidc ABC (AB < AC) nhon noi tiép duong tron (O; R), cidc dudng cao
AD,BE,CF cat nhau tai H.
a) Chting minh tit gidc BOCEF noi tiép va AB - AF = AC - AE.
b) Duong thang qua O vudng goc v6i AO va cat AB, AC tuong ting tai P, Q. Ching minh PQ
song song vii EF'.
c) Gia sit BAC = 45°. Chiing minh rang chu vi tam giac H PQ bang duong kinh ctia duong tron
(0).
Cau 5. (2,0 diém)

a) Mot nguoi thg muén xay mot ho ca thiy sinh bang xi mang c6 dang hinh hop chit nhat (khong
c6 nap) o day 1a hinh vuong. Yeu cau dit ra la thé tich long ho ca phai chita ding 4 m® nude.
Dé tong dién tich bé mit bén trong (gom mot mat day va bén mat bén) nhd nhat, ngusi thg
can thiét ké do dai canh day va chiéu cao clia long ho ca bang bao nhiéu mét?

b) Mot robot duge lap trinh di chuyén doc theo truc toa do Oz. Ban dau robot diing & diém goc

toa do O (c6 toa do bang 0). Robot thic hién lién tiép 2026 budc di chuyén. O buse di chuyén
thit k (v6i k = 1;2;...;2026), robot c6 thé tién vé phia truéc hosic liii vé phia sau mot khoang
c6 do dai ding bang k. Héi sau 2026 budce di chuyén, robot c6 thé quay trd lai ding diém gbc
toa do O dugc khong? Vi sao?

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
VINH LONG NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (2,0 diém)

a) Tinh gia tri biéu thic A = /2 — V3 — /2 + V3.

r/x — 22 + 28 \/_—4+\/E+8
r—3/z—4 Jr+1l 4—z

b) Rit gon biéu thitc B = v6i x > 0,z # 16,

Cau 2. (2,0 diém)
a) Giai phuong trinh 102® — 172% — 72 + 2 = 0.

ry+2(x+y)=0
b) Giai hé phuong trinh 1 1 2

2 +dr43  pPrdyt3 3

¢) Cho phuong trinh 2% — 2(m — 1)z + 2m — 5 = 0 (m la tham s6). Tim tat ca gia tri ctia m
2 2

nguyén duong dé phuong trinh c6 hai nghiém phan biét 1, 2o thod C = <ﬂ> + <ﬁ> co

T2

gia tri nguyén.
Cau 3. (1,0 diém)

a) Ban Hoa c6 mot cai khod s6 gom 4 chit s6 1ay tit cac chit s6 tit 0 dén 9. Ban Hoa chon ngau
nhién mot day gdm 4 chit s6 dé dat lam ma sé6 md khoé. Tinh xac suat ciia bién c6 A: “4 chit
s6 ducgc chon lién tiép nhau va tang dan”.

b) Bén Tre (nay la tinh Vinh Long) 1 viing dat noi tiéng véi nhitng vuon dita xanh t6t va nghé
lam keo dita truyén théng. Nghé lam keo dita Bén Tre khong chi gép phan giit gin ban sic van
ho4 dia phuong ma con tao ra san pham dac trung phuc vu du lich, 1& Tét, hoi nghi va xuét
khau.

Mot hop dung keo dita Bén Tre c¢6 dang hinh hop chit nhat, chiéu dai 20 cm, chiéu rong 10 cm,
chiéu cao 5 cm. Hop dung 40 vién keo dita gidng nhau duge xép thanh 5 hang theo chiéu dai,
4 hang theo chiéu rong va 2 16p theo chiéu cao (mdi vien keo dita 14 mot hinh hop chit nhat),
duge xép sat nhau va vita khit trong hop. Nguoi ta goi tiing vien keo bang mot loai gidy dac
biét, phan gidy goi vita khit vien keo. Hay tinh dién tich gidy géi mdi vien keo.

Cau 4. (2,5 diém)

Cho duong tron tam O v6i M 1a mot diém bén trong dudng tron. Vé hai day cung AB va
C'D vudng goc v6i nhau tai M (hai day cung AB va C'D khong 1a dudng kinh, C' thude
cung nhé AB). Qua A ké duong thang vuong goc BC tai H va cat dudng thing DC tai
E. Goi F la diém déi xing cia C qua AB, tia AF cit BD tai K, N la giao diem BF
v6i AD. Ching minh:

a) AAFM dong dang ADFK va BN vuong goc v6i AD;
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b) Ba diém H, M, K thing hang.
Cau 5. (1,5 diém)

3 — 4z + 120
(x —2)(x+2)

a) Tim tong clia tat cd cac so nguyén duong x sao cho A = 14 s6 nguyéen.

b) Tim nghiém nguyén ciia phuong trinh z? — 2y(z — y) = 4(x + 2).
Cau 6. (1,0 diém)

16a2+ 5%
a—2 b—2

Cho 2 s6 thyc a > 2,b > 2. Chiing minh rang > 168. Dau “=" xdy ra khi

nao?

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
PONG THAP NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian phat

De thi co 02 t .
(Dé thi co rang) e

Bai 1: (4,0 diém)
Cho biéu thite A — 2 F2VE—10  Vesl yr-d
Ve =2)(Vz+3) Vr+3 Vr-2

1. Rat gon biéu thic A.

véix > 0,z # 4.

2. Tim tat ci cac gid tri cia x dé A = 3.

Bai 2: (3,0 diém)

1. Bac An di chg mua triing vit mudi hét 120 nghin dong. Ngudi ban thiy triing nhé nén da chi dong
cho thém 4 qua tring vit mudi. Do d6 gida méi qua tring da gidm di 1 nghin dong. Tim s6 tring vit
mudi ban dau bac An mua.

2. Giai hé phuong trinh

32 —2zy —y? = 4(z —y)
Vr—2—\By—xz+3=1—=x

Bai 3: (3,0 diém)
Cho parabol (P) : y = 2% vi dudng thang (d) : y = 2 + m? + 1 (m la tham sd).

1. Chitng minh rang (d) luon cat (P) tai hai diém phan biét.

2. Goi z1, 75 1an lugt 1a hoanh do giao diem ctia (d) va (P). Tim tat cad cac gia tri ctia m dé
2
]+ x9 = 11.

Bai 4: (2,0 diém)

Trong hop gom 100 14 tham kich thuéc nhu nhau duge danh s6 tit 1 dén 100. Chon ngau nhién mot
14 tham trong hop. Goi A va B 13 hai bién c6 théa A: “S6 ghi trén 14 tham chia hét cho 37 va B: “S6
ghi trén 14 tham vita chia hét cho 3 vita chia cho 5 dur 1.

1. Tinh s6 két qua thuan loi cho bién c6 A.
2. Tinh xac suat bién c6 B.

Bai 5: (2,0 diém)
Cho n 1a s6 nguyén duong va phuong trinh nghiem nguyéen (2z — y)(z + y) = n.

1. Giai phuong trinh véi n = 5.

2. Tim s6 nghiém nguyén ctia phuong trinh khi n = 630.
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Bai 6: (4,0 diém)
Cho tam giac ABC nhon (AB < AC) noi tiép duong tron (O). Dudng trung trirc clia doan thang
BC cat duong tron (O) tai B, F (diém F thudc cung nhé BC). Goi D la giao diém ctia BC va AF.

1. Chiting minh réang FB%? = FD - FA.

2. Duong tron tam F ban kinh FB cat AF tai I. Goi H (khac E) la giao diém cta ET va (O),
T la giao diém ctia FH va BC. Chiing minh ring FBH = FTB.

3. Chtng minh ring bén diém A, D, H, T ciing thudc mot dudng tron va TIT = 90°.

Bai 7: (2,0 diém)

Mot khu dit hinh thang AHKD c6 H = K = 90°, AH = 1km, DK = 2,4km va HK = 4,8km.
Ngudi ta du dinh thiét 1ap mot dudng bay cho drone nhu sau: xuat phét tit diém A bay theo dudng
gap khiic ABCD dé dén D. Trong d6 B va C la hai diém thay doi thuoc doan thang HK. Do dia
hinh phtic tap, van téc bay ciia drone trén cac doan thang AB,CD va BC lan lugt 1la 30km/h,
40km/h va 50km/h. (tham khdo hinh vé)

1. Dat HB = x,CK = y. Hay thiét lap cong thic tinh thoi gian bay tit A dén D ctlia drone theo
x,y.

2. Tim thoi gian bay nhanh nhat ctia drone.

D
A

\\ II [—
H ,B Cy K

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
CA MAU NAM HOC 2026 - 2027
PE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 02 trang) Thoi gian lam bai: 150 plz;;t, khong ké thoi gian phdt

Cau 1. (1,5 diém)

voi x> 0,z # 1.

1 vV +3 ).(\/__1)2
=1z r—x—x+1 2\/1

2. Cho a, b, c la cac s6 thuc duong théa man a + ¢ = 2b. Tinh gié tri ctia bicu thiic

1. Rt gon biéu thic: A = (

oL .1 2
Va+vb Vbt ye Vatye

Cau 2. (2,5 diém)
1. Giai phuong trinh: 22 4+ 32 + 8 = 4/7 — x + 2x/4x — 3.

2. Cho a, b, c la cac s6 thyc duong théa man a + b + ¢ = 6. Tim gia tri nhé nhat ctia biéu thiic:

a b c
= + - .
VP +1 VE+1 Ve +1

Cau 3. (1,0 diém) Tim tat ca cac s6 tu nhién n va s6 nguyen t6 p théa man:
n?4+n=p*+p—12.

Cau 4. (3,0 diém) Cho tam giac ABC (AB < AC) ngoai tiép duong tron tam O. Goi D, E, F lan
lugt 1a tiép diém ciia (O) véi cac canh AB, AC, BC. Goi H 1a hinh chiéu vuong goc ctia diém F lén
canh DF.

1. Chitng minh ring ti giac BDOF noi tiép. Xac dinh tam dudng tron ngoai tiép ti giac BDOF'.
2. Ching minh BF - FH = FH - OF va HF la tia phan giac ctia goc BHC.

3. Goi N la diém di dong trén cung nhé EF ctia dudng tron (O). Goi P, Q lan lugt 1a hinh chiéu
ctia N lén cac duong thing DE va DF. Xac dinh vi tri ctia diem N trén cung nhé EF dé do
dai doan thing PQ dat gia tri 16n nhat.

Cau 5. (2,0 diém) Tai ky thi Trai he Phuong Nam nam 2025, ban t6 chiic da thong ke két qua
diém thi mon Toan ctia 100 thi sinh dén tit cdc truong THPT chuyén va khong chuyen ¢ khu vire
phia Nam. Két qua dugc trinh bay trong bang tan s6 ghép nhém duéi day:

Nhom diém s6 | [5:6) | [6:7) | [7:8) | [8;9) | [9;10]
Tén sb 15 | 30 | 45 | 8 2

Can ctt vao két qua thi, ban t6 chiic xac dinh mitc diém chuan dé dat Huy chuong Vang (HCV)
mon Toéan 1a tir 8,0 diem trd lén. Trong s6 cac thi sinh dat HCV mon Toan ctlia hoi thi, ¢6 4 thi sinh
thudce don vi tinh Ca Mau.
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1. Ban to chitc chon ngiu nhién 1 thi sinh trong sb cac thi sinh dat HCV mon Toan ctia hoi thi
dé phéng van. Tinh xac suat dé thi sinh dude chon khong thuoc don vi tinh Ca Mau.

2. Trong 4 thi sinh dat HCV moén Toan cua tinh Ca Mau, ¢6 2 hoc sinh thuoc truong THPT
Chuyén Bac Liéu va 2 hoc sinh thuoc truong THPT Chuyén Phan Ngoc Hién. Tai 1é bé mac,
ban t6 chiic xép ngau nhién 4 hoc sinh nay thanh mot hang ngang trén san khau dé nhan giai.
Tinh xac suat dé khong c6 hai hoc sinh nao cing trusng ding canh nhau.
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SO GIAO DUC VA DAO TAO KY THI TUYﬁJN SINH VAO LOP 10 THPT
AN GIANG NAM HOC 2026 - 2027
DE THI CHINH THUC MON THI: TOAN (CHUYEN)
(Dé thi ¢6 01 trang) Thoi gian lam bai: 150 phit, khong ké thoi gian phat
de

2x—\/5+2+\/5+1 VT

Cau 1. (2,0 diém): Cho biéu thic A = po— VZ+2 T -2

véix > 0,z # 4.

a) Rit gon biéu thiic A.
b) Tim z sao cho A > 1.

2 co. R 5%5
Cau 2. (1,0 diem): Giai phuong trinh Tl x+ 2.
Cau 3. (1,0 diém): Cho da thitc f(z) c6 he s6 thuc. Biét khi chia f(z) cho # — 4 c6 du 1a 10 va
khi chia f(z) cho x — 5 ¢6 du la 8. Khi chia f(x) cho (z —4)(x — 5) dugc thuong 1a g(z) va c6 du la
r(z). Tim r(x).
Cau 4. (1,0 diém):
Cho tam giac ABC vuong tai C' ¢c6 AB = 13cm, BC' =
5cm. Mot nita duong tron c6 dudng kinh ndm trén canh B
AC, tiép xtc véi BC tai C va tiép xtc véi AB (tham khao
hinh bén). Tinh dién tich phan t6 dam trong hinh.

A C

Cau 5. (2,5 diém): Cho nita dudng tron tam O c6 dusng kinh BC = 6cm. Goi H 1a diém nim
tren doan thang OB (H khong trung véi O va B). Dudng thang vuong goc véi BC tai H cat niia
dudng tron da cho tai A. Goi G la trung diém ctia AC.

a) Chting minh ring A, G, O, H cuing thuoc mot dudng tron. Xac dinh tam ctia dudng tron do.

b) Goi D la diém nam trén doan thang AC sao cho HD = HA. Dudng thang DH cét cac duong
thang AB, AO lan luct tai E,I. Goi K la giao diem AH va EC, F la giao diem AO va BD.
Chitng minh rang: AE? = 2. EI - HD va tam gidc AKE dong dang v6i tam gidc AFD.

¢) Goi BH = x. Tim x dé dién tich clia tit gidc ABKC' dat gia tri 16n nhat.

Cau 6. (1,0 diém): Cho s6 nguyén t6 p > 5. Chiing minh riing A = 6? — 57 — 1 chia hét cho 5p.
Cau 7. (1,0 diém): Ben trong mot dudng tron cé ban kinh bing 11, cho 7 diém phan biet. Chiing
minh ring c6 it nhat 2 diém trong 7 diém dé c6 khoang cach nhé hon 11.

Cau 8. (0,5 diém): Cho ba s6 thuc duong z,y, z théa z.y.z = 1. Tim gi4 tri nhé nhat ciia biéu

thitc sau:
3 % 53

(+9(+2) (Utx0(+2 A+t
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 1
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

a) Giai phuong trinh:

(22 -V +T7T+V3r—2+22+9=0

b) Giai hé phuong trinh:
By+dtay+ar=1
4a3y® + 42% — 8xy — 170 = -8

Cau 2.
a) Tim tat ci cac cdp s6 nguyen duong (z;y) thda man:

A5 4 (1439 (1+T7Y) =2°(3Y + 7Y + 2)

b) Co6 ton tai khong ba s6 nguyén x,y, z thoéa man:
x4+ % 4 2% = 200737
Cau 3. V6i z,y, z 1a cac s6 thyc khong am thoéa man x +y + z = 2, tim gia tri 16n nhat clia bicu

thic:
E = (32% — 22y + 3y*) (3y* — 2yz + 32%)(32% — 2z + 32%)

Cau 4. Cho tam gidac ABC nhon théa man AB < AC. Duong tron (I) noi tiép tam giac ABC tiép
xtic véi cac canh BC,CA, AB lan lugt tai D, E, F. Goi M va N lan lugt 1a giao diém ctia duong
thang AI véi DF va Al v6i DE.

a) Ching minh rang CM 1 Al.
b) Goi K la trung diém ctia BC. Chitng minh ring AKMN can.
¢) Tiép tuyén tai M va N ctua dudng tron (K; K M) cit nhau tai S. Chiing minh rang AS || ID.

Cau 5. Cho tap S = {1,2,...,2024}. Tim s6 nguyén duong k nho nhat dé trong k phan ti bat ky
ctia S ludn ton tai hai phan t a,b ma ab + 1 1a mot s6 chinh phuong.
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 2
(Deé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

a. Giai phuong trinh:

Vi +1—Va2—x—8+ Va2 —8xr—1=2

b. Giai hé phuong trinh:
{|x—1| =23 -z

23+ xy? + 4 = 42? + x + dy?

Cau 2.

a. Tim tat ca cdc cap s6 nguyen duong (z;y) thdéa man z3 + y* — 9zy = 0.

b. Tim tat ca cac s6 nguyen t6 p, ¢ théa man /p? + 6pq + 2¢% + \/q? + 6pq + 2p? 1a s6 nguyen.

Cau 3. Cho céc s6 thic khong am a, b, ¢ bat ki thda man khong c6 hai s6 dong thoi bang 0. Tim

GTNN ciia biéu thic:
_ 3abc(a+b+c)+1

ab 4+ be + ca

+ (a+b+c)’.

Cau 4. Cho tam giac ABC nhon, khong can noi tiép duong tron (O) va ngoai tiép dudong tron (1),
H 1a tryc tam clia tam gidc. Céc tiép diem cta (I) véi BC,CA, AB lan lugt 1a D, E, F; goi P,Q
lan lugt 1a cac giao diem ctia BI,CI v6i EF; CP, BQ cat nhau 6 K; Al cat (O) tai M. Dudng tron
ngoai tiép tam gidc AEF cat lai (O) tai N.

a. Ching minh: N, D, M thang hang v AO, NI cit nhau trén (O).

b. Duong tron ngoai tiép tam giac NOM cat NI tai L khac N. Chitng minh: OL vuong goc véi
EF.

c. Dudng tron ngoai tiép tam giac NKO cat HK tai J. Chitng minh: O, I, J thang hang.

Cau 5. Cho bang vuong 7 x 7 gom 49 6 vuong don vi nhu hinh vé. Cé 37 con robot dugde dit vao
tam clia cac 6 vuong don vi sao cho khong c6 2 con robot ciing nam trong mot 6. Cac con robot
dugc lap trinh dé di chuyén dong loat, v6i cing téc do, theo nguyeén tic nhu sau: Ban dau, mdi con
déu di chuyén sang tam ctia mot 6 vuong don vi bat ky chung canh véi 6 vuong n6 dang ditng. Sau
d6, mbi khi cham vao tam clia 6 vuong dén, né sé quay mot géc 90° va di chuyén tiép theo huéng doé
sang tam ctia 6 tiép theo va cit tiép tuc di chuyén nhu thé (mot vi du vé cach di chuyén ctia mot con
robot nhu hinh vé). Ching minh rang dit ban dau c¢6 dat cac con robot nhu thé nao thi van luon ¢6
mot thoi diém ma c6 hai con robot ¢ chung mot 6 vuong.
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 3
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1. Giai phuong trinh:
?+6x+1=(x+ 1)V +3+ (x+7)Vr+10

Cau 2. Giai hé phuong trinh:

(x 4+ 3y + 3)vVzy + 3y = y(3x + 2y + 9)
Az — 8)% — (z + 15)y/y — 2 = 20(11 — 4y)

Cau 3.
a. Tim tat ca cdc s6 nguyeén t6 (p, ¢) va s6 nguyen duong n théa man: 2" - p? = ¢° — 1.
b. Cho céc s6 thyc duong a, b, c. Chitng minh ring:

a’® b° cd

>
@+ 120 +0) P rbetr@Pera)  (Etcata@Patd)

1
6

Bai 4. Cho tam gidc ABC nhon, khong can (AB < AC) noi tiép duong tron (O), lay diém D trén
cung nhé AC sao cho AB = 2AD, phan giac trong ctia BAD ciat canh BC tai diém E, duong tron
ngoai tiép tam giac AEC cat AD tai F khac A.

1. Chitng minh: C'F 1a phan gidc ngoai ciia BOD.

2. Goi M la trung diém ctia AE, duong thang C'D cit lai duong tron ngoai tiép tam giac AEC
tai diém K. Chting minh: Cac tam gidc EFK, AKM la tam giac can.

3. Duong thang FM cit AB tai G. Chiing minh: M F = 2MG.

Cau 5. Cho bang 6 vuong kich thude 2 x 2020 (bang gom 2 hang va 2020 cot). Dien 2020 sd nguyén
duong dau tién vao cac 6 vudng con clia bang, sao cho 6 méi 6 duge dien ding mot s6, va tinh ti
trai qua phai, & hang tht nhat, cic s6 dugde dién theo thit tu tang dan, 6 hang thit hai, cic s6 dude
dién theo thit tu gidm dan. Hoi trong bang s6 thu duge, c6 bao nhiéu cot c¢6 tinh chat: hai s6 cling
cot nguyén t6 cting nhau?
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 4
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

a) Giai phuong trinh:

Vitzrz+V1—z+2V1l—22 =231+ 24

b) Giai hé phuong trinh:

Vitry+/1+r+y=2
e —ay=2+y +x+y
Cau 2.

a) Tim cac s6 nguyen duong x,y thod man:

Ty + 3wy(z +3y) =3(x +y)* + 7

. 1
b) Cho hai s6 thuyc a, b thoa man 3 < a+5b<3va2a?+11lab+5b% + 3 > 2a + 10b. Chiing minh
rang:

dab + 116 < %5

Cau 3.
Cho tam gidc ABC nhon, cac duong cao AD, BE, C'F cat nhau tai H. Duong tron w qua A, D tiép
xtic véi AC tai A cat AB tai K; duong tron w’ qua A, D tiép xtc v6i AB tai A cat AC tai L.

a) Ching minh DK 1 DF va DL 1 DE.
b) Goi N la trung diém LK. Ching minh AN vuong goc véi EF.

c¢) Vé duong kinh ctia w,w’ 1a AP va AQ. Goi M la trung diém ctia PQ. Chiing minh ring t
giac K DM L noi tiép.
Cau 4.
(a) Cho bén sb6 nguyen duong ay,as,as,as sao cho 1 < a; < k v6i moi k = 1,2,3,4 va tong

S = a; + as + asz + a4 1a mot sé6 chan. Ching minh réng cé it nhat mot trong cac s6 dang
+a; &+ ay & a3 & a4 c6 gia tri bang 0.

(b) Cho 1000 s6 nguyén duong a1, as, . . ., @000 a0 cho 1 < ap < k v6i k = 1,2,...,1000 va tong
S = a; +as + -+ aoo 12 mot sd chin. Hoi trong cac s6 c¢6 dang +a; &= as - - - & @990 €6 sO
nao bang 0 hay khong? Giai thich vi sao?
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 5
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

1. Giai phuong trinh:
822 + 1617 — 7 = (87 + 3)vbxr — 1

2. Giai heé phuong trinh:

{2x3—4x2+3x—1:2x3(2—y) 3= 2y

Vr+2=314d—23—2y+1

Cau 2.

1. Tim z,y, z € Z* doi mot nguyén t6 cing nhau thda man
(x+y)(y+2)(z+1x):zyz

2. Cho céc s6 nguyéen duong a,b véi a > b. Biét rang a® — b* 1a mot ude cia ab(a® + b*). Chiing
minh ring (a — b)® > 3ab.

Cau 3. Cho tam giac nhon ABC ¢6 AB < AC ngi tiép duong tron (O), I 1a tam duong tron noi
tiép tam giac ABC. Dudng thang Al cit BC tai M va cit duong tron (O) tai diém thit hai la K.
Goi P la diém chinh gitta cung BC chita A trén (O), D 1a hinh chiéu vuong géc ctia I trén canh BC,
G la giao diém khac A ctia AD v6i dudng tron (O), H 1a giao diem ctia PG va ID.

1) Ching minh KB = KC = K1 va tit giac IBHC ndi tiép.

2) Goi N, @ lan lugt 14 giao diém thit hai ctia dudng tron ngoai tiép t1t giac IBHC' véi cac duong

thang PH, AI. Goi U la trung diém ctia BC. Chitng minh UB la tia phan giac cia NUH va
ba diéem N, Q,U thang hang.

Cau 4. Trong cac 6 clia bang vuong kich thuée n x n 6 vuong, ngudi ta viét cac sb6 sao cho tong clia

cac s6 ¢6 mat trong cac 6 clia mot “chit thap” (tic 1a hinh gom mot hang va mot cot) bat ky khong
nhoé hon a. Tinh gia tri nhé nhét clia tong cac 6 trong bang.
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 6
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

a) Giai phuong trinh:

V(z+8)P5 +vVa+8=1/(x+32)3+Vor+32+24

b) Giéi hé phuong trinh:

{33/2 +14+2y(x+1) =4y /22 + 2y + 1
yly —x) =3 -3y
Cau 2.

a) Tim tat ci cc s6 nguyén z,y théa man:

4+ 2 + 1=y 4y

b) Xét cac s6 thuc duong a, b, ¢ théa man a + b+ ¢ = 3. Chitng minh rang:

a n b n c n 6abc

b ¢ a ab+bc+ca —
Cau 3. Cho dudng tron (O) va mot diém P nam trong duong tron (P khong trung v6i O). Qua P
ké hai day cung AB va CD cta (O). Mot dudng thang d di qua P cit cac doan thang AC va BD
lan luot tai M va N.

a) Gia stt d L OP. Chitng minh réing P la trung diém ctia doan thang M N.

b) Trong trudng hgp tong quat (nghia la dudng thang d khong nhat thiét vuong goc véi OP), gia
stt d cat duong tron (O) tai hai diém E va F (sao cho M nam gifta £ va P). Chiing minh réng:

1+1_1+1
PE PN PF PM

Cau 4. Trén mot ban cd ¢d n x n dit cac quan xe théoa man diéu kién sau: V6i mot 6 vuong khong
c6 quan xe bat ky thi tong sé cac quan xe ding cling hang va ciing cot vdéi 6 dé khong nhé hon n.
2

. n
Chting minh rang trén ban cd c6 khong it hon 5 quan xe.

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LGP 10
.......... THPT
L. NAM HOC 2027 - 2028
PE SO 7
(Dé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de
Cau 1.
a) Giai phuong trinh:
1 1 1 1

+ = +
V52 +102+30 3vVa2—2x+6 3vV5 Vat+8x2+36
b) Giai hé phuong trinh:

{xy—l—y\/@—:v\/xT—\/xyi—:
2? —day+2r+4y=/r -2y —1+3
Cau 2.
a) Cho s6 nguyén t6 p va s6 nguyén duong n. Xét cac so6 nguyén a, b, ¢ thod man:
a” +pb="0b"+pc=c"+ pa
Chitng minh ring a = b = c.
b) Cho a,b,c 1a do dai ba canh ctia mot tam giac. Chiing minh réng:

(a+b—0c)* (b+c—a)* (c+a-—0)*

S 302 £ b2 4 ) — 2
bb+c—a) clc+a—0D) a(a+b—c)_3<a +0°+¢%) = 2(ab + be + ca)

Cau 3. Cho tam giac nhon M AB noi tiép duong tron (O), dudng cao M H. Goi E va F lan lugt 1a
hinh chiéu vuong géc ctia H tréen M A, M B. Qua M ké dudng thing vuong goc véi EF va cat AB
tal D.

(1) Chting minh rang EMD = BHF va ba diém M, O, D thing hang.
(2) Ching minh rang 24 = /4. 48

Cau 4. Mot khu viye duge chia thanh luéi 8 x 8 gom 64 6 vuong. Mot s6 6 duge dit camera giam
sat. Mot 6 khong c6 camera goi 1a dugce giam sat day di néu tong sé6 camera nam trén hang va cot
chiia 6 d6 khong nho hon 8. Biét rdng moi 6 khong c6 camera déu duge giam sat day da. Hoéi: Co
thé c6 nhiéu nhat bao nhiéu 6 khong cé camera?
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 8
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

a) Mo6i canh ctia mot hinh vuéng duge t6 mau mot cach ngau nhién bdi mot trong ba mau xanh,
dé hoiic vang. Tinh xéc suat dé hai canh ké nhau bat ki clia hinh vuong luon khac mau.

b) Trong hinh bén, do dai quang dusng AB 1a 5 km, do dai quang dusng BC' 1a 26 km, ABC = 90°.
Mot ngudi c6 ké hoach di xe dap, ngusi d6 di thang tit A dén vi tri M trén doan thing BC
v6i toc do 12 km/h, sau d6 di thang tit M dén C véi tdc do 13 km/h. Ngudi d6 can chon vi tri
diém M céach diém B mot khoang bing bao nhicéu km dé tong thoi gian di tit A dén M va tit
M dén C la it nhat?

Cau 2.

xy —3r — 2y =16

a) Giai hé phuong trinh:
) s phions {x2—|—y2—2x—4y:33

b) Tim tat cd cac da thitc thoa méan dicu kien P(z) thoa méan dicu kien:

Cau 3. Cho duong tron (O; R) va diém A sao cho OA > 2R. Tt A vé hai tiép tuyén AB, AC clia
(O) (B, C la hai tiép diém). Vé day cung CD ctia (O) song song v6i AB. Dudng thang AD cit (O)
tai £ khac D va cit BC tai G. Qua G vé duong thing vuong goc véi OG lan lugt cit hai duong
thang AB, AC tai M va N.

a) Chtng minh tam giac OMN can.
b) Goi I 1 trung diem ctia DE, OA cat BC tai K. Chiing minh: IE? = A - IG.
c¢) Tia BE cit AC 6 H. Chiing minh CE di qua trung diém ctia HG.
Cau 4. Cho a,b,c 1a cac s6 thic thda man abc = —2 va a + b + ¢ = 0. Chitng minh réing:

ab+ be+ ca — a® — b? —
ad+ b3+ 3

>3
-2
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Cau 5.
a) Tim s6 nguyén duong a nho nhat sao cho 2a 1a s6 1lap phuong va 5a 1a s6 chinh phuong.
b) Goi X = {1,2,...,2003}. Lay s6 tu nhien n > 1 va n < 2003 sao cho néu lay tap hgp con gom

n phan tit ctia X, thi ta c6 thé tim dude mot phan tit 1a liy thita clia 2 hodic 2 phan ti ¢6 tong
1a liiy thita cia 2. Chting minh rang: n > 999.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 9
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

a) Cho da thiic P(z) c6 céc hé s6 1a cac s6 nguyen va P(17) = 10; P(24) = 17. Biét a, b 1a hai s6
nguyén phan biét théa man P(a) = a + 3 va P(b) = b+ 3. Tinh gia tri ctia biéu thic ab.

b) Giai phuong trinh:
3r+3 2va? +Tx +1
— 34+

Vi r+1

Cau 2. Chitng minh ring ton tai vo s6 s6 nguyén duong n thod man tinh chat sau:

a) nli(n?+1)

b) n?+1¢n!

Cau 3. V6i cac s6 thyc khong am a; b; ¢ sao cho a + b + ¢ > 0. Chiing minh rang:

a b c
latdbtc dbideta detdatd

1
< Z
-3

Bai 4. Cho dudng tron (O; R) va day cung BC' ¢b dinh khong di qua tam O. Diém A di dong trén
(O; R) sao cho tam gidc ABC nhon va AB # AC. Cac dudng cao AD, BE,CF cta tam gidc ABC
cat nhau tai diém H. Duong thang EF cit (O; R) tai hai diem P va Q (diém F nam gitta hai diém
P va E). Goi M la trung diém ctia canh BC. Chting minh:

a) AP? = AQ* = AH - AD.

b) Bén diém P,Q, M, D cing thuoc mot dudng tron (w).

¢) Tam [ ctia duong tron (w) chay trén mot dudng tron c¢d dinh.
Cau 5. Xét bang 2 X n v6i n nguyén duong. Trong moi 6 vudng cua bang c¢6 ding mot vién bi. Moi
lan ngudi ta chon ra hai 6 vuoéng cé chita bi roi chuyén tit mdi 6 vuéng dé mot vien bi sang 6 vuong

X P 2 ~ X 1N A 2 N £ 2 2 .z . P 2 2 2 2 Py 2 A 2 2
ke v6i n6 (0 ke 1a 6 ¢6 chung canh). Tim tat cd cic gia tri ¢6 the clia n dé c¢6 the chuyen tat cé céac
vién bi vé cling mot 6 sau hitu han cac thao téc.
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 10
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
a) Cho a,b la cac s6 thye khong am, ¢ 1a s6 thuc duong théa man v/a — vVa +b — ¢ = Vb + \/c.

Chitng minh rang:
Va+ Vo — Ye=Va+b—c

b) Giai hé phuong trinh:

{x3+x:y3+3y2+4y—|—2

VI+6—4/r+24+y+12—-6yy+3=1

Cau 2. Cho cac s6 nguyén duong z,y, z théa man z3 + > + 23 = 18(x + y + 2).

a) Chting minh réng x + y + 2 chia hét cho 6.

b) Tim gia tri l6n nhat cia bieu thic F = zyz.
Cau 3. Cho tam giac ABC ¢6 3 gbc nhon noi tiép dudong tron (O; R). Dyng duong cao AD ctia tam
gidc va duong kinh AK ctia (O). Ha BE,CF lan lugt vuong géc véi AK.

a) Ching minh ring: ABDE, ACF D la cac tit giac noi tiép.

b) Chiing minh rang: AABC ~ ADEF va DF 1 AB.

¢) Cho BC cb dinh, diém A di chuyén trén cung l6n BC. Chiing minh ring: Tam dudng tron

ngoai tiép tam giac DEF la mot diém c6 dinh.

Cau 4. Mot miéng pho mai ning lkg dude cat thanh n > 4 miéng, mdi miéng ning dusi 600g.
Biét ring khong thé chia cdc miéng nay thanh hai déng sao cho khéi lugng mdi déng thudc doan
[400; 600] (m&i déng c6 thé gom mot hodc nhiéu miéng). Chiing minh ring ton tai ba miéng ma tong
khoi luong ciia hai miéng bat ky trong ba miéng d6 déu 16n hon 600g.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 11
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
a) Cho a,b,c 1a cac s6 thuc duong théa man a + b+ ¢ = 5 va /a + Vb + /¢ = 3. Chiing minh

r?mg:
Ve—+b L Va—ve va-+vb 2
a+2(vVbe—1) b+2(Vac—1) c+2(Vab—1) Vb—a

b) Trong mot budi sinh hoat tap thé, mot truong trung hoc co sé c6 2026 hoc sinh tham gia. Nha
truong chuan bi hai loai ghé dai dé xép chd ngoi: Ghé loai I: mdi ghé ngdi dude 5 hoc sinh; Ghé
loai II: mdi ghé ngodi dude 8 hoc sinh. Biét rang toan bo 2026 hoc sinh déu duge xép ngoi vira
du, khong thita chd, khong thiéu chd. Héi nha trudng can bo tri s6 ghé mdi loai 1a bao nhiéu
dé téng s6 ghé 1a nhé nhat.

Cau 2.
a) Cho ba s6 ty nhién a, b, c théa man a > 1,b > ¢ > 1 va abc + 1 chia hét cho ab — b+ 1. Chiing
minh b chia hét cho a.

b) Xac dinh tat ci cac cip sd nguyen t6 (p; q) sao cho ton tai cidc s6 nguyen duong (a, b, ¢) thoa
man:
11 1 1 .
—4+-4+-== va a+b+c=pg+1)
a b ¢ p
Cau 3. Xét cac s6 nguyen duong m,n véi n > m. Chitng minh rang:
[m,n] + [m+1,n+1] > 2my/n
(Trong dé [z, y] ky hiéu boi chung nhé nhat cia x va y)

Cau 4. Chiing minh ring v6i moi a, b > 0, ta c6 bat ding thic:
2ab [a? + b? b
a n a® + > \/%—I— a+

a+b 2 2

Cau 5. Xét tap hop S = {1,2,...,50}. Héi c6 thé chon ra nhi¢u nhat bao nhiéu phan tit ctia S dé
trong cac phan tit duge chon ra khong ton tai hai phan tit x, y ma:

) o~y =4
b) |z —yl € {4.7)

Cau 6. Cho tam giac ABC nhon c6 BAC = 45° noi tiép (O). Cac duong cao AD, BE,C'F cat nhau
tai H. Duong thang qua O vuong géc véi AO cit AB, AC lan luct tai K, L.

1. Chiing minh rang FF || KL.
2. Chitng minh ring OK + KH = OL + LH.
— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LGP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 12
(Dé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de
Cau 1. Cho z,y 1a cac s6 thuc thda man:
2 3

2 X
Tinh gid tri ciia bidu thite: P = — + L
Yy X

Cau 2.

1 o < 2
1. Cho parabol (P) : y = §m2 va hai diem A(—2;2), B(4;8) nam trén (P). Goi M la diem thay

ddi trén (P) va c¢6 hoanh do 1a m théa man —2 < m < 4. Tim m dé tam giac ABM c6 dién
tich 16n nhat.

2. Giai hé phuong trinh sau:

2?2 —y? +4r—6y—5=0
V22 + 3+ 2y + 222+ 1 =26

Cau 3.
1. Tim céac s6 nguyén duong x,y sao cho: 5-3% —2- 7Y = 1.
2. Cho cac s6 nguyen duong a, b, ¢ d6i mot phan biét théa man dieu kién:

a a®+0b?

c 24D
Chitng minh rang a® + b + ¢® khong phai 13 s6 nguyén to.
1

V2

bang va viét vao 4 s6 mdi lan luot 1a:

3. Viét len bang bén s6 1,v/2, —, 2¢/2. O méi 1an thuc hien, ta x6a di 4 s6 a, b, ¢, d hien c6 trén

1 1 1 1
S ST d4 —
bed’ * cda’ et *

at dab’ abc

Héi c¢6 thé thie hien thao tac nay cho dén khi trén bang gom 4 s6 hitu ti hay khong? Vi sao?

Cau 4. Cho duong tron (O) va day BC c¢b dinh khong di qua tam. Diém A thay ddi trén (O) sao
cho tam gidac ABC nhon cé cac dudng cao AD, BE, CF cat nhau tai H. Dudng thing qua O vuong

géc v6i phan giac ctia goc BAC cat AB, AC lan lugt tai P va Q. Tia phan giac cia BAC cat BC
va duong tron (O) lan lugt tai J va K (K khéac A).
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1. Ching minh t& gidc APKQ la hinh thoi.

2. Goi M la trung diém ctia BC, N la giao diém ctia dudng thing AK véi EF. Goi G 1a giao diém
ctia duong thang qua N vuong géc véi EF va duong thing qua J vuong goc véi BC. Chiing
minh ba diém A, G, M thing hang.

3. Gia st ban kinh dudng tron (O) c6 do dai bang R. Tim gia tri 16n nhét ctia tong DE+DF+EF.

Cau 5. Cho cac s6 thiyc duong a, b, ¢ théa man diéu kién abe = 1. Chitng minh rang:

1 1 1
+ + <V3
vat—ad+ab+2 V- +bc+2 V-3 +ca+?2

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LGP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 13
(Dé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de
Cau 1.
1. Cho cac sb thyc z,y, z khac 0 théa man z +y + z # 0 va $i_y + y—;—z + Z—;x = -2
1 1 1 1

+ e e =

Ching minh rang: 7205 2005 T 005 (g 4y 4 2) %05

2. Cho da thitc f(z) = 2% + ax? + bz + ¢ trong d6 a, b, c € R. Biét ring khi chia da thiic f(z) cho
da thitc x 4 2 thi duge du la —15, khi chia da thic f(z) cho da thic x — 3 thi duge du 1a 20.
Tinh gid tri ctia biéu thitc A = (a2°%5 4 p2925)(H2925 4 2025) (2025 4 2025),

Cau 2.

1. Giai phuong trinh sau:

V22 —14++V3x—-2=2

2. Mot xe may di tit A dén B véi van tdc 45 km/h. Sau khi xe may xuat phat duge mot thoi gian
thi mot xe 6 t0 ciing xuat phét tit A véi van tdc 60 km/h va néu khong c6 gi thay doi thi xe 6
to s& duoi kip xe méy tai B. Sau khi xe 6 to di dudc nita quang dudng AB thi n6 ting van toc
mdi gio théem 15 km nén da dén B sém hon xe may 6 phut. Tinh quing duong AB.

Cau 3.

Cho hinh vuong ABC'D noi tiép duong tron (O), M 1a diém nim trén cung nhé AB ctia (O), ki higu
¢1 1a duong tron noi tiép hinh vuong ABCD. Cac tiép tuyén qua M cla c; cat AB,CD lan lugt tai
P, Q. Goi E, F la céac tiép diém ctia M P, MQ v6i ¢;, cac dudng thing M P, M@ cit AD lan luot tai
S, T; H la giao diém ctia PT,QS.

1. (a) Ching minh OFMF la hinh vudng va OH vuéng goc véi AD.
(b) Chiing minh dudng thing qua O vudng goéc v6i PQ chia doi doan thiang ST.

2. Tim tat ca cac s6 nguyeén x,y théa man 2% — 4oy + 7y? + 62 — 12y + 8 = 0.
Cau 4.

1. Qua bong da theo tieu chuan FIFA (Lién doan béng da thé gisi) c6 dang hinh cau véi ban kinh
bang 11 cm. Tinh dién tich bé mat clia qua bong d6 (lay = = 3, 14).

2. Cho 2 6 hitu ti a, b théa man diéu kién a® + 4a?b = 4a® + b*. Chiting minh ring v/a — 1 1a binh
phuong ctia 1 sd hitu ti.

Cau 5.

1. Cho a,b,c 1a cac s6 thiyc duong thdéa man ab + be + ca = 3. Chitng minh rang:

1
24 g(a4b2 + bt + c*a®) > abe(a + b+ c)
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2. Cho 80 chi tiét dudge danh s6 thit tu tit 1 dén 80. Ngudi ta lay ra 50 chi tiét bat ki trong s
chiing. Chiing minh réng trong 30 chi tiét con lai, luon ton tai 2 chi tiét c6 s6 thit tir cach nhau
3 hoac 6 don vi.
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 14
(Deé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

1. Giai phuong trinh sau:

x—\/x——3=§<1+%>
2 b2 02

2. Cho céc s6 thuc a, b, ¢ khac 0 thda man Z— + — + 0 = 3. Tinh gia tri bidu thic:
a

() () (5

Cau 2.

1. Cho P(z) 1a mot da thitc c6 hé s6 nguyen, bac duong. Biét P(x) c6 mot nghiem la 2, = 3—/2.
Chiing minh ring da thitc P(x) chia hét cho da thic Q(r) = 2? — 6x + 7.

2. Cho céc s6 thyc duong x,y, z théoa man xy + yz + 2z = 3zyz. Chiing minh ring:

23 > 23 1/1 1 1
+ + > (=+=-+-=
2422 x+y? y+22 2\ oy oz

Cau 3.
1. Tim tat ca cac s6 nguyén duong x,y théa man:

16(2* — %) = 152y + 371

2. V6i mdi s6 thyc z, ki hieu [x] 14 s6 nguyén 16n nhat khong vuot qua .

a) Chung minh ring z — 1 < [z] <z < [z] + 1 = [z + 1] v6i moi z € R.
b) C6 bao nhiéu sé nguyén duong n < 840 thda man [/n] 14 ude cia n.

Cau 4.

Cho dudng tron (O) dusng kinh AB va diem M nim trong (O) (M # A, B), phan giac cia AMB
cit (O) tai N, phan gidc ngoai ctia AM B cit NA, NB 1an luot tai P, Q. Duong thing M B cit duong
tron duong kinh PN tai S, dudng thing M A cat duong tron dudng kinh NQ tai R, dudng thing
qua R song song véi PQ cit NA tai C, duong thing qua S song song véi PQ cit NB tai D.

1. Chiing minh: BNS = CNR.
2. Ching minh: AB || CD.
3. Goi I la giao diém ctia DC, RS. Ching minh: N, O, I thing hang.
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Cau 5.

Trén bang viét mot s6 nguyén duong n (n > 3). Hai ban Lam va Ngan choi mot tro choi nhu sau:
hai nguoi lan lugt thyce hién lugt choi ctia minh bang cach xod mot s6 xuat hién trén bang va thay
bdi hai s6 nguyén duong cé tong bang n6. Ngusi thing cudc 1a ngudi sau khi két thic lugt choi clia
minh ma trén bang chi c¢6 cac s6 1 hosic 2. Lam la ngudi chai truée.

1. Chitng minh Lam c6 chién thuat dé thing cudc véi n = 6 vi Ngan c6 chién thuat dé thing
cudc véin = 1.

2. Ching minh ring Ngan c6 chién thuat dé thing cuoc véi n = 2025.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 15
(Deé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
a) Cho cac s6 thyc z,y théa man (\/:L‘2 +2— :L‘) (y + Y2+ 2) = 2. Chiing minh ring z = y.

) N 1
b) Cho cac s6 thuc duong a,b. Chiing minh rang a + b + m > 1.

Cau 2. Giai hé phuong trinh sau trén tap s6 thyc:
(x+3)vVy*+8y+20+ (y+4)vVa? + 62 +10=10
4(x+5)*+6y+11=3¥2y+5

Cau 3. Cho tam giac ABC nhon, khong can noi tiép duong tron (O), cac duong cao AD, BE,CF
cat nhau tai H. Goi M la trung diém ctia BC, tia phan gidc goc A cit (O) tai K khac A. Trén canh
BC lay G sao cho HG || AK, goi N la giao diém khac A clia dudng tron ngoai tiép tam gidac AEF
v6i duong tron (O).

a) Goi P la giao diém ctia DE, CN. Chitng minh réing: Tam giac DF P can.
b) Chiing minh ring: N, G, K thang hang.
Cau 4. Tim tat cd cac cdp s6 nguyen duong (z,y) thoéa man:
25% + (4% 4+ 1)(42% + 3z + 3) = (4° + 42® + 3z + 4)5Y.
Cau 5. Cho mot bang ké 6 vuong 2026 x 2026 va mot hop dung k vien s6i (k 1a s6 nguyén duong).
Goi (4,7) 14 6 nam & hang thit ¢ va cot thi 7, v6i 1 < 4,5 < 2026 (6 day, 6 (1,1) 14 6 nam & goc trén
cling beén trai).
Ban dau bang khong c6 s6i. Ta duge phép lay tit hop mot vien soi dit vao mot 6 trong (i, j) néu
0 nay théa man dong thoi hai diéu kién sau:
e j=1ho#co (i,j — 1) c6 sdi.
e i = 2026 hosic 6 (i+1,7) c6 soi.

Ngoai ra, ta duge phép lay mot vién séi bat ky trén bang roi bé vao hop. Hoéi gia tri nhé nhat cia k
I bao nhieu dé c6 thé dat duge trang thai 14 6 (1,2026) c6 s6i?

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 16
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
1) Giéi phuong trinh sau:

22+ x4+ V2 +3+22Va2+3=9

2) Cho a,b,c 1a cac s6 thyc doi mot khac nhau théa man (a® +1)(b+c¢) = (b* + 1)(c+a) = —10.
Tinh gia tri ctia bicu thic P = (a + b)(b+ ¢)(c + a).

Cau 2.

1) Mot tiem banh ngot du dinh san xuat hai loai banh cho mot don hang. Lugng duong can cho
mdi chiéec banh loai I va loai IT lan luot 1a 40 g va 60 g. Loi nhuan thu duge khi ban méi chiéc
banh loai I va loai IT 1an Iugt 1a 12 nghin dong va 15 nghin dong. Biét rdng tiem chi con 14 kg
dudng dé lam banh va tiem phai lam it nhat 80 chiéc banh loai I va 100 chiéc banh loai I1. Héi
tiem nén lam bao nhiéu chiéc banh méi loai dé lgi nhuan thu duce 1a 16n nhat?

2) V6i a, b, ¢ 1a ba s6 nguyén duong, xét hai phuong trinh bac hai sau day:
ar’ +bx+c=0 va ar’+br—c=0

Gia stt hai phuong trinh trén c6 nghiém nguyén. Ching minh rang abce chia hét cho 30.

Cau 3. Véi a,b, c 1a cac s6 thiyc khong am thoéa man a + b + ¢ = 1, tim gi4 tri 16n nhat va gia tri
nhé nhat ciia bicu thiec:
_a(l—-0) +b(1—c) +c(1—a)

P
3—a 3—0b 3—c

Cau 4. Cho tam giac ABC vuong tai A, duong cao AD. Goi I la trung diém AD; goi E, F lan
lugt 1a cac diém déi xing ctia D qua IC, IB. Cac duong thang BF, CE cit nhau tai diém K, duong
thang AK cit BC tai L. Goi H la chan dudng cao ha tit K len BC, M la trung diém ctia HK.

1) Ching minh: BD = CL.
2) Ching minh: 4S45c = 3SkBC-
3) Goi P, @ lan lugt 1a chan dudng vuong goc ha tit D len AB, AC. Chitng minh: PQ vuong goc
véi DM.
Cau 5.
1) Ton tai hay khong s6 nguyén duong n dé 2n — 1,5n — 1, 13n — 1 dong thdi 1a s6 chinh phuong.

2) Cho chin diém trén mit phang, cit bat ky ba diém nao ciing I dinh ctia mot tam giac ma canh
duge to xanh hodc to do, trong d6 bao giv cling c¢6 canh dé. Chitng minh rang ton tai mot ti
giac ¢6 cac canh va cac duong chéo cung t6 mau do.

__HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 17
(Deé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
1. Cho a,b,c la cac sb thuc khac 0 thod man ab? + bc? 4 ca? = abe. Tinh gia tri clia biéu thic:
b
P= %(c—l—a) +~(a+b) +§(b+c).
2. Giai hé phuong trinh:
(3zy — 2)* + 4a? = 5y?
22% = 3ry® = y(y — 2)

Cau 2.

1. Cho da thitc f(z) = a®®2? + bz + a®**c — 1, v6i a, b, ¢ 1a céc s6 nguyén. Gia sit rang phuong
(f())* + (f(=1))*
2

trinh f(z) = —2 ¢6 hai nghiem nguyén duong. Chitng minh rang bicu thric
14 hop sb.
2. V6i p 1a s6 nguyeén t6 18, dat A = 23p + 37 — 4. Chiing minh rang:
a) A khong phéi 14 binh phuong ctia bat ki s6 tu nhién nao.
b) A khong phéi la tich ctia bat ki hai s6 nguyén duong lién tiép nao.
Cau 3. Cho a,b,c € R théa man a + b+ ¢ = 0. Chitng minh rang:

ala+2) bbb+ 2) c(c+2)>0
2a2 + 1 202 4+ 1 2c2+1 —

Cau 4. Cho tam giac ABC (AB < AC) nhon, khong can va c6 cac duong cao AD, BE,CF cit
nhau tai truc tam H. Goi M, N, I tuong tng la trung diém ciia cac doan thang BC, EF, AH. Cac
duong thang AH, BC' theo thit tit cit duong thang EF tai J, S.

1. Chting minh rang SB-SC = SE-SF =SJ-SN.

2. Chitng minh ring J 1a triyc tam ctia tam giac 1BC.

3. Coi P la didm déi xing ciia N qua BC. Chiing minh riing BIP = CIM.
Cau 5. Cho bang 6 vuong kich thude n x n va hai loai miéng ghép hinh "dau cong", "dau triu"nhu
hinh duéi day. Ta can phit kin bang 6 vuong da cho bang cach sit dung ca hai loai miéng ghép, cac
miéng ghép khong duge chong léen nhau. Biét rang moi 6 vuong nhé clia cic miéng ghép chong khit
v6i mot 6 vuong nho trong bang va miéng ghép "dau trit"cé thé xoay 90°.

| | [T 1]

Dau cong Dau trit
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1. Chi ra mot cach phii kin thoa man yéu cau trén véi n = 6.

2. Tim tat ca gia tri ctia n dé bang 6 vuong kich thudc n x n c¢6 thé duge phi kin bing cach st
dung ca hai loai miéng ghép da cho.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 18
(Deé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
1. Giai phuong trinh: z(z + 1) + 2zv2z +2 42 = 0.
2. Cho a, b, c 1a cac s6 thyc khac 0 va thoa méan:

a® —2a(b+c) =b* — 2b(c+a) = ¢ — 2c(a + b).

. a
Tinh gia tri cta bieu thitc M = + + 2
c a

Cau 2.
1. Tim tat ca cac s6 nguyen z va y thdéa man: 22 + 4y? = 2xy(x — 2y) + 5.

2. Cho m,n la cac s6 nguyén théa man s6 m? — mn + 4n? chia hét cho 25. Chiing minh s
m? 4+ mn + 4n? cling chia hét cho 25.

Cau 3.
3b3

1. Gi4 st a,b 1a cic s6 nguyén duong sao cho - 1a 50 nguyén duong khong c6 wéc nguyen

a*+b
t6 vugt qua 3. Chiing minh rang a = b.

2. Xét x,vy, z 1a cac s6 thuc duong théa man xy + yz + 2z < xyz. Tim gia tri nho nhat cla biéu
thiec:
Q= a2y’ +yz* + z2® — 18(x +y + 2).

Cau 4. Cho tam giac nhon ABC (AB < AC), noi tiép duong tron (O). Duong thang di qua A va
song song vdi duong thing BC cit duong tron (O) tai giao diém thit hai 1a D. Goi M la trung diém
ctia doan thang BC. Dudng thang DM cat dudng tron (O) tai giao diém thit hai la S,

1. Chting minh tam gidc AC'S dong dang véi tam giac BMS.

2. Goi J la trung diém ctia doan thang AS. Dudng thang BJ cat dudng tron (O) tai giao diém
thit hai 14 7. Chitng minh ring duong thang C'T song song véi duong thang AS.

3. Cac duong cao DE,BF va CK cla tam giac BCD dong quy tai H. Goi L 13 chan duong
vuong goc ké tit diem H dén duong thing K F. Chiing minh ring cic dudng thing AE va DL
cat nhau tai mot diém nam trén duong tron (O).

Cau 5. Day nhi phan 1a cic day s6 chi bao gom cac s6 0 va 1, vi du nhu cac day 0100, 11000, 11.
Mai lan ta duge phép thuc hién mot trong céc thao tac sau:

1. D36i 010 thanh 1

2. D6i 1 thanh 010
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3. D6i 110 thanh 0
4. D6i 0 thanh 110

Lieu ta c6 thé bién déi duge day 100...0 gom 2003 s6 0 thanh day 00...01 gom 2003 s6 0 va mot
s6 1 hay khong? Tai sao?

— HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 19
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

1) Tim tat ci cic gid tri ctia tham s6 m dé phuong trinh 22 — 2(m — 1)z + m? — 2m — 8 = 0 ¢6
hai nghiém phan biét x1, zo thoa man z; + 6 = /5.

1

2) Cho f(x) = \/1 + =+ 5 VOi x # 0,2 # —1. Tinh gi tri biéu thiic:
T

b

(x+1)
S=f1)+ f(2)+ f(3) +---+ f(2023)

Cau 2. Cho s6 nguyén duong n cé tat cd k wdc s6 duong 1a dy < dy < -+ - < d,. Gid sit

dy +dy+--+dp+k=2n+1

Chitng minh rang 2n 13 mot s6 chinh phuong.
Cau 3.
1) Giéi phuong trinh:

1
\/54—2«/3;—1—1—3\/2—2:§(x+y—|—z—|—11)

. 1 .
2) Cho cac sb thuc a,b,c théa man 0 < a,b,c < 5 va 2a + 3b + 4¢ = 3. Tim gia tri nho nhat
(GTNN) ctia biéu thiec:

2 9 8

P:
a(3b+ 4c — 2) +b(4a—|—80—3) +c(2a+3b—1)

Cau 4. Cho AABC nhon (AB > AC) noi tiép duong tron tam O, ban kinh R. Cac duong cao
AD,BE,CF cia AABC cat nhau tai H. Duong kinh AK cta dudng tron (O) cat EF tai N.

1) Chitng minh t gise BKNF noi tiép va AKD = AHN.

2) Duong thang qua C song song v6i AB cat duong thang BE tai M. Goi Q la giao diém clia
BC va HK, duong thang EF cit QM tai P. Chiing minh ABPC vuong.
Cau 5. Xét mot nhém n ngudsi véi n nguyén duong va n < 475. Hai nguoi bat ki trong nhém quen
nhau hosic khong quen nhau. Biét ring ton tai sé6 nguyén duong m > 10 sao cho c¢6 thé chia nhém
nay thanh m nhém nhé phan biét, danh s6 tit 1 dén m sao cho mdi ngudi 6 nhém 4 quen véi ding j
ngudi ¢ nhom j v6i moi 4, j phan biét thuoc {1,2,...,m}. Tinh gia tri 1én nhat c6 thé c6 cta n.

__ HET —
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thi KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 20
(Dé thi c6 02 trang) MON THI: TOAN (CHUYEN)

Thoi gian lam bai: 150 phit, khong ké thoi gian

phadt de

Cau 1.
Z 2 £ 2 ~ 2 2 P sz s - 2 . 3a —2b
1. Xét cac so thuc duong a, b thoa man 3a”+5ab—2b> = 0. Tinh gia tri ciia bieu thiic P = 2t
a

2. Cho da thic Q(z) = 2 + ax® + bx + ¢, véi a, b, ¢ 1a cac sd nguyen. Biét Q(z) ¢6 mot nghiem
la 2o = /3 va Q(1) = 4, tinh gia tri Q(—2).

Cau 2.

1. Mot cong ty X ap dung chinh sach tra luong cho nhan vién theo hai mitc: ngay lam viéc binh
thuong va ngay lam viec dac biet (lam vao ngay duge nghi), biét rang tién luong clia mot ngay
lam viéc ddc bieét nhiéu hon tién luong ciia mot ngay lam viéc binh thuong 1a 225 nghin dong.
Trong mot thang, anh Binh 1a nhan vién ctia cong ty X lam viéc 24 ngay, trong d6 c6 mot s6
ngay lam viéc dic biet. Binh nhan dugce 9 tricu dong cho nhitng ngay lam viéc binh thuong va
2,7 trieu dong cho nhitng ngay lam viéc dac biét. Héi anh Binh dugc nhan bao nhiéu nghin
dong cho mdi ngay lam viéc dic biet?

2. Giai phuong trinh:

9—=x

R e, S S
V2 Vi Rz — 16
Cau 3.

1. Cho tap hop S = {1;2;...;20}. Chon ngau nhién hai phan tit ctia tap hop S. Tinh xac sut
dé chon dugc hai phan tit ma tich hai phan tit d6 chia hét cho 6.

2. Tim tat cid bo ba s6 nguyen khong am (m,n, k) théa man dieu kien:
k> —k+4=5m(2+10")
Cau 4. Cho dudng tron (O), duong kinh AB. Xét day cung C'D khong di qua O, khong vuong goc
v6i AB va CD cat AB tai I. Goi H, K lan lugt 1a hinh chiéu vuong goc ctia I len AC va AD.
1. Chting minh hai tam giac ITHK va BCD dong dang.
2. Chtung minh Saacp > 4SAH1K-

3. Tiép tuyén tai diem A ctia dudng tron (O) cit CD tai T. Hai duong thang BC va BD cit tia
TO lan lugt tai E va F, AF cit (O) tai P, AE cat (O) tai Q. Chiing minh tit giac CDPQ la
hinh chi nhat.

Cau 5. Trong mot 1udi vuong 8 x 8, ngudi choi ¢6 thé di chuyén quan ¢ den nhay qua mot quan co
trang theo dudng chéo vao mot 6 tréng lien ké dé an quan cd dé nhu hinh duéi day.

95 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Mot lugt choi, ngudi choi c6 thé an nhiéu céc quan co tring bang nhitng budc nhay lien tiép, moi
buée #n mot quan cd. Hoi c6 t6i da bao nhiéu quan cd trang ma ngusi choi c6 thé an trong mot luot
choi?

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LGP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 21
(Dé thi c6 02 trang) MON THI: TOAN (CHUYEN)

Thoi gian lam bai: 150 phit, khong ké thoi gian

phadt de

Cau 1.

1) Cho z,y, z la cac s6 thuc duong thdéa man + + = —, tinh gia tri bieu thiic:

r+y y+z z4+x 2

2?2 — o2 y? — 22 22 _ o2
GraWte)  Grata)  ry@ty)

2) Mot con Robot di chuyén trén mot duong thing, né duge lap trinh di chuyén ty dong nhu sau:
O vi trf xuét phét, khi c6 hieu lenh, Robot 6 bude 8 bude, mdi bude né sé ngiu nhién tién vé
phia trude 1 m ho#ic i vé phia sau 1 m véi x4c suat nhu nhau. Sau dé Robot ditng lai. Goi A
14 bién c6: “Khi Robot ditng lai n6 céch vi tri xuat phat xa hon 4 m”. X4ac suat cia bién c6 A
bang % (a,b € N¥), biét % 1a mot phan sb toi gian. Tinh a + b.

Cau 2.

1. Tim tat ca cac bo s6 (a, b, ¢) 1a ba canh ctia mot tam giac théa méan a? —3a+b+c, b* —3b+c+a,
¢ — 3c+ a+ b déu 1a cac s6 chinh phuong.

2. Tim tat ci cac sb6 thyc x théa man trong cac so:
9 1

r—V2, 22422, z+=-, z—-—
x

c6 ding mot s6 khong nguyen.
Cau 3.

1. Cho da thitc f(z) ¢6 hé s6 nguyén. Chiing minh réng khong ton tai ba s6 nguyén phan bigt
a,b,c sao cho f(a) =0b, f(b) =c¢, f(c) =
2. Cho céc s6 thyc duong x,y, z thoa man zyz = 1. Chiing minh:

x n 2y n 4z <1
202 +y?+5  6y2+22+6  322+422416 — 12

Cau 4. Cho tam giac nhon ABC noi tiép duong tron (O). Cac duong cao AD, BE,C'F cliia tam
gidc ABC' cat nhau tai H.

1. Chiing minh DA la tia phan giac ctia goc EDF.

HD HE HF
2. Chi h _—y
Chitng minh Z75 + 50+ &5

3. Goi M la giao diém ctia tia EF v6i duong tron (O). Goi P, Q lan lugt 1a tam duong tron ngoai
tiép tam giac BMF va tam giac C M E. Ching minh AM 1 PQ.
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Cau 5. C6 thé dat t6i da bao nhiéu quan vua vao ban cd 12 x 12 sao cho médi quan vua cé thé an
duge ding mot quan vua khac trong mot nude di? Quan vua trong mot nude c6 thé di chuyén dén
mot trong 8 6 xung quanh nhu hinh duéi day.
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
DE SO 22
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.

1. Mot t6 hoc sinh gom c6 5 hoc sinh nam va 7 hoc sinh nit. Chon ngau nhién 3 hoc sinh tir t6
d6 dé tham gia doi tinh nguyen. Tinh xac suat dé trong 3 hoc sinh dudc chon c¢6 it nhat mot
hoc sinh nam.

2. Cho P(z) = az* + bx + ¢ (a,b,c € N*) thoa man P(8) — P(5) = 2025.
Chiing minh rang P(12) — P(9) 1a mot s6 1é.

Cau 2.

1. Cho x,y € Z théa man 23 + > + 2 +y*> + oy — Lizy +x +y + 1.
Chitng minh rang: z* + ¢y + 1.

2. Tim tét ca cac s6 nguyen t6 p dé 1 4 2P + 3P 14 s6 chinh phuong.
Cau 3.

1. Cho a,b,c 1a cac s6 thyc duong. Chiing minh rang:

a b c 1
\/b+c+\/a+c+\/a+bzﬁ<\/a+\/l;+\/z)

2. Cho a,b € N* sao cho a? + b* + 1iab. Chiing minh rang a® + > + 1 = 3ab.

Cau 4.

Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (O). Goi M, N lan lugt 1a trung diém
ctia AB va AC. Dudng thing MN cit (O) tai P va Q (P thuoc cung nhé AB, @ thuoc cung nho
AC). Lay diém D thuoc canh BC (D # B,C). Duong tron ngoai tiép tam gidc BDP cat AB tai [
(I # B). Duong théang DI cit AC tai K.

1. Chting minh tit gidc AIPK noi tiép.

. PK B
2. Chtng minh rang: D= g—A
3. Goi CP cét duong tron ngoai tiép tam giac BDP tai G (G # P). Duong thang IG cat BC tai

N z CD 2
E. Ching minh rang khi D di dong trén canh BC' thi ti so CE khong doi.

Cau 5. Cho bang 6 vuong kich thuée 10 x 10 ban dau c6 100 6 trang. Mai lan bién doi, ta dude phép
doi toan bo mau clia cac 6 thuoc mot hang hodc mot cot (Trang thanh Den, Den thanh Tréng). Biét
tong s6 6 den sau n bude 1la mot sé chinh phuong khéac 0. Tim n.

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 23
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
26 — 6

1. Rat gon bidu thic: A = /13 +4V3 + ——
¢ V32

2. Tim gia tri clia tham s6 m dé ba duong thang: (di) : y = 2+ 2; (do) : y = —2r — 1 va
(d3) : y = (2m — 1)z + 3 — m dong quy.
Cau 2.

1. Giai phuong trinh sau:

Var? =14z + 16 + 1=z + Va2 — 4z +5
2. Tim tét cd cac sd nguyén to p va sd nguyén duong n sao cho:
pP=2p"+p+1=3"
Cau 3. Cho dudng tron (O; R) va day cung BC ¢6 dinh (BC < 2R). Diém A di dong trén dudng
tron (O; R) sao cho tam giac ABC la tam gidc nhon. Goi H la truc tam cta tam gidc ABC.

1. Duong thing chita tia phan gidc géc ngoai tai dinh H ciia tam giac BHC cat AB, AC lan lugt
tai hai diém M, N. Chting minh tam giac AM N can.

2. Ké cac duong cao BE va CF ctia tam gidac ABC. Goi S 1a giao diém thi hai khac A ctia duong
thang AH va duong tron (O). Dudng thing SE cat dudng tron (O) tai diém thit hai X (khac
S). Chitng minh dudng thang BX di qua trung diém ctia doan thang EF.

3. Duong tron ngoai tiép tam giac AMN cat tia phan giac clia goc BAC tai K. Chitng minh
diém K thuoc mot duong tron c¢b dinh.

Cau 4.

1. Cho céc sb6 nguyén duong z,y théa man x >y va (r —y, 2y +1) = (r +y, 2y — 1) = 1. Chiing
minh ring: (z + y)? + (ry — 1)? khong phai 1a s6 chinh phuong.

2. Xét x,y, z 1a cac s6 thue khong am thoéa man dicu kien 2% + 3% + 22 + 2xyz = 1. Tim gia tri
16n nhat ctia biéu thic:
P=xy+yz+zx —2zyz

Cau 5. Ton tai hay khong tap hop A gom hitu han cac s6 thiyc duong théa man dong thoi hai diéu
kién
1. A c6 it nhat hai phan tt.
2
2. V6i moi a,b € A,a # b thi \/a — gbe A.

_ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 24
(Deé thi c6 02 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1l

1. Cho z,y > 0 théa méan xy + x +y = 1. Tinh gia tri ctia biéu thiic:

1+y2 1+ 22
S =2my | — +2 14 22)(1 + y2
et y,/1+y2+\/( +22)(1 + y2)

2. Cho f(x) la da thiic bac 3 v6i he s6 clia hang t1t ¢6 bac cao nhat la 1, thoa man diéu kien
£(2023) = 2024 va £(2024) = 2025. Tinh gia tri ciia bidu thite Q = —3£(2025) + £(2026).

Cau 2

1. Giéi hé phuong trinh:
1 2r x+./y

3_x+3y—2x2+y

22z +/y) =22 +6—y

2. Mot chiéc quat gidy khi mdé hét mic ra c6 goc 6 tam 1a 150°, ban kinh chiéc quat 30 cm va
ban kinh phan nan quat khong dan giay 14 5 cm. Gia sit khi dan gidy lam quat, nguoi ta phai
dan du hai mat va phai du them 10% dién tich gidy dé dan cac mép va lam quat dep hon, hay
tinh dién tich gidy can thiét dé dan quat noi tren (Lay 7 ~ 3,14 va két qua lam tron dén hang
phan tram).

Cau 3 Cho tam giac ABC ngoai tiép dudng tron (I), cac tiép diém cta (I) véi BC,CA, AB lan
lugt 1a D, B, F. Goi M la chan dudng vuong géc ha tit D len EF, duong thang qua M song song
véi AB cét DF tai P, duong thing qua M song song véi AC cit DE tai Q.

1. Chiing minh: 4 diéem D, E, M, P nam trén mot duong tron.
2. Goi K la giao diém ctia AD vé6i PQ. Chiing minh: KP = KQ.

3. Goi H la giao diém ctia EP, FQ, N la giao diém ctia AM vé6i BC, L la giao diém ctia IN, HD.
Ching minh: KL vuong goc véi BC.

Cau 4
1. Tim tat ca cac s6 nguyen duong x,y dé biéu thic 82° + y® — 62y + 1 1a s6 nguyen to.

2. Xét day vo han cac s6 nguyén duong a; < ap < - -+ < a, < ... théa man diéu kien a;,1 —a; > 8
v6i moi i = 1,2,.... V6i méi s6 tu nhién n, dit s, = a; + as + - - - + a,,. Chiing minh rang véi
moi s6 tif nhién n trong khodng [s,,, s,41) ton tai it nhat hai s6 chinh phuong.

Cau 5
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1. Cho a,b,c la cac s6 thuc duong théa méan abe = 1. Tim gia tri nhé nhat ctia biéu thec:

B a® + 2025 n b? 4+ 2025 %+ 2025
adb+c)  b(cta) Ala+b)

2. Cho mot ludi 6 vuong kich thude 24 x 24, ban dau tat ca cac 6 don vi déu dugce t6 mau trang.
Mot nude di bao gom viec chon mot hang hoic mot cot, roi thay doéi mau ciia tat ca cac 6 don
vi trong hang ho#c cot d6 (tir trang sang den, va tit den sang trang). Hoi sau mot s6 hitu han
nuée di, lieu ludi c6 thé chita ding 574 6 don vi mau den hay khong?

__ HET —
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SO GIAO DUC VA DAO TAO KY THI TUYEN SINH VAO LOP 10
.......... THPT
o NAM HOC 2027 - 2028
PE SO 25
(Deé thi c6 01 trang) MON THI: TOAN (CHUYEN)
Thoi gian lam bai: 150 phit, khong ké thoi gian
phadt de

Cau 1.
1. Cho a,b,c la cic s6 thyc duong théa man a + b+ ¢ + 2v/abc = 1. Tinh gia tri biéu thiic:

P = /a1 =b)(1 =)+ /b(1 — ¢)(1 — @) + \/e(1 — a)(1 — b) — Vabe + 2026

2. Mot hop dung 4 bi xanh va 6 bi dé. Ta lan lugt rit 2 vien bi. Tinh xac suat dé rat dude mot
bi xanh va mot bi do.
Cau 2.
1. Giéi hé phuong trinh:
Ve—yr—y—-1=1
Y+ a4 2yr —yPr =0
2. Cho x,y, 2z 1a cac s6 thuc théa man diéu kién = + y + z = 0. Chiing minh réng:
20 —1 2y—1 22—-1_ =3
+ >
24+2  yP+2 22427 2

Cau 3.
1. Mot s6 nguyén duong m duge goi 1a “s6 lech dep” néu ton tai s nguyén n sao cho
= (2n—1)(2n — 4) + 18.
Tim gi4 tri 16n nhat c6 thé c6 ctia |m — nl.
2. Cho p la mot s6 nguyén to va n 1a s6 nguyén duong nhé nhat, 16n hon 1, sao cho n% — 1 chia

hét cho p. Chitng minh réng c6 it nhat mot trong hai s6 (n+1)% — 1 hodc (n + 2)® — 1 chia hét
cho p.

Cau 4. Cho tam giac nhon ABC (véi AB < BC < CA) ¢6 I,J, M lan lugt la trung diém ciia cic
canh AB, AC, BC. Goi D la giao diém ctia hai dudng tron (I;TA) va (J; JA), véi D khac A.

a) Chiing minh ti gidc AIM.J 1a hinh binh hanh va ba diém B, D, C thing hang.

b) Tiép tuyén clia (I IA) tai A cit duong thang M J tai diem K va cat (J; JA) tai diem P, véi P
khac A. Tiép tuyén ctia (J; JA) tai A cat (I;TA) tai diem Q, v6i Q khac A. A Goi E'la diém doi
xiing v6i A qua D. Chitng minh tt gidac ADM K noi tiép dudng tron va PAQ + PEQ = 180°.

c¢) Goi S va T lan lugt la giao diém ciia dudng thang PQ véi hai dudng thang BC va AD. Chimg
minh TP -5Q =TQ - SP.

Cau 5. Cho 40 s6 nguyén duong ay, as, ..., a9 va by, by, ..., by thda man:

1§CL1<CL2<"'<6L19§200,
1§b1<b2<<b21§200

Chiing minh rang ton tai bon s6 a;, a;, bx, b, (i < j, k < p) sao cho a; — a; = b, — by.

__ HET —
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4 Dap an cac dé tu luyén

104 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

PE 1

LOI GIAI

Cau 1.

a) Giai phuong trinh:

2r -9V +T7+V32—-2+22+9=0

b) Giai hé phuong trinh:
By+d+ry+r=1
4a3y? + 42 — Sxy — 170 = —8

N . 2 N . Z . 2 ~ P
a, Dieu kién: » > 3" Dung may tinh cam tay ta biet duge nghiém ciia phuong trinh nén ta co

bién d6i dé xuat hién nhan tit chung (z — 2):

2r—9(Vr+7T—3)+(V3r—2—-2)4+8x—16=0

2x —9 3
& (r—2 + +8| =0
( ) Vvr+T7T+3 V3x—2+2
2 2x —9 2(2/3) -9 23 .
Vé6i x > -, ta co i > (2/3) = —— =~ —1.27. Do d6, biéu thiic trong ngoac vuong
3 vVr+T74+3 343 18
luon 16n hon 0 (vi —1.27 + 0 + 8 > 0). Vay phuong trinh c¢6 nghiem duy nhat z = 2. U
. 1 ) 1
b, Dé thay = = 0 khong 1a nghiém. Chia c& hai vé ctia (1) cho z ta duge: (2> +1)(y +1) = = =
x
1 1 .
y+1= m Thay y = m — 1 vao phuong trinh (2) va chia cé hai vé cho x:
2.2 8
de*(y"+1) -8y — 17T= ——
x
1 2 1 8
o 42 <——1> 1 —8(——1)—17:——
v [ z(z?2+1) * x(z?2+1) x
Rit gon biéu thitc trén, ta thu duge phuong trinh theo t = 22 + 1 (¢t > 1):
4 2 4 3 2
t—2—|—8x —9:0<:>t—2+8(t—1)—9:0<:>8t — 171" +4=0
S t-2)8tP—t-2)=0
Vit>1nen8t2—t—2>0.Dodot=2=22=1= 2=+l
1 1
Voiz=1=y=——1=—-=.
¢ e Y1+ 2
1 3
Voiz=-1sy=————1=—°.
¢ e YT a4 2
) . . 1\ . 3
Vay hé c6 nghiém (z;y) la <1; —5) va (—1; —§> O
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Cau 2.
a) Tim tat ca cac cap s6 nguyén duong (z;y) théa man:
4+ (14391 +7) =23+ 7"+ 2)
b) Co6 ton tai khong ba s6 nguyén z,y, z théa man:

o+ + 22 = 200737

a, Ta bién doi phuong trinh vé dang phuong trinh bac hai v6i an la 2%. Khai trién vé trai:
(14+3)(1+7)=1+3"4+7+3"- 7.
Phuong trinh da cho tuong duong véi:
(27 =23V + 14+ 7+ 1)+ B3+ 1)(7V +1) =0
bat A=3Y+1va B="7Y+1, phuong trinh ¢6 dang:
(2> = (A+ B) -2+ AB =0

& (27— A) 2"~ B) =0

20 =3v+1 (1)

Tloe—mi1 (2)

Xét phuong trinh (1): 2* =3Y +1
e Neuy=1=2*=3"+1=4=2%2= z =2 (théa man).

e Néuy > 2:- Néu y las6 chin, dat y = 2k (k € Z*), khi d6 3% =1 (mod 8). Suyra 3¥ +1 =2
(mod 8). Dé 2% = 2 (mod 8) thi chi ¢6 2% = 2!, dan dén x = 1,y = 0 (loai). - Néu y la s6 1¢,
dat y=2k+1,khid63Y+1=3-9+1=3-1*+1=4 (mod 8). D& 22 =4 (mod 8) thi chi
c6 2% =22 dan dén z = 2,y = 1 (da xét).

Xét phuong trinh (2): 2* =7V 4 1
e Neuy=1=2"=7'4+1=8=2%= r =3 (thda mén).

e Néu y > 2: - Néu y la s6 chin, tuong ty 7% +1 = (—=1)Y + 1 = 2 (mod 4). Dé 2* = 2
(mod 4) thi z = 1, khi d6 2! = 7 +1 = y = 0 (loai). - Néu y la s6 1é va y > 1. Ta ¢6
TV4+1=(T+1)(7 =724+ +1) =8 x (55 1&). Dé 2° = 8 x (s6 18) 1a mot lity thita clia 2
thi s6 1& d6 phai bang 1. Diéu nay chi xay ra khi y = 1.

Vay cac cip s6 nguyén duong (z;y) théa man 1a (2;1) va (3;1). O

b, Xét s6 du ctia mot s6 chinh phuong khi chia cho 8. Mot s6 nguyén k bat ky luon c6 dang
4m,4m =+ 1,4m =+ 2. Binh phuong lén ta c6: k* = {0,1,4} (mod 8). Khi cong ba s6 chinh phuong lai,
ta c6: 22 +y?+ 22 (mod 8) € {0,1,2,3,4,5,6}. Nhu vay, tong binh phuong ctia ba s6 nguyén khong
bao gid chia cho 8 du 7. Mat khéc, xét vé phai: 2007 =7 = —1 (mod 8). = 20073 = (-1} =-1=7
(mod 8). Vi vé trai khong thé du 7 ma vé phai du 7 khi chia cho 8 nén khong ton tai bo s6 nguyéen
(z,y, z) théa méan. O
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Cau 3. V6i z, 7, z 1a cac s6 thuc khong am théa man o +y + 2 = 2, tim gia tri 16n nhét ciia biéu
thiic:
E = (32% — 22y + 3y*) (3y* — 2yz + 32)(32% — 2z + 32%)

Khong mat tinh tong quat, gia st z 1a s6 nho nhat trong z, v, 2.
Khi d6 ta c¢6 322 — 2xz + 322 < 32% — 222 + 322 = (3% + 2). Tuong tu, 3y* — 2yz + 32% < y(3y + 2).
Suy ra E < xy(3x? — 2xy + 3y?)4(3z + 2)(3y + 2)
Ap dung bat ding thic AM-GM ta co:

27 - 36°E < 27 - 36xy - 9(32® — 22y + 3y*) - 4(3x + 2)(3y + 2)
< [36xy + 9(32° — 2zy + 3y%) + 4(3z + 2)(3y + 2)]°
= (2727 4+ 27Ty* + 42 + bdwy + 1222 + 12y2)?
< [27(z +y+2)%)°
= 1083,

suy ra E < 36.
Vay Fpe: =36 khix=y=1,2z=0. O

Cau 4. Cho tam giac ABC nhon théa man AB < AC. Duong tron (I) noi tiép tam giac ABC
tiép xtc vé6i cac canh BC,CA, AB lan luct tai D, E, F. Goi M va N lan lugt la giao diém cta
duong théng Al v6i DF va Al v6i DE.

a) Chiing minh rang CM L Al.
b) Goi K la trung diém ctia BC. Chting minh ring AKMN can.

c¢) Tiép tuyén tai M va N ciia duong tron (K; K M) cit nhau tai S. Chiing minh rang AS || ID.

a. Ta co:
180° — LABC B /ZBAC  /ZACB
2 2 2

Suy ra t1t gidc IDMC noi tiép — LCMA = ZIDC = 90°. Do d6 CM 1 Al

LIMD = /BFD — /BAI = = /ZICD.
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b. Goi L la trung diém ctia AC. Khi d6 KL la dudng trung binh ctia AABC nén:
KL | AB (3)
Lai c6 AACM vuong tai M, trung tuyén ML nén ZLMA = ZLAM = ZBAM, suy ra:
ML | AB (4)
Tit (3) va (4), ta suy ra M, K, L thing hang. Ta c6 ABFD can tai B va MK || BF nén:
/KMD =/BFD=/BDF =/KDM,

Suy ra AKDM can tai K — KM = KD. Bang cach chitng minh tuong ty, ta cting c6 AKND can
tai K > KN =KD, dod6 KM = KN — AKMN can tai K.
c. Ha duong cao AH cia AABC. Chting minh tuong ty cau a, ta suy ra BN 1L AM — t& giac
AN H B nai tiép. Suy ra ZNHK = /BAM = %. Lai c6 tit gidc AHMC nai tiép nen LZMHC =
/IMAC = %. Do dé ta co:

/BAC /ZBAC

LMHN = ZMHEK + ZNHE = == — + == — = /BAC. (5)

Lai co:

INKC =2/KNM =2/MAC = ZBAC (6)
Tit (5) va (6), ta suy ra duge ti giic HN KM noi tiép. Lai ¢6 tit gidc SNK M noi tiép. Nen 5 diém
S,H,N, K, M cing thuoc mot dudng tron duong kinh SK — HS 1 BC. Dan dén 3 diém A, S, H
thang hang. Nen AS | BC — AS || ID. O

Cau 5. Cho tap S = {1,2,...,2024}. Tim s6 nguyén duong k nhé nhat dé trong k phan tit bat
k¥ ctia S luon ton tai hai phan tit a,b ma ab + 1 14 mot sé chinh phuong.

Ta thay néu trong k& phan ti ma chia hai phan ti cach nhau 2 don vi, goi 1a a,a + 2 thi
a(a+2)+ 1= (a+1)*1a s6 chinh phuong.
Chia S thanh 1012 nhém 2 phan ti

{1,3},{2,4},{5,7},{6,8}, ..., {2021,2023}, {2022, 2024}.

V6i k > 1013 thi trong k phan ti nay luon c6 hai phan tit thuoc mot nhém (cach nhau hai don vi)
va do d6 ¢6 hai phan ti a,b ma ab + 1 1a sd chinh phuong.

Gio ta chi ra mot tap gom 1012 phan t khong thod man. Xét tap gom 1012 phan ti A =
{1,2,5,6,...,2021,2022} chita cdc phan tit dong du v6i 1 hodc 2 theo modulo 4. Véi a,b € A thi ¢6
cac kha nang:

+) Néua,b=1 (mod4) thiab+1=2 (mod 4),
+) Néua=1 (mod 4),b=2 (mod 4) thi ab+ 1 =3 (mod 4),
+) Néua,b=2 (mod 4) thi ab+1=5 (mod 8).

Trong ca ba truong hop thi ab + 1 khong 1a s6 chinh phuong.
Vay kpin = 1013. O
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DE 2

LOI GIAI

Cau 1.

a. Giai phuong trinh:

Vix+1—-vVa2—ax—8+ Va2 —-8xr—1=2

b. Giai hé phuong trinh:
{|x—1| =2—[3— 1z

3+ xy? + 4 = 42% + v + 49

a, Phuong trinh da cho tuong duong

SV +1+vV8+ax—a2+ Va2 —8r—1=2

a=+/Tr+1
Dat < b= /8 4+ x — a2 tacoa+b+ec=vVad+bB+c3=2
c=var2—8xr—1

S+ +F=(@+b+c)

< 3(a+0b)(b+c)(c+a)=0
S 2-a)2-0)(2-0¢)=0

Via=2=2=1

Véib=2=2=0V x=1

Véic=2=ox=—-1V =9

Vay phuong trinh da cho ¢6 tap nghiem S = {—1;0;1;9} O

b,
e Xét phuong trinh (1): |z — 1| 4+ |3 — z| = 2.
Ap dung bat déng thic [A| + |B| > |A + B, ta c6:
e =1+ B-z[2]x-1)+ B —2)[=2
Dau bang xay ra khi (z —1)(3—12) >0& 1 <x < 3.

e Xét phuong trinh (2):
B4 ay+4 -4 —x— 42 =0
& (2° —d2® —x+4) + (zy® —4y*) =0
S@-4H)2* -1+ (r—4)=0
r=4

s @@-4H2*+y -1 =0 2yt —1

o Két hop véi dieu kien 1 < o < 3 6 trén:
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— V6i © = 4: Loai (khong thuoc doan [1; 3]).

— V6i 22 +y* =1: Do x € [1;3] nén 22 > 1.
Ma 22 = 1 — y? < 1, suy ra bat buoc 2> = 1 = z = 1 (thda man).
Thay z = 1 vao 2% + y? = 1, ta dugc y = 0.

Vay hé phuong trinh c¢6 nghiem duy nhat (z;y) = (1;0). O

Cau 2.

a. Tim tat cd cdc cap s6 nguyen duong (z;y) théa man z3 + y* — 9zy = 0.

b. Tim tat ci céc s6 nguyen to p, ¢ thda man \/p? + 6pg + 2¢2++/q2 + 6pq + 2p? 1a s6 nguyen.

a, Cong thém 27 vao ca hai vé clia phuong trinh:
23y 27 — 9zy = 27
23y 3% —3ay-3=27
Ap dung hing ding thic:
a® + b+ ¢ — 3abc = (a + b+ c)(a® + b* + ¢ — ab — be — ca)
Thay a = z,b = y,c = 3, ta dugc:

(z+y+3)(2* +y*+ 3% — 2y — 3z — 3y) =27

[(z —y)* + (z = 3)* + (y — 3)*] =27

N | —

S(r+y+3)-

S (@+y+3)[(e—y)?+@—-37+(y—3)?° =54

Vi z,y 1a cac s6 nguyén duong = x > 1,y > 1.

Dodé:x+y+3>1+1+4+3=05.

Mat khac, z + y + 3 phai 1a u6c duong ctia 54. Cac udc 16n hon hodc bang 5 ctia 54 bao gom: 6, 9,
18, 27, 54.

Ta xét cac truong hop:

o Truong hop iz +y+3=6—=2x+y=3
Viz,y € N nén (z;y) € {(1;2),(2;1)}.

— Thit lai v6i phuong trinh dau: 13423 —9-1-2=9— 18 # 0 (Loai).

e Truong hop 2: 2 4+y+3=9=—2x+y==6
Khi d6 thita sd thit hai biang: 54/9 = 6.

= (r -y’ + (=37 +(y—3)7=6
Thay y = 6 — x vao phuong trinh trén:
(x—(6-2)+(x—-32+6-1—-3)°=6
& (20 —6)2+2(x—3)>=6

S4r—3P2+2r -3 =6<6(r—-3)*=6< (r—3)?> =1
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-~-THLz—-3=1—0r=4=—y=6—4=2.
-TH2:z-3=-1=—=20=2=—=y=6—-2=4.
Thi lai: 2 +4% —9-2-4 =8+ 64 — 72 = 0 (Théa man).

e Truong hop 3: z+y+3=18=z+y =15
Khi d6 thira s6 thit hai bang: 54/18 = 3.

— (z—y)?+(x -3+ (y—3)*=3

Vi z+y =15 1a 6 1é nén z, y khac tinh chin 16 = (z —y)? & = (z —y)* > 1.

Vi tong ba binh phuong biang 3 nén chi ¢é thé xay ra khi ca ba dai lugng déu bing 1:
(z—y)?=1(x-32=1(y—3)°"=1

T (z—3)2=1= 2 € {2;4} vay € {2;4}. Khi d6 z + y < 8, mau thudn véi x +y = 15
(Loai).

e Truong hop 4: . +y + 3 = 27 = x + y = 24 = thita s6 thi hai bang 2.
Ta c6 (x —3)?+ (y —3)*+ (x —y)* = 2. Do . +y = 24, it nhat z hodc y > 12, dan t6i (z — 3)?
hodc (y — 3)? > 92 = 81 > 2 (Loai).

e Truong hop 5: z + y + 3 = 54 = tuong ty dan t6i vo nghiém.
Vay cac cip s6 nguyen duong (z;y) théa man yéu cau bai toan la:

(z;y) € {(2;4),(4;2)}

b, Dat A = p? + 6pg + 2¢% va B = ¢ + 6pq + 2p°.
Trude hét ta chiing minh bd dé sau

V6i z,y la céc s6 hitu ti khong am thoéa man /= + /y € Q thi z,y la binh phuong cta cac so
hitu ti.

Chitng minh. Ta c6 cac bién doi sau
Vi+1eEQ— (Vr+y)P=c+y+2/ayeqQ

< 2 /xy € Q
Sy eQ
Do day ta dugc
Vr(Va +/y) =z + /7y.
Vi yz+ ,/y € Q ta suy ra \/x la s6 hitu ti. Khi d6 « 1a binh phuong ctia s6 hitu ti, ching minh
tuong tu ta ciing thu duge y 1a binh phuong ctia s6 hitu ti (dpem).

Tt bo dé trén ta dé dang chiing minh duge A va B 1a s6 chinh phuong.

Truong hop 1: p=gq

Thay vao ta duge A = B = 9p? = (3p)? (thoéa méan la s6 chinh phuong).
Do d6, moi cap s6 nguyén to p = g déu théa man deé bai.

Trusng hop 2: p # g

111 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Do vai tro ctia p, ¢ binh déng, khong mét tinh tdng quat, gid st p < ¢.
Vi A 1a s6 chinh phuong nén dat A = p* + 6pq + 2¢> = m? (m € Z7).
Ta c6 bién doi:
m? = (3¢ +p)* = 7¢* <= 7¢* = 3¢ +p—m)(3¢+p+m)

batu=3¢g+p—mvav=3¢g+p+m. Vim >0 nén u <wv.
Ta c6 hé thuc:

u-v=Tq¢>
u+v=2(3q+p)=6q+2p

Vi gia st p < ¢ nén ta co:
u—+v=>06qg+2p < 6q—+ 29 =8q

Bay gid ta chi can xét cac cap ude (u,v) ctia 7¢* v6i u < v sao cho tdng clia ching nhé hon 8¢:
e Truong hop 1: Néu g = 7 thi 7¢* = 73 = 343. Céac cap (u,v) 1a (1,343) hodc (7,49).

— V6i (1,343) s u+ v = 344 > 8¢ = 56 (Loai).

— Vé6i (7,49) :u+v =56 =6q +2p =42+ 2p =56 = p =7 = ¢q (Loai vi p < q).

e Truong hgp 2: Néu q # 7, cac ube cta 7¢> gom {1,7,q,7q,¢* 7¢*}. Ta xét cac cap (u,v) véi
u < v

— Cép (1,7¢%) = u+v = T¢* + 1. D& thay 7¢*> + 1 > 8¢ v6i moi s6 nguyen t6 g (Loai).
— Cap (q,7q) = u + v = 8¢q. Ma theo gia thiét u + v < 8¢ (Loai).
— Cap (7,¢%) = u+v = ¢*> + 7. Ta phai co:
CHT<8+= ¢ —8¢+T7<0<= (¢q—1)(g—T7)<0
Vi ¢ la s6 nguyen t6 nén g € {2,3,5}.

Néu g = 2: Khong c6 sd nguyén td p < 2.

Néu g = 3 = p = 2. Thay vao B = ¢® + 6pq + 2p* = 3% + 6(2)(3) + 2(2%) = 53 (khong phai s6
chinh phuong — Loai).

Néu g =5= p € {2,3}.

e Viip=2= B=>5%+6(2)(5) +2(2%) = 93 (Loai).
e V6ip=3= B=>52+6(3)(5) +2(3?) = 133 (Loai).

Vay céc cap s6 nguyén t6 thoa méan dé bai 1a (p; q) v6i p = g va p la s6 nguyén t6 bat ky. O

Cau 3. Cho cac s6 thuyc khong am a, b, ¢ bat ki théa man khong c6 hai s6 dong thoi bang 0. Tim

GTNN ctia biéu thec:
~ 3abc(a+b+c)+1

ab + be + ca

+ (a+b+c)

Ta sé chitng minh bat dang thic phu:
(a+ b+ c)*(ab+ be + ca) + 3abe(a + b+ c) > 4(ab + be + ca)?

Chting minh:
Khai trién vé trai (VT) béng cach tach (a + b+ ¢)? = a® + b? + ¢ + 2(ab + be + ca):

VT = [(a2 iy S c2> + 2(ab + be + ca)} (ab + bc + ca) + 3abc(a + b+ c)
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VT = (a® +b* + ¢*)(ab + be + ca) + 2(ab + be + ca)?® + 3abc(a + b+ ¢)
Mit khac, (ab+be+ ca)? = a?b? + b?c? + c2a® + 2abc(a + b+ c), bat déng thiic can chitng minh tuong
duong véi:

(a® +b* + ) (ab + be + ca) + 3abe(a + b+ ¢) > 2(a®b* + b*c® + c*a®) + 4abe(a + b+ ¢)

= (a® 4+ b* 4 ?)(ab + be + ca) > 2(a?b* 4+ b*c? + 2a®) + abe(a + b+ ¢)
Tiép tuc nhan bung (a?® + b* + ¢*)(ab + be + ca):

= a’b+ ab® + b’c + bc® + Pa + ca® + abe(a + b+ ¢)
Thay trd lai vao bat dang thiic, ta riat gon dude lugng abe(a+ b+ c) & ca hai vé, suy ra chi can chiing
minh:
a*b+ab® +b3c + bc® + a+ ca® > 2(a*b? + b + Fa?)

& ab(a® + b%) + be(B* + ) + ca(c® + a®) > 2(a®b* + b*c? + *a?)
Dén day, ap dung AM-GM cho céac cip so6 khong am:
o a?+1? > 2ab = ab(a® + b?) > 2a%V?
o U? + % > 2bc = be(b? + 2) > 2b%c3
o 2 +a?>2ca= ca(c® +a?) > 2c%a?
Cong vé theo vé 3 bat déng thic trén, ta c6 ngay diéu phai ching minh.

Quay trd lai bai toan
Theo gia thiét, khong c¢6 2 s6 nao dong thsi bang 0 nén ab + be + ca > 0. Chia ca 2 vé clia bat ding
thitc phu vita chting minh cho ab + be + ca, ta duge:

3abc(a + b+ c)
ab + bc + ca

(a+b+c)+ > 4(ab+ be + ca)

Quay lai biéu thic gbc P:
_ 3abe(a+b+c)+1

b 2
ab + be + ca tlatbto)
Nhom cac hang tit lai:
3abc(a + b+ c)) 1
P= ( b+c)?
(a+b+c)+ ab 4+ be + ca ab 4+ be + ca
Ap dung danh gia vira tim duoe & tren:
P > 4(ab + bc + ca) + !
a ¢+ ca _—
- ab 4 bec + ca

Dén day bai toan da dudc giai quyét gon gang bang AM-GM cho 2 s6 duong:

1
- >
+ab—|—bc+ca -

1
2\/4(ab+bc+ca) —— =1

4(ab+ be + ca) b ibetea

Vay P > 4.
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Dau bang xay ra khi théa man dong thoi:

1. Dang thitc 8 AM-GM phu: @ = b,b = ¢, ¢ = a hoic ¢6 s6 bing 0.
2. Déang thitc 6 AM-GM chinh: 4(ab + bc + ca) = e = ab+be+ca = 3.

Ta ¢6 2 truong hop:
e Trudng hgp 1: a=b=c. Khidé3a2:%:>a:b:c:\/i6.
dong thoi bang 0).
1
2

e Trudng hgp 2: C6 1 s6 bang 0 (vi dé bai cho phép, mién 1a khong ¢6 2 s6
Gia stt ¢ = 0, dé a®b + ab® > 2a?b? thanh déng thic thia =b. Khidé a®> =1 = a=0b= \/LE
0

Vay gia tri nhé nhat ctia P 13 4.

Tuy nhién dén day hay dat cau héi tai sao ching ta lai ¢c6 bat ding thic phu & phan

dau 16i giai?
Ban dau ching ta sé rat dé dang du doan ducc dau bang va gia tri nhé nhat ctia biéu thic P.

Diéu d6 c6 nghia 1a chiing ta can phai di chitng minh
(a+ b+ c)*(ab+ be+ ca) + 3abc(a + b+ ¢) > 4(ab + be + ca)? (1)

Quan sat biéu thic P, ta thay su xuét hien clia cac cum lap lai. Hay dit:
S=a+b+c va @Q =ab+bc+ ca

Biéu thitc P tré thanh: S S '
abc -
Q Q
Dé tim GTNN bing ky thuat diém roi (AM-GM), muc tiéu ctia ta la chin dudi cum ngodc don theo
bién Q. Tic 1a ta can tim mot hing s6 k sao cho:
3abé'5+522k:-62

Hing s6 k t6t nhat thuong 1a hing s6 lam cho dau bing xay ra tai cac diém thuong gip. Ta thit

tai hai kich ban pho bién nhéat:
e Truong hgp 1: Tai tam (e =b=c=1)

— Khi dé: S =3,Q = 3,abc = 1.
AR :3+9:4‘

— Thay vao biéu thic: k =
3 3

e Trudng hgp 2: Tai bién (e =b=1,c=0)

— Khidé: S=2,0Q =1,abc = 0.
2 22
— Thay vao bieu thic: k = 0 —E =4.

C& hai diém roi quan trong déu cho vé mot con s6 duy nhat: k = 4.
3abc - S .
aoe + 5% > 4Q, ta nhan ca hai vé véi Q (vi Q > 0):

T du doan
3abc - S+ 5% Q > 4Q*

Thay ngugc lai S va Q, ta ¢6 chinh xac BDT phu (1) can dung.
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Cau 4. Cho tam giac ABC nhon, khong can noi tiép duong tron (O) va ngoai tiép duong tron
(I), H la tryc tam clia tam giac. Cac tiép diém ctia (I) véi BC,CA, AB lan lugt 1a D, E, F; goi
P,Q lan luot 1a cac giao diem cta BI,CI v6i EF; CP, BQ cat nhau 6 K; Al cat (O) tai M.
Duong tron ngoai tiép tam giac AEF cit lai (O) tai N.

a. Chiing minh: N, D, M thang hang va AO, NI cat nhau trén (O).

b. Duong tron ngoai tiép tam gidc NOM cat N1 tai L khac N. Ching minh: OL vuong géc
véi EF.

c. Dudng tron ngoai tiép tam gidac NKO cit HK tai J. Ching minh: O, I, J thing hang.

Lagi giai béi Facebook: Hung Nhun
Link bai dang gbc: https://www.facebook.com/share/p/1Lfdtq4CTE/

a) Goi MDN(0O) =N’

Theo bd dé biin ta c6: MD-MN' = MI* = MB* = ADMI ~ AIMN'(c—g—c) = MN'I = DIM
C6: IN'A = MN'A — IN'M = 180° — MCA — DIM = 180° — MAC — BCA — DIM = IDC = 90°
= N'€ (AEF)w N' e MD= N'=N = N,D,N

C6: INA = 90° = AO cit NI tai 1 diém thuoc duong tron (O)

b) Tir cau a suy ra: AMT = 90° = TMT = 90° (AO N NI =T) (1)

MNOL noi tlep — MLN = MON — INAM (goc noi tiép - goc 4 tam chian cung N NM cua (0))
Co: MIL = NIA = 90° — NAI = 90° — NAM = 1(180° — 2N AM) = 1(180° — MLI)

= ALMI can = LM = LI (2)
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(1), (2) = Llatd IT = OL la duong trung binh cia ATIA = OL//AI
= OL L EF (vi AI L EF)
c) Dau tién ta chitng minh bai toan phu sau:

Cho AABC nhon ¢6 tryc tam H, ngoai tiép (I). (I) tiép xtic BC,CA, AB tai D, E, F. Duong
thing qua D vuong goc véi EF cit EF tai G. BINEF = P,CINEF = Q,AINEF = L. Ké
KINEF = R. N déi xtmg v6i I qua EF. CMR: H,G, N, K thang hang.

* Chli’ng rlrzinh I[}g, N, G thang hang: ]g—é = % = %

<:>2KD_m RD

Goi T 1a trung diém KI = £L = AL
bat RK = a,RI = b, ]D—c

b 2 s RI _ KR
Ta c6: ¢ = 5 = ab+ b+ bc = ac (Vi [ = 35)
Ta can cm: & = -atb

b+c — 2(atbtc)
& 2ab + 2b* + 2bc = ab+ ac + b* + be < ab + b* + be = ac (dng)
= K,N,G

% Ching minh K, N, H thing hang: % = %
Ta goi O la tam (ABC), M’ 1a tam (K BC). Ta goi AIN(0) =M

Vi M’ latam (KBC) = KM’ 1. BC. Ké thong qua M’ dusng thiang vuong goc v va MM'NBC = S.
Goi M dbi xing v6i M' qua BC = KI = MM' va MM'//KI = M'KIM la hbh

Ta ¢6 M'BMC 1a hinh thoi == M'B=MB =MC=CM' = M'K = MI

C6: M'KIM lahbh = IM//KM' = IM L BC (vi KM' L BC do M’ la tam (K BC))
:>MA,]vaM€(O) Co: KL — 228 — SML — NL — SML _ SM

208 50 50
50 AE _ OM ﬂ oM TN
= m o7 = NT = §if = 11 = &1 (cal nay de ChlIng minh - dong dang)

= H,G,N, K (dpcm)
(Ta dé& chiing minh GQ, BP, KO la cac dudng cao cia AK BC theo bo dé IRAN)
Quay tré vé bai toan: Ta goi IN N EF = G, U d6i xiing v6i I qua EF.
Theo b6 dé ban va két qua quen thuoc trong mo hinh nai tiép, ta cé:
_ AfT2
{MD.MN_MI :>{AIGD~AIDN . BTl — NI - IND — 7D
IG-IN = IE? = I D? AIDN ~ ANIM
= DG//MI ma MI hay Al | EF = DG L EF
Theo bai toan phu ta da chu’ng mmh trén, ta co: co: H, J G,U, K/\
Ta goi NOﬂKI—S Co: SNG ONI_OTN ATN = AMN
va GKS = UKI = GUI - UIK = GIU —UIK = IGD — DIM = IDN —IDG = NDG = NMI =
AMN -
— GKS =SNG = NGKS noi tiép = GKN = GSN
Ta co: DG//MI (cmt) VaOM//DS do cungJ_BC':> g =¢_ 15

NI — NO
:>GS//IO:>[ON GSN = GKN = JKN = JON
= O,1,J (dpcm)

Cau 5. Cho bang vuodng 7 x 7 gom 49 6 vuong don vi nhu hinh vé. C6 37 con robot duge dat
vao tam ctia cac 6 vuong don vi sao cho khong c6 2 con robot ciing nidm trong mot 6. Cac con
robot dugc lap trinh dé di chuyén dong loat, vé6i ciing tdc do, theo nguyén tic nhu sau: Ban dau,
mdi con déu di chuyén sang tam ciia mot 6 vuong don vi bat ky chung canh véi 6 vuong né dang
diing. Sau d6, mdi khi cham vao tam clia 6 vuong dén, né sé quay mot géc 90° va di chuyén tiép
theo huéng do sang tam ciia 0 tiép theo va cit tiép tuc di chuyén nhu thé (mot vi du vé cach di
chuyén ctia mot con robot nhu hinh vé). Chitng minh ring dit ban dau c¢6 dat cic con robot nhu
thé nao thi vAn luoén c6 mot thai diém ma cé hai con robot ¢ chung mot 6 vuong.
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Trén bang c6 25 6 den va 24 6 tring. Gia sit ¢ 1a thoi gian dé robot di tit tam 6 vuong nay sang
tam ctia 0 vuong chung canh véi né. Ta néi sau moéi khodng thoi gian ¢, cac con robot di duce 1
budée.

Nhan xét: Sau 1 bude di, cac con 6 6 den sé chuyén sang 6 tring, cac con & 6 trang sé chuyén sang
o den. Vi thé ta luon c6 thé gia st ban dau s6 con robot ¢ 6 den nhiéu hon sé robot & 6 trang. Suy
ra sO robot & 6 den 16n hon ho#c bing 19 con.

Bay gio ta danh s6 cho céc 6 den nhu hinh vé.

1 1 1 1
2 2 2

1 1 1 1
2 2 2

1 1 1 1
2 2 2

1 1 1 1

Nhan xét: Sau hai budc di, robot ¢ 6 1 sé chuyén sang 6 2 va § 6 2 sé chuyén sang 6 1.

Vi thé, trong s6 19 con robot & 6 den, ton tai it nhat 10 con ndm trong cac 6 danh s6 1 ho#c it nhat
10 con nam trong céc 6 danh s6 2 (néu ca hai loai déu it hon 10 con thi chi ¢6 t6i da 18 con. Mau
thuan)

+) Néu c6 10 con ndm trong 6 s6 1 thi sau 2 bude di, ching nam trong 6 s6 2.
Do ¢6 9 6 s6 2, ma c6 10 con robot, nén ton tai hai con cling 1 6.

+) Néu ¢6 10 con nam trong 6 s6 2, thi tuong ty trén, ciing c6 2 con cung 1 6. Ta c6 diéu phai chiing
minh.
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PE 3

LOI GIAI

Cau 1. Giai phuong trinh:

2?4+ 6z+1=(x+)Ve+3+ (x+7)Vr+10

Dieu kien: x > —3.
Phuong trinh da cho tuong duong véi:

(x+1)(\/a:—3—3)+(:c+7)(\/m-4)

VI+3+3 VT + 10 + 4 ="~ =30
@(x—i—l)(x—(i) (x+7)(a:—6):(x_6)($+5)

vr+3+3 Vo +10+4

o ( 6)< r+1 n T+ 7 5) 0
x — —x—5]=
vr+3+3 Vr+10+4
=20
< r+1 x4+ 7
+ —x—-5=0.
vr+3+3 Vr+10+4
Cha y réng, vi x > —3 nén:
r+1 x4+ 7 r+1 x+7 x+3

<x+5

- < -
VI+3+3 Vaz+10+4 3 6 2

Do d6, z = 6 1a nghiém duy nhat ctia phuong trinh.

Cau 2. Giai hé phuong trinh:

{(ac + 3y + 3)v/xy + 3y = y(3x + 2y +9)
4(z —8)% — (x + 15)y/y — 2 = 20(11 — 4y)

R > -3 .
Diéu kién: {x N s Chia hai vé ctia phuong trinh (1) cho y?, ta dugc:
Y=

+3 +3 +3
(x +3) L I 10 (3.

=3
Y Y Y

bat t = , /Iyﬁ (t > 0), phuong trinh (3) tré thanh > — 3> +3t —2=0 (4).

Phuong trinh (4) tuong duong véi (t —2)(t2 —t+1) =0 (5).
Phuong trinh (5) ¢6 1 nghiém duy nhat ¢ = 2.

Khi d6 2 +3 =4y hay xt =4y —3 (6).

Do d6, x + 15 =4y + 12 =4(y + 3); 11 — 4y =8 — x.

Thay céc biéu thiic trén vao phuong trinh (2), ta dugc:

4(x —8) —4(y +3)\/y —2=—20(x —8) (7).
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Phuong trinh tuong duong véi:
(-8 +5(x—8) = (y—2+5)/y—2
3
<:>(x—8)3+5(1:—8):( y—2> +5yy—2 (8).

Néuz —8>/y—2 thi (z —8)* +5(x —8) > (vVy—2)° +5/y— 2.
Néuz —8 < /y—2 thi (z —8)* +5(x —8) < (vVy—2)° +5/y— 2.

Do do, tut (8) suyraz —8=+y—2 (9).
11
>
V=7

16y% — 89y + 123 = 0.

Thay (6) vao (9), ta dugc:

1 N
Khi d6 y = 3 (nhan) hoac y = T (loai). V6i y = 3, suy ra « = 9 (thod man dicu kién).
x =9

Vay hé phuong trinh c6 nghiém duy nhat { q
Y=o

Cau 3.

a. Tim tat ca cac sd nguyen to (p, q) va s6 nguyen duong n théa man: 2" - p? = ¢° — 1.Tim tat
cd cac bo (p,q,n) théa man: 2" - p? = ¢° — 1.

b. Cho cac s6 thuc duong a, b, c. Chitng minh rang:

a’® b° P

(@bt 22010 Brbet@Plcta)  (Etcatad(ath)

1
>
— 6

a. Tu2n - p’=¢ -1 (1),tac6: 2" - > =(q— D) (¢*+@+P+q+1) (2).
Néu ¢ = 2 thi (1) tré thanh 2" - p? = 31, diéu nay vo Ii.
Do d6 ¢ 1a s6 nguyen t6 18. Suy ra ¢* + ¢* +¢* + ¢+ 1 14 s6 18, 16n hon 1.
T (2) suy ra g — 1 € {2";2™ - p}.

q—1=2"-p
'+ +g+l=p

— Trudng hgp 1: { (3).

Tu (3)suyrap > ¢® Suyraqg—1=2"-p > ¢* hay ¢—1 > ¢*, diéu nay vo li vi ¢ 1a s6 nguyen
t0.

1= ()
¢+t g+ l=p?

— Truong hop 2: { (5).

T (4) va két qua cau a) suy ra n = 2% (a € N).

T (5) suy ra 4 (¢* + ¢ + ¢* + ¢ + 1) = 4p? 14 s6 chinh phuong.

Mit khac (22 +¢)° <4(*+ P+ P +q+1) < 22 +q+2)°.

Suy ra 4p> = (2¢2+q+1)°. Suyra 2p =22+ ¢+ 1 (6).

Tu (6) suyra2p=2¢*+q+1>2-32+3+1=22 Suyrap> 11, p 1a s6 nguyeén to 18.
Tu (4) va (6) suyra2(p—¢* —1)=qg—1=2". Map—¢* — 1 1as6 lé.

2% =1 =1
Nen ; =" (7).
p—qg —1=1 p=q +2

120 Mot s6 dé on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

T (6) va (7), suy ra 2 (¢* + 2) = 2¢> + ¢ + 1, hay ¢ = 3.
Tw (7) suyrap=11. Vay p=11,q=3,n = 1.

Bai toan tuong tu: Tim tat ca cac sd nguyén td p, g va cac sd6 nguyen duong n,m thoa
méan 2" - p? = ¢™ — 1.

Nhan thay cac phan thitc § vé trai déu c6 tong bac clia tit 86 va mau sé bang nhau (cling
bac 5). Ta tién hanh chia c tif va mau ctia mdi phan thitc cho dai lugng (a + b+ ¢)® > 0.
Ban chét ctia viec lam nay la chuén héa.

b c
) - -
a+b+c’ a+b+c’ a+b+c
Khi d6 z,y,2 > 0 vi x + y + z = 1. Bat dang thiic can chiing minh tré thanh:

. 25 . " .\ 5 1
(@ Hay )Py +z) (P ryz )P ta) Pz ta?)P(ety) T 6
Dé khit mau s6, ta 4p dung bat ding thic Cauchy cho 4 s6 duong:
2° +:c(q;2+:cy—|—y2)+x(a;2—|—xy+y2)+x(y+z)>44 33_8:2$2
(22 + 2y +y?)%(y + 2) 2 2 4~ 16
Thu gon ta dugc:
5
z 2 2 z(y + 2) 2
— = >2 2
(x2+xy+y2)2(y+z)+x(x +xy 4+ y°) + T 22 (2)
Twong tur cho hai phan thic con lai:
5
Y 2 2 y(z + ) 2
-2 >2 3
(W+gz+ﬁy@+my+ﬂy4ﬂﬂ+z)+ T 2 (3)
5
Z 2 2 z(z +y) 2
— = >2 4
(22—|—zx+x2)2(x—|—y)+z(z + 2z +2%) + T 2= (4)

Cong vé theo vé (1), (2), va (3), ta thu dugc:

1
P+Z.ﬂ:(x2+xy+y2)—l—12x(y+z) > 2(2® +y* + 27)

cyc cyc

Ta c6 cac bién doi sau:
o Yy t@Fray+ )=ty +2) @+ +22) =P+ + 22 (doax+y+z=1).
® > e Ty +2)=2(y+yz+zx)= (x+y+2)?— (22 +y°+2%) =1— (2% + > + 22).
Thay vao biéu thic tdng:

1— (22 +y*+ 2%)
4

P+ (2®+y2+22)+ > 2z + 2 + %)
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SP+->-(®+y +7%

=~ =
| Ot

(x4+y+2)? 1

Ap dung bat déng thic phy 22 + y? + 22 > 3 =3

PN 1
Dau bang xay rakhiz =y =2 = 3’ tic la a = b = ¢. Bai toan dugce chiing minh hoan toan. [J

Bai 4. Cho tam giac ABC nhon, khong can (AB < AC) noi tiép dudng tron (O), lay diém D
tren cung nhé AC sao cho AB = 2AD, phan giac trong ciia BAD cit canh BC tai diem E, dudng
tron ngoai tiép tam giac AEC cat AD tai F khac A.

1. Chiing minh: C'F' la phan giac ngoai ctia BCD.

2. Goi M la trung diém ctia AE, duong thang C'D cat lai dudng tron ngoai tiép tam giac AEC
tai diem K. Chting minh: Céc tam giac EF K, AK M la tam giac can.

3. Duong thing FM cit AB tai G. Chting minh: MF = 2MG.

1. Ta co:

e ] — ] —
FCD+§BCD:FCE—BCD+§BCD

Ma FCE = 180° — EAF = 180° — 1 BAD = 180° — 1(180° — BCD) = 90° 4+ 1 BCD.
Nén FCD + %BC’D = 90°, diéu nay chiing t6 CF 13 phan giac ngoai ctia BC'D.
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2. Ta co:

1 — —— 1 1 —
KAF = KCOF = 5(180° = BCD) va EAF = ;BAD = -(180° ~ BCD)

Nen KAF = EAF , diéu nay ching t6 AF 1a tia phan giac cla KAE nén F la diém chinh gitia
cung 16n KFE clia duong tron ngoai tiép tam giac AEC hay FK = FE, suy ra tam gidc KEF can

tal F.

Ta ¢6: ADK = ABE, AKD = AKC = AEB nén AADK ~ ~ AABFE (g.g), suy ra:

AK AD 1 1

Nén tam gidc AK M can.

3. Goi P,Q lan lugt 1a chan dudng vuong goc ha tit F len AE, AK thi AAPF = AAQF (ch-gn)
nén AP = AQ
Ta co: QKF AEF va FK = FE nén AFPE = AFQK (ch-gn), suy ra:

QK = PE = AE — AP = AE — AQ = AE — (AK + KQ)

1 1
KQ = (AE AK) = (AE—AM):iME
Diéu nay chiing t6 P la trung diém ctia M E nén tam gidc M FE can tai F, suy ra FM = FK
dan dén AF la trung tryc ctia K M.
Do d6 GFA=MFA=KFA=KFEA=ACD = ABD suy ra AAFG ~ AABD (g.g).
Két hop v6i AM la phan gidc cia GAF, ta co:

MF AF AB

VG = AC AD_2 vay MF =2MG (dpcm).

[l

Cau 5. Cho bang 6 vuong kich thuée 2 x 2020 (bang gom 2 hang va 2020 cot). Dien 2020 s6
nguyén duong dau tién vao cac 6 vudng con clia bang, sao cho é mdi 6 duge dién ding mot so,
va tinh tir trai qua phai, § hang thi nhat, cac s6 dude dién theo thit tu ting dan, ¢ hang thi
hai, cac s6 dugc dien theo thi tir gidm dan. Héi trong bang s6 thu dude, c6 bao nhiéu cot c6 tinh
chat: hai s6 cting cot nguyén t6 ctiing nhau?

Nhan thay: Cot thit k c6 dong thit nhat 1a k va dong thit hai 1a 2021 — k.

Ta ¢6 UCLN(k, 2021 — k) = 1 khi va chi khi UCLN(k,2021) = 1.

Ta c6 2021 =43 - 47.

S6 cac s6 tit 1 dén 2021 chia hét cho 43 1 47 s6 va s6 céc s6 chia hét cho 47 1a 43 s6. Chi ¢6 s6
2021 1a chia hét cho dong thai 43 va 47.

Vay s6 cac cot c6 tinh chat hai sé ciing cot nguyéen té ciing nhau la:

2021 —43 —47+1=1932.
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PE 4

LOI GIAI

Cau 1.

a) Giai phuong trinh:

Vitzr+V1I—z+ a2Vl — a2 =231+ 2t

b) Giai hé phuong trinh:

Vitaey+V/1+oz+y=2
2?2y —ay=2+y +r+y

a, Dicu kién xac dinh: —1 <z < 1.
Truong hop 1: Xét —1 < x < 0.
VP: Viz <0 = 22 <0,suyra VP =23V1 + a2t <0.
VI:Taco (VI+az+vVI—2)?2=2+2/1-22>2 — VI+z+V1I—2>V2
Mait khéc, theo bat dang thitic AM-GM:

eVl — 22| = \/22(1 — 22)

N

2 1 — 22 1 1
_%ﬂﬁ — I=> L

Suy ra VT > /2 — % > 0. Do d6 VT > 0 > VP (phuong trinh v6 nghiém).

Truong hop 2: Xét 0 < z < 1.

Vio<z<l = 1-22>0 = V1—-22>0.

Dodé: (Vidoz+vVI—2)?=242/1-22>2 = VIi+z+V/1—2>2

Dong thoi zv/1 — 22 > 0, suy ra: VT > /2 + 0 = v/2.

Xét vé phai: Vio<z <1l = 28 <1lvaiazt<l = 14+2' <2 = V1i+2t < V2
Do d6: VP =231+ 2% <1-v2=+2.

Suy ra VT > /2 > VP (phuong trinh vo nghiém).

Truong hop 3: Xét x = 1.

VI =v2+0+0=+2.

VP=1%y1+1=2

Nhan thiay x = 1 théa man phuong trinh.

Vay phuong trinh c¢6 nghiém duy nhat 1a z = 1. O

b, Diéu kién xac dinh: 1 +2y >0va l+x +y > 0.
Ta cong thém 2xy vao hai vé:

P4y =2t +2zy+ i+ +y
= ay(ry +1) = (@ +y)* + (2 +y)

— zy(lzy+1)—(z+y)(zr+y+1)=0
Dat v = zy va v = = + y, phuong trinh tré thanh:

uu+1)—vv+1)=0 = v’ -’ +u—-v=0 < (u—v)(ut+v+1)=0

Ta xét hai truong hop:
Trudng hop 1: w = v = xy = x + y. Thay vao phuong trinh (1) ta dugc:

Vitaoy+y/l1+ay=2 < 2\/1+ay=2 <= l+ay=1 < 2y =0
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Vizy =0vax+y=ay =0, ta dé dang suy ra x = 0 v y = 0. Thit lai vdo hé ban dau thay théa
man.

Trudng hop 2: u+v+1=0 = zy+ax+y+1=0 < (z+1)(y+1) =0. Suy ra x = —1 hoic
y = —1. Do vai tro ctia z,y ddi xiing, gid sit x = —1. Thay vao phuong trinh (1):

Vi-y+Jy=2

Diéu kién x4c dinh lic nay 1a 0 <y < 1.
Ap dung bat ding thic Cauchy-Schwarz:

(VI-y+vu)?<20—y+y)=2 = V/T-y+y<V2

Vi v/2 < 2 nén phuong trinh nay vo nghiem.
Vay hé phuong trinh c6 nghiém duy nhét (x,y) = (0,0). O

Cau 2.
a) Tim cic s6 nguyén duong x,y thod man:
Ty + 3wy(z +3y) =3(x +y)* + 7
. ; 1
b) Cho hai s6 thuc a,b théa méan 3 < a+5b < 3va2a®+ 11lab+ 56 + 3 > 2a + 10b. Chiing

minh rang:

dab + 110° < %5

a, Khai trién va chuyén toan bo cac hang tit sang vé trai:
Ty® + 327y + 9ry? — 3(2? + 20y +y*) -7 =0
= 322y — 322 4+ 9zy® — 6y +Ty> — 3> —7=0
3(y — D2 +3y(By —2)x + (79° = 3> —=7) =0

Vi 2,y 1a céc s6 nguyén duong nén ta xét cac truong hgp cia y:
Trudng hop 1: Néu y = 1, phuwong trinh tré thanh:
3002 +3(N)(1)x+ (7T—3-7 =0 <= 3r—3=0 <= z =1 (théa man)

Ta duge cip nghiém nguyéen duong dau tién la (z,y) = (1, 1).
Trudng hgp 2: Néu y > 2 (v6i y € ZT): He s6 clia 2% 3(y — 1) > 32—-1) =3 > 0. Vi
r>1 = 3(y—1)z* > 0.

Ta c6: 3y(3y—2) >0 = 3y(By—2)xr > 0. va Ty’ —3y>  —7T=9*(Ty—3)—7>2%7-2-3)-7 =
44 — 7 = 37 > 0 nén tat cd cac hang tit & vé trai déu duong v6i moi > 1 va y > 2, nén vé trai luon
16n hon 0, phuong trinh vo nghiém.

Vay cap s6 nguyén duong duy nhat théa man la (z,y) = (1, 1). O

b, Xét gia thiét thit hai ciia bai toan:
20 + 11ab + 5b* + 3 > 2a + 10b

Ta c6 bién doi:
2a* + 10ab + ab + 5b* — 2(a + 5b) + 3 > 0
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<= 2a(a+ 5b) + b(a+ 5b) —2(a+5b) +3 >0
<= (2a+b)(a+5b) —2(a+5b)+3>0

bDatz=a+5by=2a+b
Theo gia thiét ta co:

<z<3

N | —

Thay vao ta dugc:
xy—2x+3>0 < z(y—2)>-3

Viz > % > 0, chia ca hai vé cho z ta rit ra dugc khodng gia tri ctia y:
3 3
y—2>-—— <= y>2-- (1)
x x

T an phu ta cé bién doi, thu duge:

20 — y) 42 — 9

Ta can chiing minh P < % <= 42* — y* < 35. Dya vao diéu kién (1), ta xét hai truong hop
ctia = dé danh gia dau cta y:
Truong hop 1:2—%§O — :L‘S%. Lﬁcn\yégxgg. Do y? > 0, ta co:

3 2
4x2—y2§4x2§4<§> =9<35

Bat dang thtc hién nhién ding trong trusng hop nay.
3

Truong hop 2: 2 — =2 > 0 < = > % Két hop vé6i diéu kién ban dau, ta c6 z € (§ 3}. Vi

y>2—2>0, ta c6 thé binh phuong 2 vé:

x x  x?
Suy ra:
12 9 12 9
4x2—y2§4x2—<4——+—) =42 44+ = - =
x  x? x  z?

Ta can ching minh:
12 9 12 9
4 =4+ — — = <35 <= 4° -39+ — — =
r x? x  a?
Quy dong mau s6 (véi x > 0):

dr* — 3922 + 120 — 9

> <0 < 42" —392° + 122 — 9 <0

T

Phan tich nhan tit da thtc trén:
— (v —3)(42° +122* —= 32+ 3) <0

Ta danh gia hai nhan ti: Vixz <3 nén x —3 < 0. V6i = > %, ta bién doi: 42 + 1222 — 3z + 3 =
423 + 3x(4r —1)+3. Doz > 1,5 = 4x —1>5> 0, nén cum (42> + 1222 — 3z + 3) > 0.

Tich ctia mot s6 khong duong va mot sé6 duong chic chan sé khong 16n hon 0. Bat déng thiic
duge chiing minh hoan toan.

Dau bang xéy ra khi: # = 3 va y = 2 — 2 = 1. Thay ngugc lai he, ta dugc a + 5b = 3 va

20+b=1 = b=2vaa=3 O
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Bai toan con dudc giai bang phép nhém Abel. Mai ban doc tu tim hiéu!

Cau 4.

(a) Cho bon s6 nguyéen duong ay, as, as, as sao cho 1 < ap < k v6i moi k = 1,2,3,4 va tong
S = a; + as + as + a4 14 mot s6 chan. Ching minh rang c6 it nhat mot trong cac s6 dang
+a; & as & az & a4 c6 gia tri bang 0.

(b) Cho 1000 s6 nguyén duong ay,as, ..., a1000 a0 cho 1 < a < k v6i k = 1,2,...,1000 va
tong S = aj + as + - - - + a0 12 Mot s6 chin. Héi trong cac sé c6 dang +a; £ as - - - %+ ao00
c6 s6 nao bang 0 hay khong? Giai thich vi sao?

(a) Taco 4 <S5 <10 va S chan, suy ra S = 4,6,8,10. Xét cac truong hop sau:

V6i S=4,suyraa; =ay=az3=as=1.Suyra—1—-14+1+1=0.

V6iS=6,tac66=1+1+1+3=1+1+2+2 suyra cé mot cach thoa dé bai.

V6iS=8tac68=14+14+24+4=1+14+3+3=142424+3=2+2+2+ 2. Suy ra mdi
cach déu ton tai mot cach chon dau +, — théa dé bai.

V6i S =10 =1+ 2+ 3+ 4. Suy ra c¢6 mot cach thoa dé bai.

(b) Ta chitng minh bang quy nap ménh deé sau: Cho n s6 nguyén duong théa man 1 < a;, < k va
S, =ay + -+ + a, chdn. Khi d6 ton tai s6 c6 dang +a; & ay - - - & a,, bang 0.

Khi n = 2, ta ¢6 a; + ay chén, suy ra a; = a, = 1. Suy ra a; — as = 0.

Gia sit bai toan ding v6i moi k < n. Ta chiing minh bai toan dang véi n + 1.

Ta ¢6 Spp1 =a; + -+ + a, + ayy1 chdn. Ta c6 0 < |a, — ani1| < n.

Néu a,, — an41 = 0, ta ap dung gid thiét quy nap véin — 1 s6 ay,...,a,_; ta c6 diéu can ching
minh.
Néu a,, — any1 # 0. Ap dung gia thiét quy nap v6i n s6 ay,as,...,an 1, |, — ayi1]. Ta thay

aj+ -+ ap_1 + |a, — apy1| chdn vi n6 cung tinh chan 16 véi ay + - -+ + apy1-
Suy ra ton tai s6 c6 dang +a; +as -+ |ay, — apy1| = *a; £ as -+ a, F a1 bang 0.
Bai toan dugce chiing minh hoan toan. 0
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PE 5

LOI GIAI
Cau 1.

2026

a. Giai phuong trinh:

82 + 162 — 7 = (8 + 3)v/5x — 1
b. Giai hé phuong trinh:

203 —42? + 32 —1=2232 - y)v/3— 2y
VI+2=14—2,3-2y+1

s 1 .
a. bDiéu kién: x > —. Ta c6:

82 + 162 — 7 = (8 + 3)v/bxr — 1

& 82% 4+ 162 — 7 — 242 — 9 = (82 +3)vbz — 1 — 3(8z + 3)
5r—1—-9
& 817 —8r—16= (8 +3) ——ru——
Vhr —1+3
-2
x_

Suy ra x = 2 (théa man) hodc 8(z + 1) = 5(8z + 3) - m
(8x + 8)(vbxr — 1+ 3) = 5(8x + 3)

& (82 +3+5) (Vb — 1 +3) =40z + 15
& (824 3)vBz — 1+ 552 — 1 + 3(8% + 3) + 15 = 40z + 15

S 812+ 160 — 7+ 5vVbr — 1+ 242+ 9+ 15 = 40x + 15
S8 +245Vhr—1=0

Déng thiic trén 1a vo nghiem thuec.
Vay phuong trinh c¢6 nghiém = = 2.

b. Vi z = 0 khong phai 1a nghiém ctia he, chia phuong trinh (1) cho 2? ta thu dugc
4 3 1

2 — - = (4—2y)\/3-2
i B i 2AVe B2
() (-3)
S |(l1—-——=) +({1—-=

X T

1
bata=1—-—, b= /3 — 2y suy ra:
x

(V3=2) + V32

ad+a=b+bs (a—b)(a®+ab+b+1)=0&a=h
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Thay vao phuong trinh thi 2 ta duge:

-7 x—7
Vit2—-3)— (5-z-2)=0e —2 + —0
( ) ( ) Ve+2+3 /(15 —x)2+2y15 —x+4
Sr=7=> —E
R T

Cau 2.

a. Tim z,y, z € Z* do6i mot nguyén t6 ciing nhau théa man
(x+y)y+2)(z+1x):zyz

b. Cho cac s6 nguyén duong a, b véi a > b. Biét ring a® — b3 1a mot wéc cia ab(a® + b?). Chiing
minh ring (a — b)® > 3ab.

a. Ta co:

{(m—i—y)(y—i—z)(z—i—x)fxyz sytziz
(x+y,z)=(z+z,2)=1

Chiing minh tuong ty = oz +y:z,2+x:y

Dat
r+y=az
y+z=0bxr (a,b,ceZr)
z+x=cy

Khong mat tinh tong quat, gid st z >y > z > 1 (do cac s6 doi mot nguyen t6 cting nhau nén
khong thé bing nhau trit khi bang 1, truong hop bang 1 sé xét rieng).

Sy+z<2z=>br<22z=b<2=0b=1.
1. Néu b = 1: Suy ra y + z = 2. Thay vao hé ban dau ta dugc:
(y+2)+y=az=2y+z=ar=2y'z
2+ (y+z2)=cy=224+y=cy=2z2:y
Do (y,z) =1mnén tt 2y :z=2:z= 2z € {1;2}. Dong thoi tit 2z : y = 22 > y.

e Truong hopz = 1: Tac6 2y =y € {1;2}. Vi (y,2
rar=y+z=2+1=3. Thi lai bo (z,y,2) = (3,2,1)

5-3:4=60:(3-2-1) =6 (Thoa man).

)=1vay>z=y=2 Suy
théy: (3+2)(2+1)(1+3) =

e Truong hop z = 2: Tac6 2z :y=4d:y=ye{1;2,4}. Viy > 2=2=y = 4.
Tuy nhién (y,z) = (4,2) = 2 # 1 (Loai vi khong nguyén t6 cuing nhau).
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2. Xét cac truong hgp bién cé chita s6 1 gidng nhau: Néu hai trong ba s6 bang 1, gia
sty=2z=1. Vi(z,1) =1 nén bo s6 c6 dang (z,1,1). Thay vao diéu kien chia hét:

(z+DA+1D)(1+2)iz-1-1=2@+1) r=2 r=2=2hoicr =1

e V6ix=1= (1,1,1) (Loai vi khong d6i mot nguyén t6 cung nhau).
e V6ix=2= (2,1,1) (Loai vi khong d6i mot nguyén t6 ciing nhau).

K&t luan: Hoan vi cac bo s6 lai, ta c6 cac bo s6 (x,v, z) thdéa man yéu cau dé bai la:
(3,2,1),(3,1,2),(2,3,1), (2,1,3), (1,2,3), (1,3, 2).
O

b. Goi d 1a wéc chung 16n nhat ctia hai s6 nguyén duong a va b. Khi d6 ton tai 2 s6 nguyén duong
m,n nguyén toé ciing nhau va a = dm, b = dn.
Thay a = dm, b = dn vao gia thiét clia bai toan, ta dugc:
m?® —n? | dmn(m? + n?)

Suy ra m? + mn + n? | dmn(m? + n?). Mat khac, ta c6 (mn,m? + mn + n?) = (m* + n? m? +
mn + n?) = 1 nén suy ra m? + mn + n? | d. Ma d,m,n déu la cdc s6 nguyén duong nén
d > m?+mn+n®> 3mn.

Suy ra d(m —n)® > d > 3mn hay (a — b)> > 3ab. Hoan tat chiing minh. O

Cau 3. Cho tam giac nhon ABC ¢6 AB < AC noi tiép duong tron (O), I 1a tam dudng tron noi
tiép tam giac ABC. Dudng thing Al cit BC tai M va cat duong tron (O) tai diém thit hai 1a
K. Goi P la diém chinh gita cung BC chita A trén (O), D 1a hinh chiéu vuong goc ciia I trén
canh BC, G la giao diém khéac A ctia AD véi duong tron (O), H la giao diém ctia PG va ID.

1) Ching minh KB = KC = K1 va tit giac IBHC ndi tiép.

2) Goi N,Q lan lugt la giao diém tht hai cia dudng tron ngoai tiép tit giac IBHC véi cac
dudng thang PH, AI. Goi U la trung diém ctia BC. Chitng minh U B la tia phan giac clia
NUH va ba diém N, Q, U théng hang.
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a)

H Q

Ta ¢6 I 1a tam dudng tron noi tiép AABC nén AT la phan gidc ciia BAC Suy ra KB = KC
(1).

Ta c6 KIB — IAB AB + IBA (goc ngoai A]AB) Lai c6 TAB = [AC' = C’BK IBA = IBC Nen
KIB = IAB + IBA = CBK + IBC = IBK Do d6 AKBI can tai K. Suy ra KB = K1 (2).
T (1) va (2) suy ra KB=KC = KI.

Ta c6 KB = KC va PB = PC’ nén PK la dudng trung tryc cua cia BC nen F PK 1 BC Ma
ID 1L BC nén PK//IH = KPG = THG. Lai 6 KPG = KAG nen IHG = KAG hay
[HG = [AG Khi d6 ATAD ~ AGHD (gg) = DI.DH = DA.DG. Tuong tu DB.DC =
DA.DG.

Do d6 DB.DC' = DI.DH. Tit d6 AIDB ~ ACDH (c.g.c) = IBD = CHD. Suy ra tit gidc
IBHC noi tiép.

Do KB = KC = KI nén K la tam duong tron ngoai tiép t giac IBHC' (goi 1a duong tron
(K)). Goi U la trung diém ctia BC, khi d6 P,0,U, K thang hang. Khi d6 APBK vuong tai
B va BU L PK = PU.PK = PB? (3). Mat khac PB L BK nen PB la tiép tuyén ciia (K)
Chiing minh duge PN.PH = PB? (4). Tu (3) va (4) = PU.PK = PN.PH. Tu d6 ti gidc
NUK H noi tiép duong tron.

Tit gisc NUKH ndi tiép = PUN = PHK = PUN = KNH = KUH. Ma BU L PK nen
BUN = BUH hay UB la tia phan giac cua NUH. Ta c6 IQ 1a duong kinh cta (K) = IH 1

HQ. Lai ¢c6 TH L BC nén BC//HQ (*). Goi T la giao diém ctia NU véi (K).
Do d6 BUN = INUH = INKH = NTH. Suy ra BC//HT (¥*). Tit (*) va (**) suy ra
Q=T.Ma NT qua U nén NQ qua U. Do d6 NQ di qua trung diém ctia BC. 0
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Cau 4. Trong céc 6 clia bang vuong kich thude n x n 6 vuong, ngudsi ta viét cac sé sao cho tong
clia cac s6 ¢6 mit trong cac 6 clia mot “chit thap” (ttc 1a hinh gom mot hang va mot cot) bat ky
khong nhé hon a. Tinh gia tri nhé nhat ctia tong cac 6 trong bang.

Lay mot hang cé tdng céc sb6 trong hang dé l1a nhd nhat. Sau dé xét téng tat ca co “chit thap”
dugc lap nén tit cac 6 cia hang do.

C6 n “chit thap” nhu vay, theo diéu kién ciia bai toan. Ta suy ra, tong cac so ghi & n “chit thap”
ay khong nhé hon n - a. Dé thay tong néi trén bing tong clia tat ca cac s6 trong bang cong thém
(n — 1) lan tong cac s6 trong hang lay ra.

Goi tong cac sb trong bang 1a N, tong cac sb6 trong hang lay ra la m, tit suy luan trén ta suy ra:

N+n—-1)m>n-a (1)
. . , N
Theo dinh nghia s6 m, ta c6: m < —  (2).
n
. . N n?
Tu?(l)va(Q)tasuyra:N+—-(n—1)2n-a(:>N22 7
n n—

Mzt khac, chon tat ca cac 6 trong bang déu bang T Khi d6 tong tat ca cac sd ghi trong

n JR—
a
i hinh chw thap la: (2n —1) - =
moi hinh ¢ ap la: (2n )Qn—l a 2
Phép ghi nhu vay 1a hgp 16. V6i cach ghi nay, tong cac sé ghi vao céc 6 trong bang 1a 2n . al‘
n [—
~ sz . 2 £ 2 2 X N N n2 - a
Vay gia tri nhé nhat ctia tong can tim 1a Ny, = 5 T O
n —
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2026

DE 6

LOI GIAI

Cau 1.

a) Giai phuong trinh:
V(@48 +Var+8=/(x+32)3+ Ve +32+24
b) Giai hé phuong trinh:

{3y2+1+2y(:v+1) = dy\/12 + 2y + 1

yly —x) =3 -3y

a) Dat u = vz + 8 va v = v/x + 32.
Phuong trinh da cho tré thanh:
WwHu=v 4+v+24

Mat khac, tit cach dat ta c6 o = u® — 8 va x = v° — 32, suy ra:
v’ —u® =24
Thé (2) vao (1), ta dugce:
W+ u=0v"+v+ (0 —u’)
= V+utu=0"+v>+v
— (W’ —°)+ W —v*)+(u—v)=0
= (u—0) [(u" + v+ u*0* + uw® + v*) + (v +uv +0%) + 1] =0

Vi biéu thiic trong ngoiic vuong luon duong véi moi u, v nén ta bat buoc phai co:

u—v=0 <= u=vw

Suy ra vz + 8 = v/x + 32.
Dat t = o + 8 = v/x + 32. Ta co:

2 —8=1"-32 «— -3 —-24=0
e Pt 2t — AP + 3 — 612+ 612 — 12t + 12t — 24 =0
= (t—2)(t"+2° + 32 + 6t +12) =0

Ta xét nhan t1 bac 4:

3\> 15
t4+2t3+3t2+6t+12:(t2+t)2+2t2+6t+12:(t2+t)2+2<t+§> +

Do d6, phuong trinh c6 nghiém duy nhat ¢ = 2.
Thélai dé timz: vV +8=2 = 24+8=8 = x=0.

b) Diéu kién : 2% +2y +1>0

O

Phuong trinh dau tién tuwong duong: 4y? — dy\/22 +2y + 1+ 22 + 2y + 1 =22 — 20y + 9> —

(Qy— 2+ 2y + 1)2 = (v —y)?
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V2 +2y+1=3y—z
Vii+2y+l=x+y
THI : /2?2 +2y+1=3y—=x

3y >
{x2+2y+1:9y2—6xy+x2
(3y2x

— 6y =9y* -2y —1
\xy=y2—|—3y—3

(2 =1,y =1 (TM)

— 415 17

— =" (TM
&= =Y 3( )

TH2 : /2?2 +2y+1=x+y

r+y >0

2?2+ 2y +1 =224 22y + 2
(2 +y>0

— {22y =—y?+2y+1

2y =y*+3y—3

(r=1,y=1
— 41 7
=1L
Vay he da cho ¢6 nghiem : (z;y) = (1;1), (£2; 1) O

Cau 2.
a) Tim tat ca cac s6 nguyén x,y théa man:
st 2+l =2 4y
b) Xét cac s6 thuc duong a, b, ¢ thda man a + b+ ¢ = 3. Chitng minh rang:

a+b+c+ 6abc
b ¢ a ab+bc+ca

a) Chuyén vé v nhém nhan tit, ta duge:
4, 1_.3
rHl=y(r=2)+y (%)
Dé thay v6i x = 2, () trd thanh:

24 1=9}0)+y = y=17

Ta ¢6 nghiém dau tien: (2;17).
Véiz>5 = x—2>0. Tasé chingminhz -1<y<z+1
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e Chiing minh y < x:
Gia sty > x + 1. Khi do:

P -2 +y>(@+1)> @ —-2)+z+1

=gt 4 2d =32 — 4 —1

Xét hiew: (2t +2% =322 —dr — 1) — (2 + 1) =z(z —4)(x + 1) — 2.
V6i z > 5, dé thay z(z —4)(z +1)—2>5-1-6 -2 =28 > 0.
Do d6 y*(x —2) +y > a* +1 (Vo 1y véi (x)). Suy ra y < .

e Ching minh y > x:
Gia sty < x — 1. Khi do:

Ve -2)+y<(z-13}r-2)+z-1
=2 —52% + 92 — 62+ 1

Xét hiew: (z* +1) — (z* — 523 + 922 — 6z + 1) = z(52® — 9x + 6) > 0,Vz > 0.
Do d6 y?(x —2) +y < a*+1 (Vo ly). Suy ray > .

T hai diéu trén, ta bat buoc phéi c¢6 y = z. Thay y = x vao (*):

1= -2)+2 <= 2P -2 +1=0
— (z+1)22* 20 +1)=0

Vi2z? —2x+1>0nén x = —1. (Loai vi dang xét = > 5).
12 —2 <0, chitu bat ding thiic khi danh gia sé ngugc lai:

e Neuy<z—1:y*(e—2)+y>(z—1p3@x—-2)+2—1.
Xét hisu VP — VT = =523 + 922 — 62 > 0 (vi x < 0). Suy ra VP > 2?1 + 1 (Loai).

e Neuy>z+2: 3z —2)+y<(r+23x—2)+x+2=2a"+42° — 15z — 14.
Xét (22 +1)—VP=—-42>+ 150 +15>32-30+15=17>0 (vi z < —-2).
Suy ra VP < z* + 1 (Loai).

Do d6, v6i x < —2, ta bi kep hep lai: y € {x;x + 1}.
e Neuy=2 = (z+1)(22° -2z +1)=0 = z=—1 (Loai viz < —2).

e Neuy=a+1 = (+13x-2)+a+1l=a'+1 & 25 -322—42-2=0.
Voi oz < —2 = 2% — 322 — 4o — 2 = x(2? — 4) — 32? — 2 < 0. (Vo nghiem).

Ta thé truc tiép cac truong hop x € {—1;0;1;3;4} vao phuong trinh 3?(x — 2) +y = 2% + 1:
er=-1= -3P+y=2 < W+1)By¥*-3y+2)=0 = y=—1.

er=0= -2+y=1<<= y+1)(2*-2y+1)=0 = y=-1.

e1r=1= —P+y=2 < y>—y+2=0. (Khong c6 nghiem nguyén).

e =3 = ¢y +y=82 < y(y?*+ 1) =82. (Khong c6 nghiem nguyen).

e x =4 = 2y +y =257 < y(2y* + 1) = 257. (Khong c6 nghiém nguyen).
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Két luan: Hé c6 3 cap nghiém nguyén (z;y) thda man la: (2;17), (0; —1), (—=1; —1). O

b) Trude hét ta sé chitng minh bat dang thitc dusi ding véi moi s6 thue duong a, b, ¢

@2 B 2 (a2 + b2 + 2)?
a?b + b%c + c2a

Ta dua vé ching minh (a® + b + ¢*)(a + b + ¢) > 3(a*b + b*c + c*a), hay
a® + b+ & + ab® + b + ca® > 2(a*b + bPc + cFa),

ding do a® + ab® > 2a%b, b® + bc® > 2b%c, ¢ + ca® > 2c%a.
Trd lai bai todn.
Bat ding thic can chitng minh tuong duong

a b c) 18abc

b ( boey, M8abe oy
(a+b+c) b+c+a +bc+ca+ab_5(a+ +¢)

a> b A be ca ab 18abc
St b b >4(a+ b+ )
b c a a b c bec 4 ca + ab

Ap dung bd dé, ta dua vé chiing minh

3(a*+v*+c*)  be  ca ab 18abc
+—+—+—+ ——2>4(a+ b+
a+b+c a b ¢ be+ca+ab
b b 3(a? + b* + ¢? 18ab
e B s asba - ) ane
a b c a+b+c bc + ca + ab
b’c? + c*a® + a*b? — abc(a + b + c) >6(bc—|—ca+ab)_ 18abe
abc - a+b+ec bc + ca + ab
b’ + c*a® + a*b* — abc(a + b + c) >6[6202+02a2+a2b2—abc(a—l—b—l—c)]
abe - (a+ b+ c)(bc+ ca+ ab)

Ap dung bat ding thitc AM-GM, ta thiy b2c® + c2a? + a2b* — abc(a + b + ¢) > 0 nén chi cAn chiing
minh ] 6

— >
abc — (a+ b+ c)(bc + ca+ ab)

ding vi (a + b+ ¢)(bc + ca + ab) > 9abe > 6abe.
Déng thitc xay ra chi khia=b=c=1. O

Bé dé trén dudc tao ra bang cach nao?

Ta co:

a? (a?)? (a® + b* + 2)?
P= Z D Z a?b =

— a?b+ b%c+ cta

h: (a2 402 +c2)? .. 3(a?+b%+c?)

Bay gio ta can so san Thrbrerera VO T

Triét tieu bét (a® + b? + ¢?), ta can chiing minh:
(a®> +b* + c*)(a+b+c) > 3(a’b + b*c+ c%a)
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Nhan tung vé trai:
a4+ a®b + a’c+ bPa 4+ 1P + Ve + Fa+ Ab+ A > 3a%b + 3b%c + 3cPa
Rit gon cac dai lugng gidng nhau & hai vé:
a® + b3+ & + ab® + b + ca® > 2a%b + 2b%c + 2¢%a

Dén day, ta ding ki thuat ghép cip AM-GM. Ta thiy vé phai c6 2a?b, vé trai c6 a® va ab?®.
Ghép: a® + ab® > 2V a3 - ab? = 2ab
Tuong tu: b3 +be? > 2b%c va ¢ +ca® > 2c¢%a. Cong lai ta c6 dpem. Vay BDT phu hoan toan dung.

Cau 3. Cho duong tron (O) va mot diem P nim trong dudng tron (P khong trimg véi O). Qua
P ké hai day cung AB va OD ctia (O). Mot dudng théng d di qua P cit cac doan thing AC va
BD lan luot tai M va N.

a) Gia st d L OP. Chiing minh rang P la trung diém ctia doan thang M N

b) Trong trudng hop tong quat (nghia la dusng thing d khong nhat thiét vuong goc véi OP),
gid sit d cat dudng tron (O) tai hai diém E va F (sao cho M niam giita E vi P). Chiing

minh rang:
1 1 1 1

PE PN PF T PM

a) Goi K, L lan lugt 1a trung diém ctia céc day cung AC' va BD.
Suy ra OK 1 AC tai K va OL 1 BD tai L.
Xét tit gidc OKMP, ta c6 OKM = 90° va OPM =90° (do d L OP).
= O, K, M, P cung thuoc mot duong tron duong kinh OM.
= OMP = OKP (hai géc noi tiép ciing chin cung OP). (1)
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Tuong tu, x6t ti giac OLNP, ta 6 OLN = 90° vi OPN = 90°.
— O, L, N, P cung thuoc dusng tron duosng kinh ON.
= ONP = OLP (hai goc noi tiép cung chan cung OP). (2)

Xét APAC va APDB, ta co:

o APC' = DPB (déi dinh).

e PAC = PDB (hai goc noi tiép cing chan cung BCO).
— APAC ~ APDB (g-g).

Vi K, L 1a trung diém ctia AC, BD nén PK, PL la hai trung tuyén tuong ting clia hai tam giac dong
dang.

— APKC ~ APLB (c-g-c).

— PKC = PLB.

Lai ¢6 OKP = 90° — PKC va OLP = 90° — PLB.

Do d6, OKP = OLP. (3)

Tu (1), (2) va (3) suy ra OMP = ONP.

Tam glac OMN c6 OP viia la dudng cao (OP L MN), vita 1a duong phan giac (do AOMN can tai

O vi OMP = ON P)
— OP la duong trung tuyén cia AOMN.
Vay P la trung diém ctia M N.

b) Trude hét, ta ching minh két qua sau:

EM-PF NF-PE
PM PN

(B6 dé Haruki)
That vay, vé dudng tron ngoai tiép tam gidc ABM cit dudng thang EF tai diém thit hai 1a K.
Theo tinh chat phuong tich ctia diém P déi véi duong tron (ADM), ta co:

PM -PK,=PA-PB

Ma theo phuong tich ctia diem P déi v6i dudng tron (O), ta c6 PA- PB = PE - PF. Tt d6 suy ra:

PE . PF
PM -PK, = PE-PF = PK, = —
1 = 1 D
1o co PE . PF PF - (PE — PM)
FK,=PK,—PF=-"_"" _ pp— : _
! ! PM PM
Vi diém M nim gita F va P néen PE — PM = EM. Do dé:
PF.EM
FK,=——"" (1
1 Vi (1)

— ———

Lai ¢6: PK1B = BAM va BAM = BDC suy ra PK\B = BDC’ dan dén ti giac PDK, B noi
tiép. Ap dung tinh chat phuong tich cia diém N déi véi dudng tron noi tiép (PDK.B), ta cé:

NP -NKy=NB-ND
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Ma theo phuong tich clia diém N dbi véi duong tron (O), ta c6 NB-ND = NE - NF. Suy ra:
NP-NK,=NE-NF = PN-(PK;—PN)=(PE+ PN)-(PF— PN)
Khai trién va rat gon biéu thic tren:
PN -PK,— PN*=PE-PF —PE-PN + PN - PF — PN?

= PN -PK,=PF-PF—-PE-PN+PN:-PF

PE-PF PE - (PF — PN)
PKy=———-PFE+ PF= PK,— PF =
R MR PN
Vi N nam gitta P vd F' nén PF — PN = NF. Ta thu dugc:
PE-NF
FKi=——— (2
1 v 2

Tit (1) va (2), ta c6 dang thic:

EM-PF NF-PE
PM PN

bat PE =a, PF =b,PM = m,PN =n. Khi d6 EM = a —m va NF = b —n. Thay vao hé thic
trén:

(a—m)b (b—n)a

m n
& abn — bmn = abm — amn & abn 4+ amn = abm + bmn

Chia ca hai vé cho tich abmn > 0, ta dudc:

1 1 1 1
m b n a

Hay:
S SRS S
PM ~ PF PN PE
Sap xép lai cac s6 hang, ta thu dugce diéu phai ching minh:

R S B
PE PN PF ' PM

O

Cau 4. Trén mot ban ¢d ¢d n x n dat cdc quan xe théa man diéu kién sau: V6i mot 6 vuong
khong c6 quan xe bat ky thi tong sb cac quan xe diing cling hang va cling cot véi 6 dé khong nhd
2

. n
hon n. Ching minh rang trén ban c¢6 c¢6 khong it hon e} quan xe.

Day la bai toan t6 hdp ching ta sé sit dung ki thuat dém bing 2 cach
Ki hiéu S la tdng s6 quan xe trén ban co.

e Goir; la s quan xe d hang i (1 =1,...,n).
e Goicjlasbquanxe Gcot j (j=1,...,n).
e Tact: Y " =" ¢ =285.

j=1
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e S6 0 trong trén ban co la n? — S.

Ta xét tap hop cac cap (O, X) trong d6 O 1a mot 6 trong va X 14 mot quan xe nam cung hang
ho#ic ciing cot véi O. Ta sé dém s6 lugng cip nay theo hai cach:

Cach 1: Pém tir phia cac 6 tréng
Theo gia thiét, v6i mdi 6 trong O, tdng sd quan xe § ciing hang va cliing ¢ot v6i né khong nhé hon
n. Vi c6 n? — S 6 trong, nén tong s6 cap (O, X), goi 1a T, thoa man:

T>n*-9S) - n=n>-nS (1)

Cach 2: Dém tu phia cic quan xe
Mot quan xe ndm 6 6 (7, 7) sé duge tinh cap v6i cac 6 trong trong hang ¢ va céc 6 trong trong cot j.

e S6 0 trong & hang i 1a n — r;.
e S6 0 trong & cot j lan — ;.

Tong s6 cap (O, X) tinh theo tat ci cac quan xe la:

T= Z (n—r;+n—c)

cac quan xe

= (nS — er) +(nS—=> &)
i=1 j=1
=2nS — (er + Zcf
i=1 =1

Két hgp va chitng minh:
Z 2 )2 2
Stt dung bat dang thitc Cauchy-Schwarz: > r? > Qora” _ 52 Thay vao bieu thtc cua T"

2 2 2
T§2nS—<S—+S—>:2nS—£ @)
non n
T (1) va (2) ta co:
2
2nS — ﬁ >nd —nsS
n

252
& 3nS ———n*>0

n
< 3n2S —258%2 —nt>0
=252 3025 +n* <0
& (25 —n?)(S —n?) <0

Vi S < n? (tdng s6 quan xe khong vugt qua tong s6 6), nén S — n? < 0. Dé tich khong duong thi:

7’L2

2S—n220:>52?

O
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DE 7
LOT GIATI
Cau 1.
a) Giéai phuong trinh:
1 . 1 _1 1
V522 +102+30  3vVa?—22+6  3v5  Val+ 827+ 36
b) Giai hé phuong trinh:
2y +yyy—avr—1—azy—y=0
2 —dry+2r+4y=+r—2y—1+3
a) Nhan xét:
e 522 + 10z + 30 = 5(2% + 22 + 6)
o 1*+ 822+ 36 = (22 + 2z + 6)(2* — 22 + 6)
Data =vVa2+2x+6 >0 vab=+z2—2x+ 6 > 0. Phuong trinh tré thanh:
NS N BN
Vba  3b 35 ab
& 3b+Vha=ab+3V5 < (a—3)(b—V5) =0
r=1
e THl:a=3=V22+22+6=3=2’+21-3=0% 5
r=—
e TH2: b=V6=V22—204+6=Vb=a>—-2z+1=02=1
Vay tap nghiém ctia phuong trinh 1a S = {1; —3}. O

b) Diéu kién xac dinh: z > 1,y > 0,2 — 2y — 1 > 0.
Bién do6i phuong trinh (1):

D eyr+y)—Ve—1z+y) =0 (z+y)(y—ve—1)=0
Viz>1,y>0=z+,/y >0, do do:
y=Vr—-lez=y"+1

Thay vao dicu kien x —2y —1>0=¢y>* -2y > 0=y > 2 (do y > 0).
Thay x = y? + 1 vao phuong trinh (2):

W+ 1) =4y’ + D +2(° + 1) + 4y = /2 — 2y +3
syt — 4P+ 42+ 3 = \/m
< yly—2)P = yly—2)
Diat ¢t = \/y(y — 2) > 0, phuong trinh tré thanh:

=ttt -1)=0 fq

141 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

e TH1: t=0=y(ly—2)=0=y =2 (viy >2). Suyraxz =5.
e TH2: t=1=9>-2y—1=0=y=1++v2 (viy>2). Suyraz =4+2v2.
Vay hé phuong trinh c6 hai nghiem (z;y) 1a (5;2) va (4 +2v/2;1 4+ v/2). O

Cau 2.
a) Cho sb6 nguyén t6 p va s6 nguyen duong n. Xét cac s6 nguyen a, b, ¢ thod man:
a" +pb=b"+pc=c"+pa
Chiing minh ring a = b = c.
b) Cho a,b, c 1a do dai ba canh ctia mot tam gidc. Chiitng minh rang:

(a+b—0c)* (b+c—a)* (c+a-—0)*

> 3(a®+ b0+ ) —2(ab+b
bb+c—a) clc+a—0b) ala+b—c) (" 48"+ ) = 2(ab+be+ ca)

a) Quan sat: rat dé thay ba bién hoan vi vong quanh, vi vay nén ta nghi dén viéc sap xép thi
tu bién nhu sau: Gid st @ > b > c. Tt gia thiét, ta tao ra cac dang thiic:

1.a"—=b" =p(c—0)
2. 0" =" =pla—c)
3. " —a"=pb—a)
e Tha>b>c=>a—c>0.
e Nhin vao dang thiic (2): b* — " = p(a — ¢).
Via>c=pla—c)>0=b"—c">0=b>c (diéu nay luon dang véi gid sit).
e Nhin vao dang thiic (1): a™ — b" = p(c — b).
Via>b=a"—b">0=plc—>b)>0=c>b.
Tt b > ¢ va ¢ > b, bat budc phai c6 b = c.
Thay b = ¢ vao dang thiic (1):
a"=b"=plb—>b)=0=a"=0"=a=b

(vi néu n chdn vd a = —b, thay vao gia thiét ban dau cling dé dang suy ra a = b).
Vay ta luon ¢c6 a = b =c. 0

b) Pat an phu (Phép thé Ravi): Déi véi cac bai toan bat déng thiic c6 diéu kien a, b, ¢ 1a 3
canh ctia mot tam gidc, thong thudng ta nén dua vé cac bién duong khong rang budc bang cach dat:

r=a+b—c>0, y=b+c—a>0, z=c+a—-0>0

Khi dé6: a = :1:+z7b: x+y,c: yt+ez
2 2 2
X £ 2 X4 Z Z 2

Dong thoi ve trai ¢6 dang tong cac phan thic a nén ta nghi dén st dung bat dang thic

A (D AP

Cauchy-Sch d — >

auchy-Schwarz dang — > S B

Ditz=a+b—c>0y=b+c—a>0;2=c+a—>b>0. Khi d6, mau sb ctia vé trai (VT) trd
thanh:

. Nho d6 ta c6 161 giai dudi day.
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rty _wyty
2

e b(b+c—a)=

Bién déi vé trai ctia bat ding thiec:

24 4 4 o 4 4
=3 + 4 + 3 =2 < 2 T3 . T3 )
Y+ xy 25+ yz 7+ zz yv+ry 22t yz xc+zx

2 2 2

VT

Ap dung bat ding thitc Cauchy-Schwarz dang phan thitc (Bunhiacépki dang phan s6):

$4 N y4 N Z4 S (xZ +y2 +22)2
v4ay 22+4yz 2?4 zx T (22492 + 22) + (zy +yz + 22)

Ta lai c6 mot bat dang thitc phu quen thude: xy + yz + zo < 2% + 4% + 22. Do do:

(22 4 % + 22)?
(2 4+ 42+ 22) + (zy + yz + 2x)

(22 +y2+22)? a4y 422
2022 +y2 +22) 2

>

Suy ra:

x? + y2 + 22
2

Bay gio ta khai trién 22 + y? + 2% theo a, b, c:

VT > 2. :x2+y2+z2
P+ =(a+b—c)+(b+c—a)P+(ct+a—0b)?
= (a® +b* + & +2ab — 2bc — 2ca) + (b* + ¢ + a® + 2bc — 2ca — 2ab) + (¢* + a* + b + 2ca — 2ab — 2bc)

=3(a* +b*+ %) —2(ab+bc+ca) = VP
Vay VT > VP. Dau bang xdy ra khi vachikhiz =y =2 a=0b=rc. 0

Cau 3. Cho tam giac nhon M AB noi tiép dudng tron (O), duong cao M H. Goi E va F lan lugt
la hinh chiéu vuong géc ctia H tren M A, M B. Qua M ké dudng thang vuong géc véi EF va cit
AB tai D.

(1) Chitng minh rang EMD = BHF va ba diém M, O, D thang hang.

(2) Chiing minh rang 4 = /48 . 40

Ta dé dang chiing minh duge AMH = BMD. (Ké duong kinh M N cta dusng tron (O).

—

Tt két qua tréen, ta c6: AMH + HMD = BMD + HMD = AMD = BMH.

Lai ¢6 BMH = BHF (cung phu v6i m) nén EMD = BHF

D@ chitng minh tinh chat quen thugec OM L EF (bang cach vé tiép tuyén tai dinh A va dung
tinh chat goc tao bdi tiép tuyén va day cung). Ma MD 1 EF (gia thiét) nen M, O, D thang
hang. 0
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2.
Dé chitng minh déng thiic ban dau, ta binh phuong hai vé va dua vé viéc chiing minh:

MA*> AD AH
MB2 BD BH

Ha AP | MD tai P va BQ L MD tai Q.
e Vi AP || BQ (cung vudng géc M D), ap dung dinh 1y Thales ta co:

AD AP

E_B_Q (*)

o Xét AAPM va ABHM c6: APM = BHM = 90° va AMP = BMH (chiing minh trén).
= AAPM ~ ABHM (g.g)

N AP_MA:>AP_MA~BH
BH MB ~  MB

o Xét AAHM va ABQM cb: AHM = BQ/\M — 90° va AMH = B/]\E (chiing minh treén).
= AAHM ~ ABQM (g.g)

:>AH_MA:>BQ_MB-AH
BQ MB - MA

Thay cac biéu thitc ctia AP va BQ vao (x), ta dugc:

AD MABH - NA2.BH AD AH  MA?

BD ~ MBAL ~ N AH  BD BH MB

Lay can bac hai hai vé, ta thu duge diéu phai chitng minh:

MA [AH AD
MB V BH BD

O
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Cau 4. Mot khu vige duge chia thanh luéi 8 x 8 gdm 64 6 vuong. Mot s6 6 dude dit camera giam
sat. Mot 6 khong c6 camera goi la dude giam sat day di néu tong sd camera nim trén hang va
cot chita 6 d6 khong nhé hon 8. Biét rang moi 6 khong c6 camera déu duge giam sat day du. Hoi:
C6 thé c6 nhiéu nhat bao nhieéu 6 khong c¢6 camera?

Ta thay: Ton tai mot hang hoiic cot c6 s6 camera it nhat, véi k camera. C6 thé gia st do6 1a
hang D. Khi d6 hang D c¢6 8 — k 6 khong c6 camera. Theo gia thiét, trén méi cot tuong iing
c¢6 it nhat 8 — k camera. Tong s6 camera trén cac cot tuong ing véi nhitng 6 tréng nay it nhat
(8 — k)? camera. Cac cot con lai tuong ting véi cic 6 c6 camera trén D c6 it nhat k camera. Do
d6 tong s6 camera trén cac cot nay it nhat 1a k% camera.
2 2 £ 82

Vay tong sé camera trong khu vuyc it nhat 1a (8 — k)2 + k2 > 5= 32.

Suy ra s6 6 khong c6 camera nhiéu nhat 1a 32.

Mot cach dat tuong ting véi s6 6 khong c6 camera 12 32 :

Trong hinh trén ta dit 32 camera vao 6 den va 32 6 trang khong c6 camera.
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DE 8
LOI GIAI

Cau 1.

a) Mo6i canh ctia mot hinh vudng duge t6 mau mot cdch ngau nhién bdi mot trong ba mau
xanh, dé hodc vang. Tinh xac sudt dé hai canh ké nhau bat ki ctia hinh vuong luon khac
mau.

b) Trong hinh bén, do dai quang duong AB 1a 5 km, do dai quang duong BC la 26 km,
ABC = 90°. Mot ngudi c6 ké hoach di xe dap, ngusi dé di thang tit A dén vi trf M trén
doan thang BC' véi toc do 12 km/h, sau d6 di thang tit M dén C véi tdc do 13 km/h. Nguoi
d6 can chon vi tri diém M cach diém B mot khodng bang bao nhiéu km dé tong thoi gian
ditit A dén M va tu M dén C la it nhat?

a) Gia stt hinh vuong can to 1a ABC'D. Mdi mot canh ¢6 ba cach t6 mau nén sé cach t6 mau cac
canh ctia hinh vuong la 3-3-3 -3 = 81.

Ta xéac dinh s6 cach t6 mau canh hinh vuoéng dé khong c6 hai canh nao ké nhau cting mau:
TH1. Néu AD va BC duge to ciing mau, thi c6 ba cach chon mau dé to hai doan thang nay. Khi
d6 ta chi can chon mau khéc mau cia AD dé t6 cho AB va CD. Do d6 mdi canh AB va CD c6 2
cach t6 mau. Do d6 c6 3 -2 -2 = 12 cach t6 mau.
TH2. Néu AD va BC t6 khac mau nhau. Khi d6 AD c6 3 cach t6 mau, BC c6 hai cach t6 mau.
Vi AB va CD thi phai t6 khac mau véi cd AD va BC nén moi doan chi ¢6 1 cach t6. Do do6 co
3:2-1-1=6 cach to.
Vay s6 cach t6 mau thod man la 12 + 6 = 18.
Xac suat dé t6 duge hinh vuong cé6 hai canh ké nhau khac mau la:

18 2

81 9

b) Dat AM =z (km) (z > 5)
BM = /x? — 25 (km)
MC =26 — /2?2 — 25 (km)

Téng thoi gian di la:

T 26 — a2 —25

T=—+
12 13
13z 4312 —12v2% — 25
B 156
13z +312—12/(x — 5)(x +5)
B 156
~ 9(z—5)—2\/9(x —5)-4(z +5) + 4(z +5) + 337
B 156
(3T =5 -2V +5) +317
B 156

317
TZ 156

Déu “=" x4y ra khi 3v/x — 5 =2Vz +5
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< 9(x —5) =4(x +5)
& 9r — 45 = 4x + 20 & 5z = 65 © = = 13 (thda méan)

MB = /132 = 25 = 12 (km) 0

Cau 2.

xy —3r — 2y =16

a) Giai hé phuong trinh:
) c P g {x2+y2_2x_4y:33

b) Tim tat cd cac da thitc théa man diéu kien P(z) thoa méan diéu kien:

a) Nhan hai vé clia phuong trinh (1) v6i 2 roi cong v6i phuong trinh (2):
2wy —3x — 2y) + (2® +9* — 20 — 4y) = 2- 16 + 33

& 1%+ 22y +y° — 8r — 8y = 65
S (@+y)?-8x+y)—65=0
Dit t = z + y, phuong trinh tré thanh: ¢2 — 8¢ — 65 =0

t=13

S (t—-13)(t+5) =0« —_—

e Truong hop 1: x+y=13=y=13—=x
Thay vao (1): z(13 —2) =3z —2(13 —2) =16 < 22 — 122 +42 =0
Vi A’ =62 — 42 = —6 < 0 nén truong hgp nay phuong trinh vo nghieém.
e Trudong hop 2: z+y=-H=>y=-5—=2
Thay vao (1): (=5 — ) = 3x —2(-h—2) =16 S 2>+ 6x+6 =0
CoA' =32-6=3>0=2=-3+V3
~ Véiz=-3+V3=y=-2-3
~Véiz=-3-V3=y=-2+3

Két luan: Hé phuong trinh c6 2 nghiém (z;y) la:

(=3 +V3; -2 —V3) va (=3 - V3, -2+ V3)
0

b) R6 rang néu P va @ la hai da thiic thoa diéu kién ctia dé bai thi P(z) — Q(z) sé bang 0 tai
cac diem 1, 2, 3 va tit do, ta c6 P(z) — Q(x) = (v — 1)(x — 2)(x — 3) - H(x). Ngudgc lai néu P(x) 1a
da thitc thod man diéu kién ctia dé bai thi cac da thic Q(x) = P(x) + (z — 1)(z — 2)(x — 3) - H(x)
ciing thod man diéu kién dé bai véi moi H(z). Tit d6 c6 thé thay rang c6 vo s6 cic da thiic thoa
man diéu kién dé bai.

Ta dit ra cau hoéi: Trong cac da thic thod man diéu kién dé bai, hay tim da thiic c6 bac nho nhat.
R6 rang da thitc nay khong theé 1a hing so, ciing khong thé 1a bac nhat. Ta thi tim bac tiép theo 13
bac 2.
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Gia st P(x) = ax?® + bz + c la da thiic thod man diéu kien dé bai. Khi do:
Pl)=1=a+b+c=1
P2)=2=4a+2b+c=2
PB)=4=9a+3b+c=141

Giéi he nay ra ta dude (a,b,¢) = (3; 55 1), ta duge P(z) = 32 — 2 + 1 la da thiic bac nho nhat

thod man diéu kién. Va theo nhu Iy luan & trén, moi nghiém ciia bai toan sé c6 dang:

Q) = P(z) + (z — 1)(z — 2)(x — 3)H(x)

v6i H(z) la mot da thite tuy .
UJ

Cau 3. Cho dudng tron (O; R) va diem A sao cho OA > 2R. Tt A vé hai tiép tuyén AB, AC
ctia (O) (B, C 1a hai tiép diém). Vé day cung C'D ctia (O) song song véi AB. Dudng thang AD
cat (O) tai E khac D va cat BC tai G. Qua G vé dudng thang vuong goc véi OG lan lugt cit
hai dudng thang AB, AC tai M va N.

a) Ching minh tam giac OMN can.
b) Goi I la trung diém ctia DE, OA cit BC tai K. Chting minh: IE? = [A - IG.

c¢) Tia BE cit AC 6 H. Chiing minh CF di qua trung diém ctia HG.

N

a) Tt giac OGM B nai tiép duong tron duong kinh MO =0 O/]\ﬁ OBG.
Tt gidc OGCN noi tiép duong tron du’dng kinh NO = ONG OC’G
Mat khac tam giac OBC' can tai O = OBC = OCB = OMG = ONG = AOMN can tai O.

b) Ta c6: AKG = AIO = 90° = AAKG ~ AAIO (g.g) = AG.AI = AK.AO.
Mit khac, dé dang ching minh duge: AK.AO = AB? va AB? = AE.AD = AG.AI = AE.AD.
Khi dé: AG.AI = (Al — IE)(AI + IE) = AI?> — [E? = [E? = AI* — AG.AI = IG.IA.

c¢) Goi T la giao diem ctia HG vi CE. Ta c6: BED = BCD = CBA = ACB = HEGC la ti giac
noi tiép
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= HGC = HEC = CDB = CBA.

Dén day ta chitng minh hai duong thang HG, AB song song v6i nhau.

Kéo dai CE cat AB tai F.

Dé thiay: FAE = EDC = ECA = AFAE ~ AFCA (g.g) = FA? = FE.FC.
Ma FB? = FE.FC nén FA= FB = F la trung diém ctia AB.

) . . TG CT'  TH B R e,
Theo dinh ly Thales, ta co: TE-CF — FA = TG =TH hay T la trung diém cua GH. U

Cau 4. Cho a,b, c 13 cac s6 thyc thda man abc = —2 va a + b+ ¢ = 0. Chitng minh ring:

ab + bc + ca — a? — b* — 2
a3—|—b3—|—c3

3
> =
-2

Ap dung bat déng thic AM — GM, ta dugc:

ab+bc+ca—a®—b*—c®  3alb+c)+3bc—(a+b+c¢)* —3a®+ 3be

a3 + b3+ c3 a3+ (b+ce)P—=3bc(b+c)  3abc
a2—|—2
o1 2(a —1)2 3
= @ —_l(a—1>24+"—"+3| >=
R A At
Déng thiic xay ra khi a = b=1,c = —2 vi céc hoan vi 0

Cau 5.
a) Tim s6 nguyén duong a nho nhat sao cho 2a 1a s6 lap phuong va 5a 1a s6 chinh phuong.

b) Goi X = {1,2,...,2003}. Lay s6 tu nhién n > 1 va n < 2003 sao cho néu lay tap hop con
gdom n phan ti ctia X, thi ta ¢ thé tim duge mot phan tit 1a lity thita ctia 2 hodc 2 phan
tit c6 tong la liiy thita ctia 2. Chitng minh ring: n > 999.

a) Gid st a = 2% - 5Y v6i x,y € N.

e Diéu kién 1 (2a 1a s6 lap phuong):
Ta c6 2a = 2*+1 . 59, Dé day la s6 lap phuong, cac sé mii phai chia hét cho 3:

r+1:3 = =2 (mod 3)

y:3

e Diéu kién 2 (5a 1a s6 chinh phuong):
Ta c6 5a = 2% - 591, Dé day la s6 chinh phuong, céc sé mii phai chia hét cho 2:

x:2

y+12 = y=1 (mod 2)

e Tim gia tri nhé nhat cta = va y:

— S6 tur nhién nhoé nhat vita chia hét cho 2, vita chia 3 du 2 = z = 2.
— S6 tu nhién nhé nhat vita chia hét cho 3, vita 1a 6 1é (chia 2 du 1) = y = 3.
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Két luan:
S6 nguyen duong a nhé nhat can tim la:

a=2%2.5=4.125 =500

O

b) Xét tap A = {5,6,7,12,13, 14, 15, 21,22, 23,24, 28,29, 30,31, 37,38,39,44} va B = {n | n €
N, 1025 < n < 2003}.
Xét tap C = AU B. Dé thay |C] = 998.
Céc phan tit trong B nam gitta 2'° va 2" nén khong thé 1a luy thita ciia 2 va Vo # y; 2,y € B thi
21 < x +y < 2'2 nén téng x + y ciing khong thé 1a luy thita cta 2.
Véi oz € Avay € B thi 1030 < z + y < 2047 nén tong = + y ciing khong 1a luy thita ctia 2.
Dé kiém tra cac phan ti clia A khong 1a Iuy thita clia 2 va tong clia 2 s6 bat ky trong s6 chiing ciing
Vay.
= Vn < 998 ta chi can lay mot tap con n phan tit ctia C thi tap nay sé khong c6 phan tit nao va
ciing khong c6 tong ctia 2 phan ti nao la luy thita clia 2.
= n > 999. O
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PE 9

LOI GIAI

Cau 1.
a) Cho da thiic P(x) c6 cac he s 1a cac s6 nguyén va P(17) = 10; P(24) = 17. Biét a,b 14 hai
s6 nguyen phan biét théa man P(a) = a+ 3 va P(b) = b+ 3. Tinh gia tri ctia biéu thiic ab.

b) Giai phuong trinh:

3:U+3_3+2\/x2—|—7:v+1
N r+1

a) V6i da thic P(x) hé s6 nguyen, ta c6 tinh chat quan trong: V6i moi s6 nguyén x,y phan biét,
(x —y) | [P(z) = P(y)].

Ap dung tinh chét nay cho cac cap (17,a) va (24, a):

e (17—a) | [P(17) = P(a)] = (17—a) |[10—(a+3)] = (17 —a) | (7T—a)
Ma7—a=(17—a)— 10, suy ra (17 —a) | 10.

o (24—a)|[P(24) — P(a)] = (24—a) |[17T—(a+3)] = (24—a)| (14 —a)
Ma 14 —a = (24 — a) — 10, suy ra (24 — a) | 10.

Thay vi ¢6 géng tim da thitc P(z) (diéu khong thé), hay diing tinh chat chia hét dic trung (z —y) |
(P(x) — P(y)) dé bién doi sao cho triet tiéu an, dua vé bai todn tim udc s6 ctia mot hiang s6 (6 day
a 56 10).

Lap luan tuong tu cho b, ta cting ¢6 (17 —b) | 10 va (24 — b) | 10.
Goi z 1a gia tri dai dién cho a hodc b. Ta can tim z sao cho 17 — x va 24 — x déu la udc ctia 10.
Nhan xét: Higu ctia 2 udc s6 nay 1a: (24 —x) — (17 —z) = 7.
Céc uée ctia 10 gom: {—10, -5, -2, —1,1,2,5,10}.
Hai uéc ctia 10 ¢6 higu biang 7 chi ¢6 thé 1a cap (5, —2).

Do do:
24 — x =
r=9 — =19
17— = -2
Hodc cap thi hai la (2, —5) :
24 —x =2
— x =22
17—z =-5

Vi a,b phan biét nén vai tro cia a, b la 19 va 22.
Vay ab =19 x 22 = 418. [

b)Diéu kién: z > 0.
Bién do6i phuong trinh ban dau vé dang:

3(z+1) _3+2\/x2+7:v+1

NG r+1
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Chia ca tit vd miu ctia phan thic 6 vé phai cho /z > 0, ta dugc:

5 [a? + T+ 1
x

3(r+1)
0T TaFd
NZ
/w47 !
3(x+1)_3+ T+ +§
T_ x4+ 1

1 1 " Z 2 Z 1
Dat t = % =x+ ﬁ Ap dung bat dang thitc AM-GM cho hai s6 duong /z va ﬁ’ ta co
t> 2.

1\? 1 1
Tacﬁngcé:ﬁ:(\/i—l——) =r4+24+-—- = x4+ - =1t>-2.
i i X

X Vi
Khi do: x—i—;—i—?: (t*=2)+7=1"+5.
Phuong trinh tré thanh:
2Vt +5
t
= -3t =2Vt2+5

Vit >2nen 3t(t — 1) > 0, hai vé ctia phuong trinh déu duong. Binh phuong hai vé ta duge:

3t=3+

(312 — 3t)* = 4(t* + 5)

— Ot — 1813 + 92 = 42 + 20
— ot — 183 +5t2—-20=0

Nham thay phuong trinh c6 nghiém ¢ = 2, ta thuc hién phan tich nhan tit bing cach tach cac hang
t:
< (9t" — 18¢%) + (5t — 10t) + (10t — 20) = 0

= O (t—2)+5t(t—2)+10(t—2) =0
= (t—2)(9% +5t+10)=0
Vit >2mnén 9t3 + 5t + 10 > 0. Do d6, phuong trinh chi c6 nghiém duy nhéat:

t—2=0 <= t=2

Véi t = 2, tra lai bién z ta co:
z+1

NG

D6i chiéu diéu kién x > 0, ta thay z = 1 thoa man.
Vay phuong trinh c6 nghiém duy nhat x = 1. 0

=2<=1+1=2y/1 &= (V2—-1P2=0 <= V=1 z=1
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Cau 2. Chitng minh rang ton tai vo s6 s6 nguyén duong n thod man tinh chat sau:

a) n!'i(n?+1)

b) n*+1¢n!

a) Trudc tien chon n = 2m?, nhu can chon m sao cho
(2m*)? + 1= (2m? — 2m + 1)(2m* + 2m + 1)

1a uée ctia (2m?)!. Tuy nhién chi ¥ rang UCLN(2m?2—2m+1, 2m*+2m+1) = 1 va 2m?—2m+1 < 2m?
nén chi can chon m théa man
2m® + 2m + 1 | (2m?)!.

T6i day chi can chon m = 5k + 1 14 xong.

b) Xét tap hgp A gom cac s6 nguyen t6 p, sao cho ton tai n, théa man p | n + 1. Ta sé& chitng minh
tap A c¢6 vo han phan tit bang phan ching, gia st A chi ¢6 hitu han phan tit, khi d6 s6

(1)

phéi ¢6 mot uéc nguyen t6 khong thuoc tap A (mau thuan).
Xét mot s6 nguyen t6 p € A, tit dinh nghia dé ra ban dau thi ¢6 thé chon r, = n, (mod p), din dén

rp, <p va p|7‘;+1.

Tu day suy ra ting v6i moi p thi rf, + 1 khong phéi uée ctia rp!, vi ¢6 vo han s6 nguyéen to p nén ta
hoan tat chiing minh. O

Cau 3. Vdi cac s6 thie khong am a; b; ¢ sao cho a + b + ¢ > 0. Chitng minh ring:

a n b N c Sl
da+4b+c 4b+4c+a  4dec+4a+b " 3

Ta thuc hién bién doi bat dang thic nhu sau

da(a+b+c) 4bla+b+c) 4c(a—|—b+c)<4(a+b—|—c)

4a 4+ 4b+ ¢ 4b+4c+a 4de+4a+b — 3
n 3ca b 3ab fed 3bc <atbi +a—i—b—i—c
a+ ——— —_ e+ —m———— <ag c+ —
4a+4b+c 4b+4c+a 4e+4a+b — 3
ca ab be a+b+c
+ + <
da+4b+c 4b+4c+a  4de+4a+d 9

Nhan xét ring néu ab + bc + ca = 0 thi bat ding thic clia ta la hién nhien. Duéi day ta sé xét véi
ab + be + ca > 0.
Ap dung béat dang thic Cauchy — Schwarz, ta co

ca < ca <%( 1 n 1 N 1 )
da+4b+c~ 2a+b)+ (2a+b)+(20+¢) — 9 \2a+b 2a+b 2b+c
ca( 2 1 >
= — +
9 \2a4+b 2b+c
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Suy ra

1 2ca ca 1 2ca ca 1 2ca be
_92 2a—|—b+2b+c 9 Z2a—|—b+ZQb+c 9Z 2a+b+2a+b
I d2a+b)  atbtc

9 20+b 9

VP.

Bai toan duge gidi quyét. Dang thitc xay ra khi va chi khi a = b = ¢ hodc a = 2b,c¢ = 0 cling cac
hoan vi tuong tng. O

Bai 4. Cho dudng tron (O; R) va day cung BC' ¢ dinh khong di qua tam O. Diém A di dong
trén (O; R) sao cho tam giac ABC nhon va AB # AC. Céac duong cao AD, BE, C'F cia tam giac
ABC cit nhau tai diem H. Duong thang EF cit (O; R) tai hai diem P va Q (diém F nim gitta
hai diem P va E). Goi M la trung diém ctia canh BC. Chiing minh:

a) AP? = AQ? = AH - AD.

b) Bén diém P,Q, M, D cing thudc mot dudng tron (w).

¢) Tam I ctia duong tron (w) chay trén mot dudng tron ¢ dinh.

a) Do ttt gidc BCEF noi tiép nén m — ACB.
Suy ra sd AQ + sd PB = sd AB, ttic 1a AQ = AP (cung & day ta hiéu la cung nhd).
Vi thé AP = AQ.

AB AH
Do AADB ~ AAFH nén — = —— AB.AF = AD.AH.
0 nen D AF =
Xét hai tam gidgc AFP vi APB, ta c6: FAP = PAB; APF = ABP (do AQ = AP).
AP B AB B 9

Vay AP? = AQ? = AD.AH.
b)
Goi S 1a giao diém ctia dudng thang EF va BC. Do tit giac BOQP noi tiép nen ASPB ~ ASCQ,

154 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

B
suy raS— SQ = SP.5Q = SB.SC.

Do tit gidc BOEF noi tiép nén ASBF ~ ASEC, suy ra —— 5B _5E = SB.SC = SF.SE.

SF ~— SC
Do d6 SP.SQ = SF.SE (1).

Do tam giac CF'M can tai M nén BMF = 2BCF.
Do t1t giac BOEF noi tiép nén ITE\B @
Do tu glac C’DHE noi tlep nén HED BC’F
Suy 1a DEF = HED+FEB = 2BCF. Do d6 DMF = BMF = DEF, suy ra bon diém D, M, E, F
nam trén mot duong tron.
SD SE

Do bén diém D, M, E, F nim trén mot dudng tron nén ASDF ~ ASEM, suy ra SF = oM =

SF.SE = SD.SM (2).
Tit (1) va (2) ta c6: SP.SQ = SD.SM. Vay bon diem P, D, M, Q nam trén cing mot dudng tron.

c)
Do AP = AQ nén AO la dudng trung truc ctia doan thing PQ. Ma PQ la day cung ctia duong tron
(w) nén diém I nam trén dudng thing AO.

Do DM la day cung ctia dudng tron (w) nén diém I nam trén dudng trung tryc ctia doan théng
DM.

Do tit giac ADMO la hinh thang vuodng v6i hai day 1a OM, AD nén dudng trung truc cta doan
thing DM di qua trung diém ctia doan thing AO.

. ) 1 1
Do dé6 I 1a trung diem ctia doan thing AO. Suy ra Ol = §OA = §R.

1
Vay [ chay trén dudng tron tam O béan kinh §R. U

Cau 5. Xét bang 2 x n véi n nguyén duong. Trong moi 6 vudng clia bang c6 ding mot viéen bi.
MBbi lan ngusi ta chon ra hai 6 vuong cé chita bi i chuyen tit mdi 6 vuong dé mot vien bi sang
6 vuong ké véi n6 (6 ke 1a 6 ¢6 chung canh). Tim tat ci cic gia tri ¢6 thé ctia n dé c¢6 thé chuyén
tat ca cac vien bi vé cting mot 6 sau hitu han céc thao tac.

T6 mau cac 6 vuong ciia bang den trang xen ké gom n 6 den va n 6 trang. Ta thay rang cac vien
bi & 6 den sé dugc chuyén sang 6 trang va ngudc lai. Nhu vay, méi lan chuyén bi thi tong s6 bi § cac
o trang hoac khong doi, hodc ting 2 hoac giam 2. Vi vay nén tong sé bi & cac 6 tring khong thay
ddi tinh chin 1é, tuong tu véi cac 6 den. Xét hai truong hop sau:

e Néu n 18 thi tong sé bi trong céc 6 trang va tong s6 bi trong cac 6 den lic dau la s6 18 nén
trong sudt qué trinh tong s6 bi ¢ cac 6 trang va tong so bi & cac 6 den ciing luon 1a s6 18. Diéu
nay c6 nghia 13 khong thé chuyén hét bi vé ciing mot 6 (vi khi tat ca bi vé mot 6 thi 6 do chia
2n vien bi - 14 s6 chéin, cac 6 con lai chita 0 bi - cling 1a s6 chén).

e Néu n = 2k chin thi ta c6 thé thuc hién thao tac chuyén bi nhu sau: ta lan lugt chuyén tat ca
bi tit cac cot k — 1,k —1,...,1 vé cot k va chuyén tat ca bi tit cac cot k+ 2,k +3,...,2k vé
cot k + 1. Khi d6 ta c6 bang hinh vuong c¢d 2 x 2 tao béi hai cot k, k + 1 chita tat ca céc bi.
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Buéc tiép theo thi chuyén tat ca bi ¢ hai 6 vuong nim trén dudng chéo cia hinh vuong nay sang
cac 6 bén canh thi khi d6 bi chi ndm trén hai 6 vuong thuoc duong chéo con lai ctia hinh vuong nay.
Cudi cting thi chuyén bi ¢ hai 6 vuong nay sang cling mot trong hai 6 con lai thi tat ci cac vien bi
sé vé cling mot o. O

156 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

PE 10

LOI GIAI

Cau 1.
1. Cho a,b la cac s6 thuc khong am, ¢ 1a s6 thyc duong théa man \/a—va+ b — ¢ = Vb ++/c.
Chiing minh rang:
\3/5+\3/5—\3/E: Va+b—c

2. Giai hé phuong trinh:

P 4r=y"+3y*+4y+2
Vi+6—4Vr+24+y+12-6yy+3=1

1. Bing cac phép bién doi biéu thiic két hop vé6i a, b khong am va ¢ thuc duong, ta c6
Va—Va+b—c=vVb+eoVJa—Vb=\e+Vatb—c
= a+b—2Vab=a+b+2\/c(a+b—c)
e Vab+Jela+b—¢) =0

ab=20
@{(a—irb—c)zo (*)

Ta can chitng minh
\3/54—\3/5—\3/5:\/3&—1-64-0.
Ta bién ddi tuong duong dang thitc nay két hop véi a, b khong am va ¢ thuc duong, ta cé
Va+Vb—Ye=Vat+b—ce Ja+Vb=Yc+Va+b—c
@a+b+3(v3a2b+v3a62> :a+b+3<<’/02(a—|—b—c)—|—f/c(a—f—b—c)?)

& (Va4 Val?) = ({f@(a+b—c) + {fela+b—0p)

Dang thtic cubi ding véi diéu kién (*) nén dang thic dau ding.
Bai toan dugc chiing minh.

b) Diéu kien xéc dinh:
¢« 1 4+2>0= 1> —2

e y+3>0=y>-3

Ta bién ddi phuong trinh thit nhat bing cach ghép nhém dé xuat hién nhan ti chung:

P+ r =9+ 3y +4y+2
e’ — (P +3°+3y+ 1)+ —(y+1)=0
s’ — (y+ 1P +(@r—y—-1)=0
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Ap dung hing déng thitc hieu hai lap phuong A*> — B3 = (A — B)(A%2 4+ AB + B?):

s-y-D2+2@+D+y+D)+@x—-y—-1)=0
s@-—y—Dz*+r@y+D+y+1)*+1 =0

Ta xét biéu thitc trong ngodic vuong:

+1 3(y + 1)?
y >+ (y+1) 41

;ﬁ+x@+1y+@+1f+1:( T+ = 1
Vi binh phuong ctia mot sé luon khong am, nén biéu thic trén luon 1én hon 0 véi moi z,y. Do do,
phuong trinh chi c¢6 thé xay ra khi:

r—y—1=0&z=y+1

Ta dua céc biéu thiic duéi dau cin vé dang hang dang thitc binh phuong mot hieu:

V@ +2) —4Vr+2+4+/(y+3)—6\/y+3+9=1
eV (Vrt2-22+\/(/y+3-32=1
sWrr2-2+/yr3-3=1

Thay z = y + 1 vao phuong trinh trén, ta dugc:

IWVy+3=2/+\/y+3-3=1

Doi dau trong tri tuyet doi thit hai (vi |A| = | — A|), ta co:
WVy+3=2[+B-vy+3l=1
Ap dung tinh chét quen thuoc ciia gid tri tuyet déi |A| + |B| > |A + B, ta co:

IWy+3—=2/+13—+vVy+3>|vVy+3—-2+3—y+3/=1

Dau = x4y ra khi va chi khi hai biéu thitc cting dau (A - B > 0):
(\/y+3—2)( VYy+3)=>0
& (Vy+3-2)(Vy+3-3)<0
e2< . /y+3<3

Binh phuong céc vé (do tat ca déu duong):
S 4<y+3<9
<1<y<6

Két luan
V6il<y<6vaz=y+1,cic diéu kién ban dau (z > —2,y > —3) hoan toan dugc théa man.
Hé phuong trinh ¢6 vo s6 nghiem (z;y) thoa man:

r=y+1
1<y<6
0
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Cau 2. Cho cac s6 nguyén duong z,y, z théa man a3 + y3 + 2% = 18(x + y + 2).

a) Chiing minh rdng x + y + 2 chia hét cho 6.

b) Tim gia tri l16n nhat ctia biéu thic F = zyz.

a) Ta c6: 23 — 2z = (x — 1)x(z + 1) = 0 (mod 6) (trong 3 s6 nguyén lién tiép c¢6 1 s6 chia hét cho 3
va 1 86 chia hét cho 2).

Tuong tu suy ra: x +y+2 = 28+ 3> + 2% (mod 6) = 18(x +y +2) (mod 6) =0 (mod 6) (diéu phai
chiing minh).

b) Taco: 162(x +y+2) =9+ +23) = (1+1+1)A+1+ D@+ 2+ 23) > (v +y + 2)>
Suyra 162> (z+y+2)>2 e z+y+2 <162 < 13.
Mat khac = + y + 2 14 s6 nguyén duong chia hét cho 6 nén x +y + 2z = 6 hosic x +y + 2z = 12.

TH1: x +y + 2z = 6.

Gid st z = max(z, v, 2).

Khi d6 108 = 27 + y? + 2 > 23 > 2HUHel = 108 _ 36
Tuedosuyraz=4=xr+y=2nénz =y =1.

Khi d6 2® + 33 + 22 = 1% 4+ 1% + 43 = 66 (khong thda man).

TH2: x +y + 2z = 12.

Gié st z = max(z, y, 2).

Khi d6 216 = 2% + 3 4 23 > 23 > THHE — 206 79
Tudosuyraz=5=ax+y="72+1y> =91

Taco 91 =2° +y° = (z +y)(2® — 2y +y*) = (z +y) (v + y)* — 3zy) = 7 (49 — 32y).

Suy ra xy = 12. Két hgp v6i z +y = 7 thi (z,y) 1a hoan vi clia (3,4). Ta nhan thay bo (z,vy, z) 1a
hoén vi ctia (3,4, 5) thoa man diéu kien 2° 4+ ¢* + 2° = 18(z +y + 2).

Vay gia tri 16n nhat clia zyz 14 3-4 -5 = 120 x4y ra khi va chi khi (z,y, 2) 1a hoan vi cia (3,4,5). O

Cau 3. Cho tam giac ABC' ¢6 3 géc nhon noi tiép duong tron (O; R). Dung duong cao AD clia
tam gidc va duong kinh AK ctia (O). Ha BE,CF lan lugt vuong goc véi AK.

a) Chiing minh rang: ABDE, ACFD la cac tit giac noi tiép.
b) Chiing minh rang: AABC ~ ADEF va DF 1 AB.

¢) Cho BC c¢b dinh, diém A di chuyén trén cung 16n BC. Chitng minh rang: Tam dudng tron
ngoai tiép tam giac DEF 1a mot diém c6 dinh.

a, Vi ZABD = /AEB = 90° suy ra 4 diéem A, B, D, E nam trén dudng tron dudng kinh AB c6 tam
la trung diem N cta AB.

/ADC = /ZAFC = 90° nén 4 diém A, D, F,C nim trén duong tron duong kinh AC ¢6 tam la trung
diém P ctia AC.

b, Do tit gidc ADFC nai tiép néen: Z/DFA = ZDCA cung chian cung AD.

Ta c6 ZDEF =90° — /BED = 90° — ZBAD = ZABD. Tt d6 suy ra AABC ~ AADEF (g.g).
Ta ¢6: /ZDFA=/DCA=/BKA= BK | DF mda BK | AB= DF 1 AB.

c, Goi M la trung diém ctia BC, I 1a trung diém ctia BO thi ON 1L AB,OM 1 BC suy ra 5 diém
N,O, E, M, B nam trén dudng tron dusng kinh BO. Ta co6:

/MNE = /MBE = /DBE = /DAFE = %ADNE suy ra M N la tia phan giac cia goc DNE.
Tam giac DN E can tai N suy ra M N cung la trung truc cua DFE, tuong ti ta ciing ¢6 M P la trung
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truc cta DF'.
Suy ra M 1a tam duong tron ngoai tiép tam giac DEF. Vay tam duong tron ngoai tiép tam giac
DEF la diém M ¢b dinh. O

Cau 4. Mot miéng pho mai ning 1kg duge cat thanh n > 4 miéng, mdi miéng niang dudi 600g.
Biét rang khong thé chia cdc miéng nay thanh hai déng sao cho khéi lugng méi déng thudce doan
[400; 600] (mdi dong c6 the gom mot hodc nhidu miéng). Chitng minh réng ton tai ba miéng ma
tong khoi lugng ciia hai miéng bat ky trong ba miéng dé déu 16n hon 600g.

Goi n miéng v6i khéi lugng tuong tng 1a 600 > x; > x5 > -+ > x,. Néu 600 > z; > 400 thi
400 < z9 + 25 + - - + 2, < 600. Khi d6 c6 thé chia n miéng thanh hai déng ma mdi déng cé khoi
lugng thude [400;600]. mau thuan. Do do, ta phéi ¢6 z; < 400.

Ta sé chiing minh x5 + 23 > 600. Gia st phan chitng x5 + x5 < 600 thi 25 + x5 < 400 vi néu khong thi
Ty + 3 > 400 s& mau thudn véi gid thiét de bai (chia duge n miéng thanh hai dong: mot déng gom
Ty, 3 v mot déng gom cac miéng con lai). Vi x3 < x5 nén w3 < 200. Suy ra x, < --- < x3 < 200.
Nhu vay, ta cé

ro < 400,29 + 23+ -+ + x, = 100 — 21 > 600.

Diéu nay c6 nghia la sé ton tai mot vai miéng trong cac miéng o, r3, . . ., 7, c6 tong thude [400, 600].
([l
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PE 11

LOI GIAI

Cau 1.

a) Cho a,b,c la cac sd thuc duong théa man a+ b+ ¢ =5 va \/a+ Vb + /¢ = 3. Chitng minh

rang:
Ve —vb L Va-ve Va-vb 2
a+2(Vbe—1) b+2(ac—1) c+2(Vab—1) Vb—a

b) Trong mot budi sinh hoat tap thé, mot truong trung hoc co sé c6 2026 hoc sinh tham gia.
Nha truong chuan bi hai loai ghé dai dé xép chd ngdi: Ghé loai I: mdi ghé ngdi duge 5 hoc
sinh; Ghé loai II: mdi ghé ngdi duge 8 hoc sinh. Biét rang toan bo 2026 hoc sinh déu duge
xép ngdi vita di, khong thita chd, khong thiéu chd. Hoi nha trudng can bo tri sé6 ghé mdi
loai 14 bao nhiéu dé tong s6 ghé 1a nhé nhat.

a) Tit gia thiét: /a+vVb++ec=3= (Va+Vb+/c)? =9
& a+b+c+2Vab+ Voe+ea) =9
Thay a + b+ ¢ =5 vao, ta dugc:
5+ 2(Vab + Voe + ea) = 9 = 2(Vab + Ve + vea) = 4 = Vab + Ve + y/ca =2

Xét méau sb thit nhat: My = a + 2(vbe — 1)
Thay s6 2 = Vab + vbc 4+ \/ca vao biéu thitc:

M, = a+ 2vVbe — (Vab + Vbe + /ca) = a + Ve — Vab — \/ca
My = Va(va—Vb) — Ve(va— Vi) = (Va— Vb)(vVa— /)

Tuong tu cho hai mau s6 con lai:
o My=b+2(vac—1) = (Vb—a)(Vb— /)
o My=c+2(vab—1) = (ve— va)(ve— V)

Ve-vb o a-ve o Ja-b
(Va-VBa— Ve (o-vVavb-va) (V- vave- Vb

o Taco: o~ Vb= (Ve Va)+(va—vb)

Khi d6, phan thic thit nhat duge tach thanh:

Ve-Nb_ eeva L Ja-b
Vi-VB(Va-va)  (Va-VB(Va-va)  (Va-vVB(a- e
__ -a-ve 1
(Va—Vi(Va— e Va-ve
-1 1
~Va— b Va- e

Twong tu, ta dugce:
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Va— e (Ve Va) Vi a

e Phan thic thi hai: = =
S e e — Val(Vb—va)  ~(a—vBVb—va)  (Va—vVB(Vo— o

(chua rat gon ngay dugc, ti nhom sau)

Va— b Vi

e Phan thitc thi ba: =

(Ve vVae-vh) ~ (Va—vob— )

Khi do:

4 1 V-V N
T e Vi ve T a -V (VA -

Nhém phan thiie thit 2 va thi 4 lai v6i nhau (chung mau /a — /c):

1 Vi —b (Vb= VO + (va— ) Va— e 1

ViV (a-VaWE-va | (Va-vaWE-—ve  (a-vob-ve V-
Bay gio VT chi con lai 3 phan thrc:
o 1 V-V
N N NN AN VNG

Quy dong hai phan thtic cudi (mau chung (va — vb)(Vb — v/¢)):

—1 +(\/_—\/5)+(\/5—\/5)
Vi Vb (a- VB o
— -1 + ve=vb

ViV WA VHi—va
I R VY

Va—vh " (a— V- o

—1 1 -2

T Va-vb va-vb  a—+b

D&i ddu ¢ mau dé ra ding vé phai:

VT =

VI = ——— =VP (dpcm)

b)
Goi 86 ghé loai I 1a = va s6 ghé loai IT 1a y (z,y € N).
Theo dé bai, ta c6 phuong trinh:
o + 8y = 2026
Téng s6 ghé 14 S = z + . Ta can tim z,y sao cho S dat gia tri nhé nhat.
T phuong trinh, ta rat ra 5x:

bx = 2026 — 8y = bz + by = 2026 — 3y = 5(x + y) = 2026 — 3y
2026 — 3y
)

Dé S nhé nhat thi hieu (2026 — 3y) phai nhé nhat, titc 1a 3y phai 16n nhat c6 thé.
Viz>0=5xr>0= 8y <2026 =y < 253,25. Do y nguyén nén y < 253.

S=x+y=

Tu 5 = 2026 — 8y, vi 5x ¢6 chit s6 tan cung 1a 0 hodic 5, nén 2026 — 8y cling phai c¢6 tan clng
1a 0 hoac 5.
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e Chit s6 tan ciing ctia 2026 1a 6.

e Dé hiéu c6 tan ciing 1a 0 hodc 5, thi 8y phai ¢ chit s6 tan cung 1a 6 hoac 1 (8y khong thé tan
cuing 1a 1 vi 14 s6 chén). Do d6, 8y c6 tan cung 1a 6.

e Suy ra y phai co6 chit s6 tan cung 14 2 hoiic 7.
Vi ta can y 16n nhat va y < 253, s6 16n nhat théa man c6 tan cung la 2 hodc 7 chinh 1a y = 252.
Thay y = 252 vao phuong trinh ban dau:
B + 8(252) = 2026

bz + 2016 = 2026 = 5z = 10 = = = 2 (théa méan)

Két luan:

Nha truong can bo tri 2 ghé loai I va 252 ghé loai II dé tdng s6 ghé la nhé nhat (2 + 252 = 254

ghd). O
Cau 2.

a) Cho ba s6 tu nhién a,b, ¢ thdéa man a > 1,0 > ¢ > 1 va abc + 1 chia hét cho ab — b + 1.
Chiing minh b chia hét cho a.

b) Xac dinh tat ci cac cip s6 nguyéen t6 (p;q) sao cho ton tai cac s6 nguyén duong (a, b, c)

théa man:
11 1 1
—+-+-=- va a+b+c=plg+1)
a b ¢ p

a) Ta c6: ab—b+1 | abc+ 1.
Dé triét tiéu abe, ta nhan biéu thic chia véi c:

c(ab—b+1) = abc — bc + ¢

Ta co:
(abc + 1) — (abc —bc+c¢) =bc—c+1

=ab—b+1|bc—c+1 (1)

Nhan biéu thiic be — ¢ + 1 véi a:
a(bc—c+1) =abc—ac+a
Lai lay hiéu v6i abe + 1:
(abc —ac+a) — (abc+1)=a—ac—1=—(ac—a+1)
=ab—b+1]lac—a+1 (2)
Via>1l,c>1nénac—a+1=a(lc—1)+1>0.

Do biéu thiic (2) 1a phép chia hét cho mot s6 duong nén ta giad st ac —a + 1 = q(ab — b+ 1) v6i
q € N*.
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e Néu ¢ > 2:
ac—a+1>2ab—-b+1)<alc—1)+1>2b(a—1)+2

Vidéchob>c=c—1<b-—2.
Suy ra: a(b—2)+1>alc—1)+1>2b(a—1) +2
Sab—2a+1>2ab—20+2<20—2a—1> ab
Via > 2nén ab > 2b. Thay vao ta c6: 2b—2a —1>2b< —2a—1>0 (Vo ly via > 1).
e Vay bat buoc ¢ = 1:
ac—a+1=ab—>b+1
Sac—a=ab—b&b—a=ab—ac
sb—a=alb-—c)sb=a+alb—c)=a(l+b—2c)

Vi b, ¢ 1a cac s6 tur nhién nén (1 + b — ¢) 1a mot s6 nguyen.
T d6 suy ra b chia hét cho a. (dpcm)

([l
1 1 1 1 .

b) Tu — —i-g—i— - = = (v6i a,b,c € N*), ta thay ngay a > p,b > p,c > p.
a c p

Quy dong gia thiét, ta co: p(ab + be + ca) = abe.

Xét:

P = (a—p)(b—p)(c—p) = abc — p(ab + be + ca) + p*(a +b+c) = p’

Thay abc = p(ab + be + ca):
P=p*a+b+c)—p°

Thay tiép gid thiét a +b+c = p(q + 1):
P=p*plg+1)—p’ =p’q+p’ —p’ =p’q
Vay ta c6 phuong trinh nghiéem nguyén: (a — p)(b — p)(c — p) = p’q.
batr=a—p,y=b—p,z=c—p. Via,b,c>pnén x,y, z € N*. Ta c6 hé:
{xyz:p?’q
r+y+z=(a+b+c)—3p=plg+1)—3p=0p(qg—2)
Doz,y,z>1=x+y+2>3=p(g—2) >3= ¢>2. Vignguyén td nén ¢ > 3.

Vi ¢ nguyén t6 nén trong 3 s6 x,y, z phai c¢6 ding 1 s6 chita nhan tit . Gid st d6 1a 2. Phan tich p?q
thanh 3 nhan tit, ta xét cic trudong hgp ctia bo (z,y, z) (chi can xét dai dién vi vai tro nhu nhau):
e TH1: (p3¢,1,1) = Tong z +y + 2z = p¢ + 2.
Ep vao téng da biét: p’q+2=pg —2p < pg(p* — 1) +2p+2=0 (Vo Iy vi VT > 0).

e TH2: (p°q,p,1) = Tong p*q+p+1=pg—2p < pglp—1)+3p+1=10 (Vo ly).
e TH3: (pq,p? 1) va (pq, p,p) = Tuong ty, cong lai déu ra phuong trinh vo6 nghiem.

e TH4: (¢,p% 1) va (¢,p% p)

— Khd nang 1: (¢,p*,p) = Tong ¢q+p* +p=pq—2p < qlp—1) =p* +3p

5 2
+3 —p+4dp—4+14 4
IS G U ey Bk Cpiat b
‘ p—1 p—1 p—1
Dé ¢ nguyén thi p — 1 14 uéc ctia 4 = p € {2,3,5}. Thit vio déu cho ¢ khong phai sd

nguyeén to (loai).

164 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

— Khd nang 2: (¢,p*, 1) = Tong q+p* +1=pqg—2p=qlp—1)=p* +2p+1
3_ .9 92
— PP+ p?—p+3p—3+4 4
IO il G et ek R apase i
p—1 p—1
Tuong tu, p— 1 € {1,2,4} = p € {2,3,5}.
* p=2=qg=4+2+3+4=13 (Théa man 13 1a s6 nguyeén t6).
* p=3=¢g=9+4+3+3+2=17 (Théa man 17 1a s6 nguyeén t06).

x p=5=q=25+5+3+1= 34 (Khong phai s6 nguyéen t6, loai).

K&t luan: C6 2 cap s6 nguyén t6 thoa man bai toan l1a (2;13) va (3;17). O

Cau 3. Xét cac s6 nguyen duong m,n véi n > m. Chitng minh réng:
[m,n] +[m+1,n+1] > 2my/n

(Trong dé [z, y] ky hiéu boi chung nhé nhat ciia x va y)

Theo tinh chat co ban: Tich clia hai s6 bang tich cia UCLN va BCNN ctia chung.
Ta dat d; = (m,n) va dy = (m+1,n+ 1) 1a cac wée chung 16n nhat.
Khi d6, cac Boi chung nhé nhat duge viét lai thanh:

1 1
™ [m—i—l,n+1]:(mjL )+ 1)
dq dy

[m,n] =

Ap dung bat ding thitc Co-si cho hai sb dwong, vé trai (VT) ciia bat déng thitc can chimg minh 1a:

VT =

mn  (m+1)(n+1) mn(m+ 1)(n + 1)
7 2\/ drd; )

MaAu chot ctia bai toan 1a tim moéi lien he gitta dy, dy va (n — m):
e d; = (m,n) = d; cang la udc cua hiéu n —m.
o dy = (m+1,n+1) = dy cing la u6c cua hieu (n+1) — (m+1) =n —m.
Mat khac, ta xét UCLN ctia dy va do. Goi d = (dy,ds), ta co:
e d|di=d|m
e d|dy=d|(m+1)
e = d phai la udc ctia hieu (m+1) —m = 1. Suy rad = 1.
Vi d; va dy 1 hai u6c nguyén t6 cting nhau clia (n —m), nén tich dd, ciing phai 13 mot wéc ctia
(n—m).

Do do:
d1d2 S n—m

Ma m > 1 nén n — m < n. Suy ra ta ¢6 danh gia: dids < n.
Quay trd lai biéu thitc trong can & (%), ta thay dids < n vao mau so:

mn(m +1)(n+ 1) - mn(m + 1)(n + 1)

i, . =m(m+1)(n+1)
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Vim>1l,n>m>1nénm+1>mvan+1>n. Do doé:
mm+1D(n+1)>m-m-n=m?n
Thay két qua nay trd lai (), ta dugc:

VT > 2vVm?2n = 2m+/n  (dpem)

Cau 4. Ching minh ring v6i moi a,b > 0, ta c6 bat dang thic:

2ab [a? + b2 b
a + @t ZVab+a+
a-+b 2 2

Bat dang thic can chiing minh duge bién ddi nhu sau:

2+ 52 2 — b2 1 1
a*+b b > a+b aibb:)(a;)) — -— >0
_|_
a Vb
:wa—m2pg+2n-wmﬁ+wa—2¢%]zo
Vi (a — b)? > 0 nén ta can ching minh 2a + 2b — 1/2(a2 + %) — 2v/ab > 0
That vay, ta ¢
(oD (a— 1)
a+b—+/2(a2+b2) = . a+b—2Vab=(Va—- Vb= —— "
( ) 2(a2 + b2) + (a + b) ( ) (va+ vb)?

Do vay bat dang thiic trén tuong duong véi

(0 by [ 1 B 1
(Va+ vb)? 2(a2 4 %) + (a + b)

>0

<:>(a—b)2[ 2(a2+b2)+(a+b)—(\/5+\/l_7)2]20<:> (a—b)Q[ 2(a2+b2)—2\/%]zo
2(a* + v*) — 4ab 2(a — b)* =0
V/2(a% + b?) +2\/__ \/2(a2+b2)+2\/ﬁ_

Bat dang thic cudi nay hién nhién ding.
Vay bat déng thiic dude chitng minh. Dang thiic xay ra khi va chi khi a = b. O

<= (a—b)?

Cau 5. Xét tap hop S = {1,2,...,50}. Hoi c6 thé chon ra nhiéu nhat bao nhicéu phan tit ctia S
dé trong cac phan tit dudge chon ra khong ton tai hai phan ti z,y ma:

a) [z —y| =4
b) |z —yl e {47}
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a)Dau tién ta chia cac phan ti ctia S thanh 4 nhém doc lap dya theo sé du khi chia cho 4:
o Nhom 1: {1,5,9,...,49} (c6 13 phan ti).

o Nhom 2: {2,6,10,...,50} (c6 13 phan ti
o Nhoém 3: {3,7,11,...,47} (c6 12 phan ti
o Nhom 4: {4,8,12,...,48} (c6 12 phan tir).

Hai phan ti c¢6 hieéu bang 4 chi c¢6 thé xuét hién néu chiing nam clting mot nhém va 1a hai s6 lien
tiép trong nhém do.

~— —

Ta danh gia s6 phan tit 16n nhat c6 thé chon trong titng nhéom: o Véi nhém cé 13 phan tie
(Nhém 1 va 2): Ta bit cap cdc s6 lien tiép: (1,5), (9, 13), (17, 21), (25,29), (33, 37), (41, 45) va s6 49
dting mot minh. Trong méi cap ta chi duge chon t6i da 1 s6, cong thém s6 49. Vay chon nhiéu nhat:
6 + 1 = 7 phan ti.

o V6i nhém c6 12 phan ti¥ (Nhém 3 va 4): Ta bat cap hoan toan: (3,7),(11,15), ..., (43,47).
Cé6 tat ca 6 cap, moi cap chon tdi da 1 s6. Vay chon nhiéu nhat: 6 phan ti.

Vay s6 phan tit nhiéu nhéat c¢6 thé chon la:
|A| =74 74 6+ 6 = 26 phan tu.
Bo s6 minh hoa: {(1,2,3,4), (9,10,11,12), ..., (41,42, 43, 44), 49, 50} 0

b)

Xét mot chudi gom 11 s6 lien tiép: B = {1,2,...,11}.
Néu ta xép 11 s6 nay thanh mot vong tron/chudi theo thit tu bude nhay cong 4 (1ay s6 du cho 11):

1-5-59—-52—-6—-10—-3—-7—-11—-4—-8—(1)

Hai s6 canh nhau trong chudi nay luon cé hiéu la 4 hodc 7. Bai toan quy vé: Khong dude chon 2 sb
ditng canh nhau trén chudi vong tron 11 phan ti.
S6 phan t1t 16n nhat c6 thé chon tit vong tron 11 phan tii la: [11/2] = 5 phan tit.
Chia tap S (50 phan tif) thanh cac cum 11 s6:
Ta chia S thanh 4 cum day dt (mdi cum 11 s6) va 1 cum con thita 6 s6:
o Cum 1 dén 4 (tur 1 dén 44): Mdi cum chon t6i da 5 s6 = 4 x 5 = 20 s6.
o Cum 5 (con lai 6 s6): {45,46,47,48,49,50}.
— Xét chudi tuong tng ciia 6 s6 nay: 45 — 49 — 46 — 50 — 47 — 48.
— Day 1a mot chudi thang 6 phan tit. S6 phan tit 16n nhat khong ké nhau chon duge 14 6: 2 =3
0 (vi du chon: {45,46,47}).
Két luan:
S6 phan tit nhiéu nhét ¢ thé chon § cau b la:

|A| =5 x 44 3 = 23 phan ti.

B0 s6 minh hoa: {1,2,3,4,11,12,13, 14, 15,22, 23,24, 25, 26, 33, 34, 35, 36, 37, 44, 45, 46, 47}. O

Cau 6. Cho tam giac ABC nhon c6 BAC = 45° noi tiép (O). Cac duong cao AD, BE,CF cit
nhau tai H. Dudng thing qua O vuong géc v6i AO cit AB, AC lan lugt tai K, L.

1. Chiing minh rang EF || KL.

2. Chitng minh ring OK + KH = OL + LH.
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1. V& dudng kinh AT ciia (O). Vi OA = OT = OB nén ABT = 90° hay AB L BT, tuong tu
AC L CT.
Mat khac, BH 1. AC va CH 1 AB nén BH || CT va CH || BT dan dén ti giac BHCT la
hinh binh hanh. Suy ra HT va BC' cit nhau tai trung diéem M ctia mdi duong.
) 1 1
Goi [ 1a trung diem AH thi IE =1F = §AH, ME =MF = §BC’ nén M1 la trung tryc cta

EF,suy ra MI | EF. Dan dén AT | EF, ma AT | KL néen EF || KL.

2. Goi CF cit lai (O) tai diem G thi G déi xing véi H qua AB (tinh chit quen thuoc).
Ta c6: ACG = ACE = 45° suy ra AOG = 2ACG = 90°. Ma AOK = 90° nén O, K, G thing

hang.
Tuong tu, goi BEF cat lai (O) tai S thi O, L, S thang hang.
Tac6: OK + KH=0K+ KG=0G=0S=0L+ LS =0L+ LH (dpcm). O

A
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PE 12
LOI GIAI

Cau 1. Cho z,y la cic s6 thyc théa man:

. T
Tinh gia tri cua biéu thic: P = — + =.
Y x

r 3+V13. _ x 3—-+13
= hoa _
Yy 2 Yy 2
3+13 2 —3++/13 2 g2 2
vai Lot VIS LY _ o .TadlrocP:x—er—:(erg) —9—11.
Y 2 r 34413 2 y2 2 y x
— V1 2 —3 -1 2 2 2
V’igzuig: = 5 3.Tadu’ocP:$—+y—:<£+g) —-2=11
Y 2 T 3 —+/13 2 y? o x? Yy o
Vay P =11 O
Cau 2.

1 . < .
1. Cho parabol (P) :y = 5:132 va hai diem A(—2;2), B(4;8) nam trén (P). Goi M la diém thay

ddi trén (P) va c6 hoanh do 1a m thdéa man —2 < m < 4. Tim m dé tam giac ABM c6 dien
tich 16n nhat.

2. Giai hé phuong trinh sau:

2?2 —y? +4r -6y —5=0
V22 +3+2y+ 222+ 2 =26

2
1. Co M (m; m7)
Goi A'(—2;0), M'(m;0), B'(4;0)
(AA"+ BB"A'B

Sappar = 5 =30
(AA"+ MMYA'M' (4+m?*)(2+m)
Sammrar = 5 = 1
(MM’ + BBYM'B' (16 +m?)(4 — m)
SvBB M = 5 = 1
6m? —12m+72 27  3(m —1)?
Sapm = Saparp — Samvmra — Suppw = 30 — 1 =5~ %
27
Sapm < EVm
Vay m = 1 la gia tri can tim. dJ
3
. r> ——
2. Diéu kién xac dinh - 2
y=>0
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r+2=y+3

(e @E@+2?=(Fy+3)>e 42— —y—3

3
+)rx+2=—-y—3< (x+5)+y =0 vd nghiém vi (x+5)+y>0,‘v’x2—§,y20.
+) z+2=y+3<y=ux—1thay vao (2) ta dudc: v2x + 3+ 1/2(z — 1) + 222 + z = 26
S (WV2r+3-3)+(V2r—2-2)+222+2-21=0
—-2-4

2 2
< (x—3 + —|—2x+7):0
( ) V2r+3+3 V2r—2+2
2 2
<=3, do + +2r+7>0,Vr>1
V2r+3+3 2z —242
Dozx=3=y=2
Vay hé phuong trinh ¢6 nghiém duy nhat (z;y) = (3;2) O
Cau 3.

1. Tim cac s6 nguyén duong z,y sao cho: 5-3% — 2.7 =1,
2. Cho céc s6 nguyén duong a, b, c d6i mot phan biét théa man diéu kien:

a a®+0b?

c 242
Chiing minh rang a? + b? + ¢ khong phai 1a s6 nguyéen to.
1

V2

trén bang va viét vao 4 s6 méi lan lugt la:

3. Viét len bang bén s6 1,v/2, —, 2v/2. O mdi lan thuc hien, ta x6a di 4 s6 a, b, ¢, d hien c6

bl b e o

a+ — —, c+— —

bed’ cda’ dab’ abc

Héi c6 thé thyce hien thao téc nay cho dén khi trén bang gom 4 s6 hitu ti hay khong? Vi
sao?

1. Ta co6:
5-3"—=2-7 =1suyra: 53 —1) =2(7" —2)

Ta thay ro rang véi y 1a s6 nguyen duong thi 7% — 2 1a mot s6 tu nhien 18 > 5.

Ma bén vé trai nhan t1t 1é chi ¢6 thé c6 hai s6 ty nhién 1 14 1 hodc 5 (vi 16 rang v6i moi x nguyén
duong thi 3° — 1 1a mot s6 tu nhien chdn va 5 13 mot so6 nguyeén t6).

Do dé6 ta chi c¢6 truong hop {73/ —2=5 suy ra: {x =1

3 _1=2 y=1

Vay gia tri (z;y) can tim 1a (1;1).
]

2. V6i céc s6 a, b, c thdéa man yeéu cau, ta co:

2 b2
. % & a(@+ 1) = (@’ + ) & (a— ) (1 — ac) = 0.
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Do a # ¢ nén ta duge b* — ac = 0, hay 1a b*> = ac va nhu vay thi:

a>+ b+ =a*+ac+

= a® + 2ac+ ¢ — ac
(a+c)* — b
=(a—b+c)la+b+c).

Ta gia st rang a® + b* + ¢ 1a s6 nguyén t6. Theo d6, do 0 < a —b+c < a + b+ ¢, ta can phai c6
a—b+c=1, nén:

4a® +4b% +4c* —4a —4b—4c =0
(4a® —da+ 1)+ (40> —4b+ 1) + (4c® —4c+1) =3
(20 -1+ (20 —1)* + (2¢ — 1)* = 3.

Do a, b, c 1a cac s6 nguyén duong, tasuyra2a —1=2b—1=2c—1=1,nén la a = c = 1, trai gia
thiét a # c¢. Cadc mau thuan chi ra chiing t6 gid st 1a sai. Bai toan duge chiing minh.
[

3. Gia stt 4 s6 trén bang tai mot budc bat ky 1a a, b, ¢, d. (D& thay cac s6 nay luon duong vi s6
ban dau duong va phép toan chi c¢6 phép cong).

Sau mot lan bién doi, s6 a va b sé tré thanh o’ va b

n 1 abed + 1
d=a+—=—-—

bed bed
1 abed + 1
Wo—pp — =22

+ cda acd

Bay gio, ta xét ti s6 gita hai s6 mdi nay:

a —abgfjl _acd a
v % ~bed b

Suy ra: Ti s6 ctia hai s6 tuong tng trén bang sau mdi bude 1a luén khéng dbéi (Bat bién).

e O trang thai ban dau, ta c6 hai s6 1a 1 va v/2. Ti s6 ctia hai s6 nay 1a ‘/Ti — /2 (day 1a mot s6
VO ti).

e Gia st dén mot lic nao do, trén bang xuat hien 4 sé déu 1a s6 hitu ti. Khi dé, ti s6 ciia bat ky
cap sO nao trén bang cling bat budc phai 13 mot sd hitu ti (vi phép chia hai s6 hitu ti khac 0
luon tao ra mot s6 hitu ).

e Tuy nhién, do tinh chat bat bién & Bude 1, ti s6 clia hai s6 & vi tri dau tien luon phai bing /2
(vo ti).

Diéu nay dan dén mau thuin. Vay ta khéng thé thuc hién thao tac cho dén khi trén bang gdm
4 s6 hitu ti. 0

Cau 4. Cho dudng tron (O) va day BC c6 dinh khong di qua tam. Diém A thay doi trén (O)
sao cho tam gidc ABC nhon c¢6 céac duong cao AD, BE,CF cét nhau tai H. Duong thing qua O O
vudng gbc véi phan gidc cua goc BAC cit AB, AC lan lugt tai P va Q. Tia phan giac cta BAC
cat BC va duong tron (O) lan lugt tai J va K (K khéac A).
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1. Chtng minh tt gidc APKQ 1a hinh thoi.

2. Goi M la trung diém ctia BO, N la giao diém ctia duong thang AK véi EF. Goi G 1a giao
diém ctia dudng thang qua N vuong goc véi EF va duong thang qua J vuong goc véi BC.
Chiing minh ba diém A, G, M thang hang.

3. Gia sit ban kinh duong tron (O) c6 do dai bang R. Tim gia tri 16n nhat ctia tong DE +
DF + EF.

Q

1. Vi tam gidc APQ can tai A, AK la phan giac cia BAC nen AK cing la trung tryc ctia PQ.
Diéu nay ching t6 OP L AK suy ra OP la trung tryc cia AK dan dén AP = PK, tuong tu
AQ = QK nén AP = AQ = KP = KQ suy ra APK(@ la hinh thoi.

2. Ta c6: AAEF ~ AABC (c.g.c) ¢c6 AN, AJ la cac phan giac tuong ting nén

AN AF AH 20M OM
AJ  AC AS 20K OK

AN OM NJ MK .
l——=1- h = NJ-OK =AJ-MK (1). Ta ¢6 cac tinh cha
suy ra 17 O/K\ayA_J\ O SWra J-0 J (1). Ta ¢6 céc tinh chat
quen thuoc: OA L EF, BAD = CAO,AH =20M.
N N
Ta c6: GN || OA,GJ || OK nén cac tam giac NGJ,OAK can dong dang nén A_[? = (C);_Ii' dan
dén NJ-OK = AK - GJ (2).
Tu (1), (2) ra AK-GJ=AJ - MK@ﬂ—ﬂh A, G, M thang han
) suy ra Vi ang hang.
3.
Ta c6: AAEB ~ AAFC (g.g)
o EF _AE _
dan dén AAEF ~ AABC (c.g.c) suy ra —— ' BC ~ AB cos A.

Ma B, C c6 dinh nén BC khong doi va BOC khong ddi, ddn dén BAC khong doi suy ra EF =
BC' - cosA (khong doi).
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A
E
la O
B\ M ¢

K

Ching minh tuong tu ta cing ¢6: ADBF ~ NABC (c.g.c) va ADEC ~ AABC (c.g.c) nén
BDF = BAC = EDC. o

Goi M 1a trung diém ctia BC, do BEC = BFC = 90° nen ME = MF = MB = MC = ;BC
diéu nay chiing t6 4 diem B, F, E,C nim trén dudng tron tam M dudng kinh BC.

Goi K la diém déi xing véi F qua BC thi DF = DK va MF = MK nén K nam trén dudng
tron tam M duong kinh BC'. Ngoai ra ta ciing co: KDB = FDB = EDC suy ra K, D, E thang
hang.

Tac6 DE+ DF = DE+ DK = EK, FK la mot day ctia duong tron tam M duong kinh BC
nén EK < BC dan dén DE + DF + EF < BC + BC -cos A= (1 +cos A) - BC.

Dau dang thitc x4y ra khi va chi khi K F 1a duong kinh ctia dudng tron tam M duong kinh BC,
hay K, M, E thang hang, khi d6 D = M c6 nghia la tam gidac ABC can tai A.

Vay GTLN cta DE+ DF + EF = (14 cos A) - BC khi va chi khi tam gidc ABC' can tai A, hay
A la diém chinh gitta cung 16n BC ctia (O). O

Cau 5. Cho cac s6 thuyc duong a, b, ¢ thoa man diéu kién abc = 1. Chitng minh rang:

1 1 1
+ + <V3
Vat —ad+ab+2 V=B +bc+2 VA - +ca+?2

Taco (a—1)2a*+a+1)>0a'—a*—a+1>0=a"—a®+ab+2>ab+a+1

1 1
Khi dé6 ta co: <
Vat —ad3+ab+2 " Vab+a+1
Chiing minh tuong ty ta co:

1 1
< B
Z\/a4—a3—l—ab+2 _Z\/ab—i—a—i—l

1 L. as
< \/3 (Z m) (Bat dang thitc Cauchy schwarz)
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Mot két qua quen thudce véi abe = 1 la:

Z 1 B c . abe . 1
ab+a+1 abc+ac+c be+b+abe ca+c+1
c ac 1

+ + =
act+c+1 c+14ac ac+c+1

Do d6 VT < V3
Diu=xdyrakhia=b=c=1 O

T6i biét chac chan cac ban sé thic mic tai sao c¢6 dong dau tién cua 15i giai nay, thi
sau day la cach nhap dé c6 né. Ching ta goi ki thuat nay 1a U.C.T hay con goi la phuong phép
tiép tuyén (ban doc c6 thé tur tim tai lieu vé phuong phap nay trén mang)

Gia stt: Can tim m, n sao cho a* — a® > ma +n (1)

Dau = xdy ra tai @ = 1. Thay a = 1 vao (1) ta dugc phuong trinh:
-1 =ml)+n=0=m+n=n=—m.

Bat déng thtc tré thanh:

a4—a32ma—m

eat —ad®*—ma—1)>0
sa*(a—1)—m(a—1) >0
&(a—1)(a*—m) >0
Dé mot biéu thiic dang (a — 1) - A > 0 ludn ding véi a lan can 1, thi ban than A ciing phai chita
nhan t1t (a — 1) dé tao ra binh phuong (a — 1)2 > 0.

Do d6, da thiic a® — m phai c6 nghiem a = 1.
Thaya=1vioa®—m=0=13-m=0=m=1.

Suy ram =1, suy ran = —1.
Ta c¢6 danh gia: a* —a®> > a — 1

(Phan tich nhan ti lai dé kiém tra: a* —a®> —a+1=(a—1)(a®—1) = (a — 1)*(a*+a+1) >0 1a
luon ding).

Cong thém cum ab + 2 vao ca 2 vé:

ad—ad+ab+2>a—-1+ab+2=ab+a+1

Day chinh la dong dau tién trong 16i gidi ma ban thay.
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DE 13
LOT GIAT
Cau 1.
1. Chocéxeséthu’cm,y,zkhéCOthéaménx+y—|—z7é0Vaxjy%—yiz—l—z—;x:—z
Chttng minh rang: ! + 1 + 1 = 1

12025 y2025 ~2025 (ZE +y + 2)2025

2. Cho da thic f(z) = 2 + ax?® + bx + ¢ trong d6 a, b, c € R. Biét rang khi chia da thic f(z)
cho da thic x + 2 thi duge du 1a —15, khi chia da thic f(z) cho da thic x — 3 thi duge du
1a 20. Tinh gia tri ciia biéu thic A = (%925 + p202%) (p20% + 2925) (2025 4 202).

1. T gia thiét, ta thuyc hien quy dong:

x2y + a:y2 + y2z + y22 + 222 4 22
TYZ

=2

& 2%y +ay? F oyt +yt 4+ e+ 2+ 2eyz =0

Ta c6 thé phan tich vé trai thanh nhan ti nhu sau:
(y + 2y + 2y2) + (y2° + 2% + 2y2) + v’z + 222 =0

sSaylr+y+z2)tze(z+y+2)+yziy+2) =0
Sap xép lai ta dugce két qua tuong duong:

(z+y)(y+2)(z+2)=0

Suy ra trong ba s6 z,y, z ¢6 it nhat hai s6 déi nhau. Khong méat tinh tong quat, gid stz +y = 0 =
T = —y.
Thay vao hai vé clia biéu thitc can ching minh:

1 1 1 1 1 1 1 1 1 1

e Ve trai (VT): 2025 2025 T oo (—y)20% + 42025 T a2 0% + 42025 T oo T 203

A ? . . ]' 1 1
e Ve phai (VP)- (x+y+2)2025 = (0—1—2)2025 - 52025

Vay ta c6 dpcem.
L]
2. Theo dinh 1y Bezout vé s6 du trong phép chia da thic, ta co:

e S6 du khi chia f(x) cho z 42 1a f(—2) = —15.
e S6 du khi chia f(z) cho z — 3 1a f(3) = 20.

Thay gia tri  vao da thic f(z), ta c¢6 hé phuong trinh:

(-2’ +a(=2 +0(-2+c=-15  [-8+da—2+c=-15
B +a(3)?+0b(3)+c=20 27 4+ 9a + 3b + ¢ = 20
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4a —2b+c= -7
9a+3b+c= -7

Tit hai phuong trinh trén, ta thay:
4da —2b+c=9a+ 30+ c= 4a —2b=9a + 3b

S ha+db=0a+b=0=a=-b

Khi dé: a2025 + b2025 — (_b)2025 + b2025 — _b2025 + b2025 =0.
Thay gia tri nay vao biéu thic A:

A= (0) . (b2025 + 62025) . (02025 + a2025) — 0.

Vay A = 0. O

Cau 2.

1. Giai phuong trinh sau:

V22 —14+V3x—2=2

2. Mot xe may di tit A dén B v6i van toc 45 km/h. Sau khi xe may xuat phat duge mot thoi
gian thi mot xe 6 to cling xuat phat tit A véi van téc 60 km/h va néu khong c6 gi thay doi
thi xe 6 to sé dudi kip xe may tai B. Sau khi xe 6 to di dugc nita quang dusng AB thi n6
tang van toc moi gio them 15 km nén da dén B s6m hon xe may 6 phiat. Tinh quing dudng
AB.

1. Cach 1.
Khi d6 phuong trinh da cho tuong duong véi

(x—vV2x—1)+ (z—V3z—-2)=0

(x —1)2 (x+2)(z —1)? B
<:>$+\/m+x2+x\3/3x—2+f/(3x—2)2 =0

T+ 2

1
+ =0
r+V2r—1 224 23y/3x —2+ {/(3z —2)?

1 x4+ 2
0 +
r+V2r—1 22+ 233z -2+ {/(3r — 2)?

Nén phuong trinh da cho c6 nghiém =z = 1.

D

> 0; Vo >

DO | —

Cach 2. Phuong trinh da cho tuong duong véi

1 1

5(2:5—1—2\/237—1+1)+§(3x—2—3\3/3x—2+2) =0
1 1

sS-(V2r—-1-1)>%*+ g(3/3::: —2+2)(V3r—2—-1)?=0

2
N V2r—1=1
Br—o-=1
sr =1

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 1.
OJ
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2. Goi quang duong AB 14 S (km). Theo ké hoach, 6 t6 va xe may du kién dén B cling lic.
Thoi gian 6 t6 du kién di 1a S/60 gio. Tuy nhién 6 t0 da ting van toc len 60 + 15 = 75 (km/h) khi
L S8/2 0 S)/2 S S

did ] ang duc én thoi gian 0 to di thuc té la —/— + —— = — + — (gio).

i duoc flu’a quang duong nén thoi gl/an 0 to di thuc té 1a 50 - T 190 + 150 (gio)
So véi ke hoach ctia minh, 0 t6 da tiet kiem duge mot khoang thoi gian la:
S (S, Sy S s _ S,
60 \120 " 150/ " 120 150 600

Vi ban dau hai xe dy kién dén cling lic, nén khodng thoi gian o to tiét kiem dugc chinh 1a khodng

. 1.
thoi gian 6 t6 den sém hon xe may, tic la 6 phut (E glé).

S 1
Ta c6 phuong trinh: — = — = 60.
a c6 phuong trin 500 = 10 = S =60
Vay quang dusng AB dai 60 km. U

Cau 3.

Cho hinh vuong ABCD nai tiép duong tron (O), M la diém nam trén cung nhoé AB cta (O), ki
hiéu ¢; 14 duong tron noi tiép hinh vuong ABCD. Céc tiép tuyén qua M clia ¢; cat AB,CD lan
luct tai P, Q. Goi E, F 1a cac tiép diém ctia M P, MQ v6i ¢, cac dudng thing M P, M(Q cit AD
lan luot tai S, T; H la giao diém cta PT, QS.

1. (a) Ching minh OFMF 1a hinh vuong va OH vuong goc véi AD.
(b) Chting minh dudng thang qua O vudng goéc véi PQ chia doi doan thang ST.

2. Tim tat ca cac s6 nguyen x,y théa man 2% — 4oy + 7y? + 62 — 12y + 8 = 0.

C

A
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a)

Vi ABCD la hinh vuong nén O la giao 2 duong chéo AC, BD; ngoai ra khoang cach tit O dén
cac canh hinh vuong bang nhau nén O cing 1a tam dudng tron noi tiép hinh vuong.

Goi K, L, G lan lugt 1a trung diém ctia AB,CD, DA thi K, L, G chinh la cac tiép diém ctia (O)
v6i AB,CD, DA.

Do OM = OA = /20K = +/20F nén tam giac M EO vuong can tai £ dan dén OF = EM tu
dé suy ra OF = OF = ME = MF. Tt gidc OEMF 1a hinh thoi ¢c6 OEM = 90° nén OEMF
la hinh vuoéng.
DOI?O\G:E/O\F:90°nénI?O\E:CTO\FsuyraP/O\E:T/OEdéndénAOEP:AOGT
(cgv-gn) suy ra OP = OT va PE = GT dan dén SP = ST suy ra OS la trung tryc cta PT,
tuong tu OT 1a trung tryc ciia SQ nén cac duong thing SQ, TP chia cac dudng cao ciia tam
gidac OST suy ra H la tryc tam cla tam giac OST dan dén OH L ST hay OH 1 AD.

Ta ¢6: POT = EOF = 90° hay OP 1 OT suy ra OP || SQ, tuong tu OQ || PT dan dén
OPHQ la hinh binh hanh nén OH cit PQ tai trung diém I ciia mdi duong.

Goi J la trung diém ctia ST, ta chiing minh: OJ 1L PQ.

Ta c6: POH = CﬁI\T (dong vi) ma Cj]_:l\T — SOT (cuing phu véi O/T\P) nén POH = S/O\T,
OHP = OST (cung phu véi SOH) nén AOPH ~ ATOS (g.g).

PI, OJ la cac trung tuyén tuong u’ng cua 2 tam g1ac nén AOIP ~ ATJO (c.g.c) dan dén
OPI = JOT do d6 OPI + POJ = JOT + PO.J = POT = 90° hay OJ L PQ. O

2. 2% —day + Ty + 62— 12y +8 =10

& (z—2y)? +6(x—2y) +3>+8=0
S (r—2y+3)°+3y° =1

Suy ra 0 < 3y% < 1 ma y 1a s6 nguyén nén chi xay ra trudng hop y = 0.
Thay vao ta duge (z +3)? =1 =z € {—2; —4}.

Vay

cac cap (z;y) théa man la (—2;0), (—4;0). O

Cau 4.

1. Qua béng da theo tieu chuan FIFA (Lién doan béng da thé gisi) c6 dang hinh cau véi ban
kinh bang 11 cm. Tinh dién tich bé mat cia qua bong dé (lay = = 3, 14).

2. Cho 2 s6 hitu ti a, b théa man diéu kien a® + 4a?b = 4a® + b*. Ching minh ring /a — 1 1a
binh phuong ctia 1 s6 hitu ti.

1. Qua bong c6 ban kinh R = 11 cm.
Dién tich bé mat ctia qua béng hinh cau duge tinh theo cong thic S = 47 R2.
Thay s6 vao ta co:

S pr—
Vay

4-3,14-117 = 43,14 - 121 = 1519, 76 (cm?).
dién tich bé mat ctia qua bong 1a 1519, 76 cm?. O
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2. Ta viét lai gia thiét bai toan thanh

a® + 4a*b + 4ab® = 4a* + 4ab® + b* < a(a + 2b)? = (2a + b?)?
(2a + b*)?
(a+2b)?

2a + b?
RN =
va a+ 2b

Do d6 ta ¢6 y/a € Q. Mit khéc ta lai ¢6

B 2a + b?

Vi1 Ca—=20+0*  (a—2b+b*)(a+2b)

a+2b a+2b (a + 2b)2

(*)
Vi vay ta can chi ra (a — 20+ b%)(a +2b) 1a binh phuong clia mot s6 hitu ti, hay (a — 20+ b%)(a+ 2b)a
13 binh phuong mot s6 hitu ti. That vay ta c6
(a —2b+b*)(a + 2b)a = a®b* + a® + 2b%a — 4ab®.
Thay a® = 4a® + b* — 4ab vao ta c6
(a — 2b+b*)(a + 2b)a = a®b* + 4a® + b* — 4a*b + 2b%a — 4ab® = (ab + b* — 2a)>.

Ma ta thay a la binh phuong 1 s6 hitu ti nén (a — 2b + b%)(a + 2b) ciing la binh phuong mot s6 hitu
ti. Tt (%) ta suy ra diéu phai chiing minh. O

Cau 5.

1. Cho a,b,c 1a céc s6 thuc duong théa man ab + be 4 ca = 3. Chiing minh rang:

1
2+ §(a4b2 + bt + c*a®) > abe(a + b+ c)

2. Cho 80 chi tiét dugc danh s6 thit ti tit 1 dén 80. Ngudi ta lay ra 50 chi tiét bat ki trong s
ching. Chitng minh rang trong 30 chi tiét con lai, luon ton tai 2 chi tiét c6 s6 thi tu cach
nhau 3 hoac 6 don vi.

1. Ap dung BDT AM - GM ta c6 a*b? +b*c? > 2abc, b*c? + cta? > 2b%cCa, c*a® + a*h? > 2c2a’D.
Cong lai ta dugc a*b? + bic® + cta? > a®b3c + b*cca + c2a’b.
Vi vay ta can chiing minh
6 + a’b’c + b*c*a + 2a®b > 3abe(a + b+ c)
Dat ab=x, bc =y, ca = z (z,y,z > 0). Khi d6 = +y + 2z = 3 va BDT trén tré thanh
6 + 2%y +y*z + 2*r > 3(wy +yz + 22)

Ta c6 3(zy + y?2z + 2%z) = (v + y + 2)(2%y + v*2 + 2°x) > (xy + yz + 22)2
Ta quy vé chitng minh
18 + (xy + yz + 22)* > 9wy + yz + 22)

— (ry+yz+ 2z —3)(zy +yz + zx — 6) > 0.

(z+y+2)°

5 = 3 nén BDT trén ding. Vay ta c6 dpcm. 0

Lai c6 2y +yz + zo <
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2. (C1) Chia 30 chi tiét con lai thanh 3 tap ting v6i s6 du khi chia cho 314.0,1,2. Vi30 > 3-9 =
c6 1 tap chita it nhat 10 phan ti.
Goi {z,x 4+ 3ky,...,x + 3ko} trong d6 kg < ko < -+ < ky.
Gia st rang khong c6 s6 nao cach nhau 3 hoac 6 don vi = 3k; — 3k;_1 # 3,3k; — 3k;_1 # 6 —>

80> +3kg>ax+3ks+9>--->ax+ 3k + 72> 82.
Diéu nay mau thuan. Vay gid thiét phan chiing sai, ta c6 dpcm. 0
(C2) Chia 80 chi tiét thanh 3 tap tng véi cac s6 du khi chia cho 3 14 0,1, 2.
o Xy ={1,4,7,...,79} — | Xq| =27
o Xy =1{2,58,...,80} = |Xy| =27
e X3=1{3,6,9,...,78} — | X3| =26

Y tuéng: can tim mot bo {z,z + 3,z + 6} sau khi loai 50 sb trude do.
Phan hoach X, X5, X3 nhu sau:

X; ={1,4,7}U{10,13,16} U --- U {73, 76,79}
X, ={2,5,8} U{11,14,17} U --- U {74, 77,80}
Xs = {3,6,9} U{12,15,18} U--- U {66,69, 72} U {75, 78}.

Khi nay c6 tat ca 28 tap con nhé hon dudge tao ra, lai c6 tat ca 30 chi tiét con lai nén theo nguyén
ly Dirichlet, ton tai mot tap chita it nhat 2 phan tt. Ta xét cac TH sau:

TH1: Néu c6 2 chi tiét thuoc {75,78} = ¢6 28 chi tiét con lai thuoc 27 tap con lai = ton
tai 1 tap chia it nhat 2 phan tt = dpcm.

TH2: Néu c6 0 hodc 1 chi tiét thuoc {75, 78}, lap luan nhu TH1 ta c6 dpem.

Vay trong moi TH, ta luon c6 2 chi tiét c6 STT cach nhau 3 hosic 6 don vi trong 30 chi tiét con
lai. ]
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PE 14

LOI GIAI

Cau 1.

1. Giai phuong trinh sau:

x — x—3:§<1+—>

NG
a? b2
2. Cho céc s thuc a,b, ¢ khac 0 thda manb—+—+—b—3 Tinh gia tri biéu thic:
a
p_ (a+b_1) (b~|—c_1> (c+a_1)
c a b

rT—vr—32>0
x> 3
Khi d6 phuong trinh tuong duong

\/4:62—43:\/33— =3 (Vz +2)
& da? —dar —3 =3z 4+ 12z + 12
& da® —dar -3+ —-3=4r+12\/x+9

2
& (22-v2=3) =(2Vz+3)’
Truong hop 1. V6i 2z — o —3 =2/x + 3

20 — Vo —3 =21 +3
s 2Wr—-2)+Vr—-3-1-2(z—-4)=0
2 1
& (r—4 [ + -2 =0
N e Y F
Véi x > 3 Phan trong ngodc vuong luon nhoé hon 0. Vay khi d6 phuong trinh c6 nghiem z = 4
Truong hop 2. V6i 20 — Vo —3 = —2/z — 3
Ta nhan thay véi x > 3 thi VT > 0 con VP < 0. Do d6 phuong trinh nay vo nghiém
Két luan. phuong trinh da cho c6 nghiém duy nhat z = 4. 0

1. Diéu kién {

2. Tt gia thiét a, b, c # 0:

a2 b P
bc+ +ab
3
a®+ b3+ 3 _3
abe
a® + 0>+ —3abc =0
(a+b+e)(a®+b*+c® —ab—bc—ca) =0
1
(a+b+c) {5((a—b)2+(b—c)2+(c—a)2)} =0
a+b+c=0

a=b=c

r ¢T3

7
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Ta c6 P = (CH_b_C) <b+c—a> <c+a—b>‘ Xét hai truong hop:

c a b

e Trudng hop l:a+b+c=0
Suyraa+b=—c; b+c=—a; c+a= —b.
Thay vao P:

_ —2c —2a -2

p=—X 02 (<9) (-2 (-2) = -8

e Truong hop 2: a=b=c

Thay vao P:
P <2a—a> <2a—a> (2@—&) 1.1.121
a a a
Két luan: P = —8 hoac P = 1. U
Cau 2.

1. Cho P(z) la mot da thiic c6 he s6 nguyen, bac duong. Biét P(z) c6 mot nghiem 1a x, =
3 — v/2. Chitng minh ring da thiic P(z) chia hét cho da thic Q(z) = 2> — 6z + 7.

2. Cho céc s6 thyc duong z,y, z thoa man zy + yz + 2z = 3zyz. Chiing minh rang:

3 Y3 23 1/1 1 1
+ + > |=+>-+=
2422 x+y? y+22 " 2\x oy oz

1. Ta co6:
71 =3-V2=2-3=—-V2
= (z;—3)*=2
=27 — 61, +9=2
:>:z:f—6x1+7:0

Vay z; 1a mot nghiem ctia da thic Q(z) = 2* — 6z + 7.

Thuyc hién phép chia da thic P(z) cho Q(z). Vi P(z) va Q(z) déu c6 he s6 nguyen, va hé s6 bac
cao nhat ctia Q(x) 1a 1, nen da thic thuong H(x) va da thic du ¢6 dang ax + b déu phai ¢6 he s6
nguyeén (a,b € Z).

Ta c6 hing dang thc:

P(z)= (2> — 62 +7) - H(x) + av +b

Thay = = z; = 3 — v/2 vao ding thic trén, do P(x1) = 0 (gia thiét) va 22 — 6z, + 7 = 0 (chiing

minh trén):
0=0-H(z)+a(3-v2)+b
S3a+b—av2=0

Via,be Znén 3a+b € Z. Do /2 1a s vo ti, ding thitc trén chi xdy ra khi va chi khi phan hiu
ti va phan vo ti déu bang 0:
=0
{a Sa=b=0

3a+b=0

182 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa

2026
Suy ra da thic du axz + b = 0.
Két luan: Da thitc P(x) chia hét cho da thiic Q(z). O
. 1 1 1
2. Tacoxy+yz+ze=32yz & —+-+-=3
x oy oz
1 1 1
bata=—-,b=—-,c=—-,tadugca+b+c=3
x y z
1
3 ) c
T z _ a _
S 1 1 ala®+c)
¢ a?
_ctat—a® 1 a 1 a
~ala®*+c¢)  a a?+c " a 2ay/c
11
Ca 2y/c
1 1) 11
T (———) 0o —+->——
*O\oe 2/ < c 170k
1 1 1 1 1
Dod6 —-——%>-———~-
° P 2y/c " a 4e 4
1 1 1 1 1 3
=VI>-"4+-4+-—-——-——— -
_a+b+c 4da 40  4c A4
3+3+3 3 9 3 3 (a+b+0)
=— 4+ —4+——-=-—-=-=—(a c
4a  4b  4c 4 4 4 2
_1(1 1 1)
2 \z T
Dau "="xdyrakhiz=y=2=1 O

Cau 3.
1. Tim tat ca cac s6 nguyén duong x,y théa man:
16(2® — y°) = 152y + 371

2. V6i mdi s6 thuc z, ki hieu [z] 1a s6 nguyén 16n nhat khong vugt qua .

a) Ching minh ring r — 1 < [z] <z < [z] + 1 = [z + 1] v6i moi z € R.
b) C6 bao nhiéu s6 nguyén duong n < 840 thoa méan [/n] 14 uée cia n.

1. Gia stt ton tai cac s6 nguyén duong x,y thdéa man. Ta co

150y + 371 = 16(x — y)(2* + 2y + v?).

Do vé trai duong nén z —y > 0 hay x —y > 1. Suy ra

152y + 371 > 16(2* 4+ zy + v*) = 2y + 152y + 16(z? + y*) > 1 + 152y + 16(2? + 32).
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Chuyén vé, ta dugce 16(x? + y?) < 370 hay 22 + y? < 23.
Ngoai ra, 1ay dong du modulo 2 hai vé phuong trinh da cho, ta dugc

ry+1=0 (mod 2).

Ta c6 x,y cing 1é tit day. Do z > y > 1 va 2? < 23 nén chi c6 thé = 3. Thé trd lai, ta c6 y = 1.
Cép s6 duy nhat théa man yéu cau la (z,y) = (3, 1). O

2. a) Ta c6 [z] 14 s6 nguyen 16n nhat khong vuot qua x nén = < [z] + 1 suy ra z — 1 < [x].
Ma ta dé thay rang

r|+1<|z+1

{H < ] = [z]+1=[z+1].

[4+1] -1 < [7]

Vay v — 1 < [z] <z < [z] + 1 = [z + 1]. Bai toan dugc ching minh.

b) Dat k= [y/n] thi 1 <k <28 va k* <n < (k+1)% hay k* <n < k? + 2k.

Suy ran =k*+r v6i 0 < r < 2k. Mat khac k | n = (k* +7) nen r € {0; k; 2k} v6i 1 < k < 28.

Ma 840 = 282 + 2 - 28 va cac sO n ¢6 dang k% k% + k; k? + 2k déu théa man bai toan.

Do d6, s6 cac s6 nguyén duong n thdéa man bai toan 1a 3 - 28 = 84. O

Cau 4.

Cho dudng tron (O) dudng kinh AB va diém M nam trong (O) (M # A, B), phan giac ciia AMB
cat (O) tai N, phan gidc ngoai cia AM B cat NA, NB lan lugt tai P, Q. Duong thang M B cit
duong tron duong kinh PN tai S, dudng thang M A cit duong tron duong kinh NQ tai R, duong
thing qua R song song véi PQ cit NA tai C, duong thing qua S song song véi PQ cit NB tai
D.

1. Chitng minh: BNS = CNR.
2. Chitng minh: AB || CD.
3. Goi I 1a giao diém ctia DC, RS. Chitng minh: N, O, I thang hang.

C I ; R\/D
P
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1. Vi N nam trén duong tron duong kinh AB nén ANB = 90°, suy ra NB la tiép tuyén cla
duong tron ¢; duong kinh PN, tuong tu NA 1a tiép tuyén ciia duong tron ¢, duong kinh QN.
Tit d6 ta c6: ABMN ~ ABNS (g.g) dan dén BNS = BMN.

Ta c6: C CNR = C’NM—i—MNR
_MQN—l—MQR RQN AMN ma BMN = AMN nén BNS = CNR.

—

2. Xét tam gidgc BNS, RNC ta c6: BNS = CNR (chitng minh trén), RON = MPN = MSN =
NSB nén ABMN ~ ABNS ~ ARNC (g.g). Tuong tu ta cing c6: ADSN ~ ARAN ~
ANAM (g.g) dan dén

NB NS _ NS ND NA NB
NR—chaNA—NRsuyraNB NC =NA- NDhayNC ~ND

diéu nay chiing t6 AB || CD.

MN BN NC-NB
3. Do ABMN ~ ARNC (g.g) nén NC — RO N]ZCND—MN
Tuong tu: ADSN ~ ANAM (g.g) nén DS = W

suy ra DS = RC ma DS || RC cung song song v6i PQ) nén ti gidc DSCR 1a hinh binh hanh,
suy ra OD, RS cat nhau tai trung diém moi duong. Theo bd dé hinh thang ta c6: NO di qua
trung diém ctia CD nén N, O, I thang hang. U

, két hop véi chiing minh & cau 2 ta

Cau 5.

Trén bang viét mot s6 nguyen duong n (n > 3). Hai ban Lam va Ngan choi mot trdo choi nhu
sau: hai nguoi 1an lugt thiic hién lugt choi clia minh bang cdch xo4 mot s6 xuat hién trén bang
va thay béi hai s6 nguyen duong cé tong bang né. Ngusi thang cuoc 1a ngusi sau khi két thic
luot choi ciia minh ma trén bang chi ¢6 cac s6 1 hodc 2. Lam 1a ngudi choi trude.

1. Chitng minh Lam c6 chién thuat dé thing cudc v6i n = 6 va Ngan c6 chién thuat dé thing
cudc véin = 7.

2. Chting minh ring Ngan c6 chién thuat dé thing cudc véi n = 2025.

Goi z,y lan lugt 1& s6 luong s6 1 va s6 2 trén bang khi tro choi két thuc.
Vi mo6i lugt tach mot s6 k thanh a,b (a + b = k) lam tang s6 lugng s6 trén bang lén 1, nén néu ban
dau ¢6 1 86 (n) va két thic ¢6 x + y 0, thi tong sb lugt chai la:

T=(x+y) —1

Theo dé bai, tong cac sé trén bang khong doi: z + 2y = n.
Suy ra x = n — 2y. Thay vao biéu thic T:

T=mn-2y)+y—1l=n—-y—1

Lam di truée (lugt 1, 3, 5...), Ngan di sau (lugt 2, 4, 6...).
Do d6, Ngan thang khi va chi khi T’ chén, ticlan —y—1=0 (mod 2).
a) Ching minh v6i n = 6 (Lam thing) Lamcan T 1é <= 6 —y—11¢ < y1é

e Chién thuat: Nudc dau Lam tach 6 = 3 + 3.

e V6i moi nude di sau d6 ctia Ngan, néu Ngan tadch mot s6 6 nhanh nay, Lam tach s6 tuong ting
§ nhanh kia (chién thuat déi xing).
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e Cach nay dam bio moi s6 2 sinh ra déu xuat hién theo cap, dan dén y luon chén.
(Luu j: D€ Lam thdang vdi n = 6, Lam can ép T 16 <= vy chdn. Chién thuat doi ming phia
trén tao ra s6 lugng s6 2 chan, ding vdi dieu kién Lam thang).

e Két luan: Lam c6 chién thuat thing.

b) Chimg minh v6i n = 7 va n = 2025 (Ngan thing) Ngan can T chin <= n —y — 1 chin
<= y chan.

Chién thuat ctia Ngan: Duy tri trang thai bang ludn gom céac ciip s6 bang nhau, ngoai trit t6i
da mot s6 16 L > 3.

e Néu Lam tach mét sb trong cip: Ngan thuc hién thao téc tuong ti trén sé con lai clia cip
d6. Trang thai bang van gom céic cap do6i xing.

e Néu Lam tach s6 18 L = C' + D (vé6i C chén, D 18):
— Sau budc nay, trén bang xuat hien D (16 méi) va C' (chén).
— Ngan xti 1y s6 chdn C: Néu C' = 2 thi tach thanh 1+ 1. Néu C > 2 thi tach thanh § + $.

— Ltc nay, cic s6 méi sinh ra hodc 1a 1 (khong &nh hudng tinh chén 16 ctia y hodc tu triet
tieu), hodc tao thanh cip doi xiing mdi. S6 1& duy nhat con lai 1a D.

e Diac biét: Khi Lam tach L thanh C' + 3, Ngan tach C = 1+ (C' —1). Vi C chén nén C — 1 1¢,

dam bao duy tri dudgc s6 1& duy nhat D va cac cip con lai.

K&t luan: V6i chién thuat d6i xiing néu trén, Ngan luon dam bao s6 lugng s6 2 (y) thu duge 1
s6 chdn. Do d6 T chén, Ngan luon 1a ngudi di nude cudi cing va thang cuoc. O
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PE 15

LOI GIAI

Cau 1.

a) Cho cac sb thyc z,y thoa man (\/xQ +2— x) (y + Y2+ 2) = 2. Chitng minh rang = = v.

. N 1
b) Cho céc s6 thuc duong a,b. Chitng minh rang a + b + m > 1.

a) Nhan lién hgp biéu thitc thit nhat:

(Va2 +2—z2) (Va2 +2+12) = (2® +2) —2? =2
2

= Vat+2-—x=
Thay vao phuong trinh (1):
2
— (A Y2+ 249y)=2
VIt + 24 (Vy v)
=V +24+y=vei+2+z (2)

Tuwong tu, nhan lien hop biéu thic thi hai:

VP H2+9) VP +2—y) = (P +2) -y =2

= VP 24y = —————
y+2-y
2 . 2
T (1) suy ra Va2 + 2 — 2 = ———— Két hgp véi viec \/y?2 +2 — y = ———, ta dugc:
VIE+2+4y VR +2+y
Val+2—z=y?+2—-y (3)
Cong (2) va (3) vé theo vé:
2V +2=2Va2 + 2= y? +2=0"+ 2= 2% = ¢
Trit (3) cho (2) vé theo vé:
—2r = =2y = x =y. (dpcm)
0
b) Theo bat dang thitc AM-GM
+b+ ! > ! +0b ! +(b+1)—1>2-1=1
a =— - —-1=1
da(b+1)2 —b+1 b+1 -
Dau bang xdy ra néu b+ 1 =1, hay b = 0 (loai vi b > 0).
Vay
1
b+ —= > 1.
ST L1
0
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Cau 2. Giai he phuong trinh sau trén tap so thuc:

(+3)Vy?+8y+20+ (y+4)vVa?+ 62+ 10=0
4x+5)*+6y+11=3y2y+5

Bién d6i phuong trinh (1):
(x+3)\/(y+4)2+4=—(y+4)/(z+3)2+1 ()
e v = —3 =y = —4 ta thay khong théa man.
e 1 # —3 = y # —4 thi binh phuong hai vé phuong trinh (*)

3 4) <0

(y+4)? =4(z + 3)?
Thay vao phuong trinh (2) va rat gon ta duge:
42° + 28z + 51 4 3v/4x + 15 = 0

& 4(2® + 82 +16) + 3v/4dx + 15 — (4o +13) =0
27(4x + 15) — (4z + 13)3

=X x+4
e 9/ r T 1) + 3(4x + 13)¢/Ax £ 15 + (4z + 13)?
6(4 4)?
& Az +4)2 — 16(dz+7)(@ +4) -
9¢/(4x + 15)% + 3(4x + 13)v4x + 15 + (4x + 13)?
4(4 7
& (r+4)% |1 - — (x+t) —0
08/(4z + 15)2 + 3(dx + 13) Az + 15 + (4z + 13)?
- 4(4z +7) B
& 9/ (4x + 15)% + 3(4a + 13)v/4x + 15 + (4o + 13)?
r=—4

-Véir=—-4=y=-2
4(4
V61— (e +7)

03/(dz + 15)2 + 3(dx + 13)¥/4z + 15 + (4 + 13)2

Ta sé chiitng minh phuong trinh nay vé nghiém nhu sau:
Dé thay v6i moi x thi 422 + 28z + 51 > 0

15 . ‘
Do d6 phuong trinh (**) c¢6 nghiém khi 3v/4z +15 < 0 = = < 7 Tu d6 suy ra vé trai cta (3)

luon duong, dan dén phuong trinh nay vo nghiem.
Vay hé phuong trinh ¢6 nghiém (z;y) = (—4; —2) O

(3)

Cau 3. Cho tam gidc ABC nhon, khong can noi tiép duong tron (O), cac duong cao AD, BE, CF
cat nhau tai H. Goi M la trung diém ctia BC, tia phan giac goc A cat (O) tai K khac A. Trén
canh BC lay G sao cho HG || AK, goi N la giao diém khac A ctia dudng tron ngoai tiép tam
giac AEF v6i dudng tron (O).

a) Goi P la giao diéem ctia DE,CN. Chting minh rang: Tam giac DF P can.
b) Chiing minh ring: N, G, K thang hang.
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K

a. Vi AEH = AFH = 90° nén bén diém A, E, H, F cung thuéc duong tron duong kinh AH. Dinh
nghia lai P la giao diém ctia NC' véi dudng tron ngoai tiép tam giac AEF. Ta sé chiing minh:
D, P, E thang hang va tam giac DPF can.

That vay: Ta co: ]@ = Jm = ]70\3 nén PF || BC mad BH 1. AH nén PF 1 AH dan dén

—

AH 1a trung tryc ciia PF hay AD la trung tryc ciia PEF dan dén DA la tia phan gidc cia FDP va
DF = DP. -

Chitng minh duge tinh chat quen thuoc: DA la tia phan giac cia EDF suy ra D, P, E thing
hang. U

b. V& dudng kinh AT ctia (O), chiing minh duge BHCT la hinh binh hanh nén H, M, T thang
hang. Ta co: ANH = ANT = 90° nén N, H,T thang hang dan dén N, H, M, T théng hang.

Goi L 1a giao diém ctia AK, HC thi GHC = KLC = 180° — LCK — LKC. Mit khac
— e ]
LCK = LOB + BCK = 90° = ABC + ;BAC, LKC = ABC suy ra

@?}:180%(90%,@—%@)—@:90(’—%@

BHC = EHF = 180° — BAC suy ra BHC = 2GHC hay HG la tia phan giac cta BHC.

Ta c6: NFA = NEA (goc noi tiép chdn cung NA) nén NFB = ]VE\C NBA = NCA (gbc noi

) ) NB FB HB GB
iép chi NA ct ANFB ~ ANE a
tiep chan cung cia (0)) suy ra C (g-g) nén NC’ EC’ HC GC vay

NG la tia phan giac cta BNC ma NK Ia tia phan giac ctia BNC nén N, G, K thang hang. [
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Cau 4. Tim tat ca cac cdp s6 nguyen duong (z,y) thoa man:

257 + (4% + 1)(42* + 3z + 3) = (4" + 42? + 3z + 4)5Y.

Bién ddi phuong trinh ban dau, dat A =4+ 1 vad B = 42% + 3z + 3:
25"+ AB=(A+B)5 <= (5" —A)(5*— B)=(A+ B)(5Y —5%) (*x)

e THI: y = 2.
Vé phai ctia (**) bang 0, nén vé trai phai bang 0. Suy ra:
5"=4"+1 (1)
5" =42+ 3z +3 (2)
- Gidi (1): V6i z =1 thi 5 =4+ 1 (théa man). V6i > 2, ta c6 5* > 4* + 1.
_Gidl (2): Véia = 1, 5 £ 10. Véi @ = 2, 52 = 25 va 4(22) + 3(2) + 3 = 25 (théa man). Véi

x >3, tacod b® > 42 + 3z + 3.
Vay ta c6 hai cap nghiem: (z,y) = (1,1) va (z,y) = (2,2).
e TH2: y < x.
Khi y < o, vé phai ctia (**) am. Dé vé trai am thi 5” phai nim gitta A va B.
-Véizx=1. A=5B =10 thi A <5% < B. Nhung y < 1 khong c6 gia tri nguyén duong.
- V6i x > 2: 5% luon 16n hon hosic bing gia tri 16n nhat trong {4, B}, do d6 vé trai khong thé
am.

e TH3: y >z (tdclay >z +1)
Tit phuong trinh dau, ta viét lai: AB = (A + B)5Y — 5%,
Viy >z + 1, ca hai s6 hang bén vé phai déu chia hét cho 5%. Do d6:

AB chia hét cho 5*

Xét tinh chdn 1é cla x:

1. Néu z la sb chén: )
Tac64=-1 (mod5) = A=4"+1=(—1)""4+1=2 (mod 5).

Nghia 1a A khong chia hét cho 5. Vi A- B : 5%, bat buoc B phai chia hét cho 5%.
— B>5% <= 42>+ 3x+3 > 5%

— Thi z = 2: B =25 > 52 (ding). Thé z = 2 vao phuong trinh ban dau ta tinh duge y = 2.
Nhung ta dang xét y > x, nén bi loai.

— V6i z > 4 (chén): Dé dang quy nap chting minh 5% > 4z% + 3z + 3. Vo nghiém.

2. Néu z 1a sb 1é:
Ta ding khai trién hing dang thiic (Nhi thitc Newton) cho A:

A=4"+1=6-1)"+1=5"—z -5 +... + CI 25 — C2 5! + (—1)" + 1
Vizlénén (—1)® = —1, do d6 —1 + 1 = 0. Nhém 52 ra ngoai 6 cac s6 hang dau, ta duge:

A=5"-K+5r=505K+1)

Nhan zét: Gia st trong phan tich ra thita s6 nguyén t6, x chita k s6 5 (tic la z | 5% nhung
khong chia hét cho 55+1). Khi d6 A chia hét t6i da cho 5.
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Vi AB ‘5%, ma A chi chia hét cho 5!, nén phan con lai B phai chia hét cho 5%~ ¢+,
Ta suy ra: B > 5%7F1,

Mat khac, ta luon c6 mot danh gia hién nhien: 5 < z.
5:1571 52:71

Do d6: B > —— > — 1-B>5""1 = z(42®* + 3z +3) > 5L

x

Dén day, ta chi can thit vai gia tri 1é:

— 2 =1 = 1(10) > 1 (Théa man. Nhung tht lai phuong trinh gbc ra y = 1, loai do
Yy > ).

— x=3 = 3(48) > 25 (Thoéa man. Nhung v6i x = 3,k =0 = B : 5! < 48:25
la vo 1y).

—z=5 = B(118) > 625 <« 590 > 625 (Vo l).

— Vé6ix > 7 (18): D& dang quy nap chiing minh ham luy thita 5*~! tang nhanh hon rat nhiéu
so véi ham da thic 423 + 3z% + 3z. Ta luon c6 577! > z(42? 4+ 3z + 3). Vo nghiem.

Két luan: Phuong trinh chi c6 ding 2 cip nghiém nguyén duong 1a (1,1) va (2,2). O

Cau 5. Cho mot bang ké 6 vuong 2026 x 2026 va mot hop dung k vien s6i (k 1a s6 nguyén duong).
Goi (4,7) 1a 6 nam & hang thit 7 va cot thi j, véi 1 < 4,5 < 2026 (6 day, 6 (1,1) 12 6 nam & goc
trén cling bén trai).

Ban dau bang khong c6 s6i. Ta duge phép lay tit hop mot vien séi dat vao mot 6 tréng (4, j) néu
6 nay théa man dong thoi hai diéu kién sau:

e j=1ho#co (i,j — 1) 6 sdi.
e i = 2026 hoac 6 (i + 1, ) c6 soi.

Ngoai ra, ta duge phép lay mot vien so6i bat ky trén bang roi boé vao hop. Hoi gia tri nho nhat
ctia k 1& bao nhiéu dé c6 thé dat dugc trang thai 1a 6 (1,2026) c6 s6i?

Dat n = 2026. Dau tién, ta chting minh k& = n + 1 thod man. Dau tién dat séi nhu sau:
(n,1),(n,2),...,(n,n) = (n—1,1).
Vay, toan bo s6i ndm ¢ dong thit n va mot vien nam & (n — 1,1).
(n,1) > (n—1,2);(n,2) » (n—1,3);...;(n,n—1) = (n—1,n); (n,n) - (n —2,1).

Vay, toan bo séi bay gio nam & dong thit n — 1 v mot vien s6i nam & (n — 2,1). Cit lam nhu vay ta
dua ducc séi ve:
(1,1),(2,1),(2,2),...,(2,n).

Tt d6, ta chuyén séi:
(27 1) — (172)7 (27 2) — (173)7 SRR (27n - 1) — (1,7?,)
Vay ta c6 thé dat séi vao 6 (1,n) hay (1,2026).
Ta ching minh k£ > n + 1 bing quy nap theo n > 2. Khang dinh hién nhién véi n = 2. Xét bang
n xn va gia sit k thod man yéu cau bai toan. Dé c6 s6i tai (1,7n) ta can hai vien tai (2,n) va (1,n—1).
Xét bang vuong con A gom cac hang:

(1,...,n—1) vacaccot (1,...,n—1);
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Bang vudng con B gom cic hang:
(2,...,m) vacaccot (2,...,n).

Theo gia thiét quy nap, dé c6 séi tai (2,n) clia bang B ta can it nhat n vién séi nam trong B va do
d6 khéc véi vien nam tai (1,7 — 1). Thanh thit s6 s6i t6i thidu can it nhat 1 + n. O
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DE 16
LOT GIAT
Cau 1.
1) Giai phuong trinh sau:
20" + x4+ Va2 + 3+ 20vVa2+3=9
2) Cho a, b, ¢ 1a cac s6 thyc doi mot khac nhau théoa man (a?+1)(b+c) = (b*+1)(c+a) = —10.
Tinh gid tri ctia biéu thitc P = (a + b)(b+ ¢)(c + a).
1. Phuong trinh da cho tuong duong vé6i
(x+\/9c2+3> (2x+1)=9
3
S 204+ 1) ———=9
( ) ?2+3—z
<:>2x—|—1:3( 2?2 +3— )
& 3WVat+3=5r+1
S 1
e {"=75
8r? +5r —13=10
Sar=1
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 1. O
2. Tit gia thiét ta c6 (a? + 1)(b+ ¢) = (b* + 1)(c + a), khai trién ta c6
a’b+a*c+b+c=bc+bat+c+ta
Chuyén vé ta c6
a’b+a*c+b+c—bc—ba—c—a=0
(a®b — b*a) + (a’c — b%c) + (b—a) =0
ab(a —b) +c(a—b)(a+b) —(a—b) =0
(a—b)(ab+ca+cb—1)=0
Luu y rang a, b, ¢ 1a d6i mot phan biét, nén ab + be + ca = 1. Suy ra
a>+1=a’>+ab+bc+ca=(a+b)(a+c),
do do
~10=(a®* +1)(b+c) = (a+b)(b+c)(c+a).
Vay P = —10. 0
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Cau 2.

1) Mot tiem banh ngot du dinh sdn xuat hai loai banh cho mot don hang. Lugng dudng can
cho mdi chiéc banh loai I va loai IT lan lugt 14 40 g va 60 g. Lgi nhuan thu duge khi ban
mdi chiéc banh loai I va loai IT lan lugt 14 12 nghin dong va 15 nghin dong. Biét ring tiem
chi con 14 kg dudng dé lam banh va tiém phai lam it nhat 80 chiéc banh loai I va 100 chiéc
banh loai II. Héi tiém nén lam bao nhiéu chiée banh mbi loai dé lgi nhuan thu duge 1a 16n
nhat?

2) Véi a,b, ¢ 1a ba s6 nguyén duong, xét hai phuong trinh bac hai sau day:
ar’ +br+c=0 va ar’+br—c=0

Gia stt hai phuong trinh trén c6 nghiém nguyén. Chiing minh réng abc chia hét cho 30.

1. Goi 2,y (z,y € N) lan lugt 1a s6 banh loai I, IT can san xuat thi theo gid thiét:

z > 80
y > 100
40x 4+ 60y < 14000 hay 2x 4+ 3y < 700

Ta can tim xz,y sao cho 1¢gi nhuan thu duge A = 12x + 15y (nghin dong) dat gia tri 16n nhat.
Ta c6
A =12z + 15y = 6(2x + 3y) — 3y < 6- 700 — 3 - 100 = 3900
2z 4+ 3y = 700 x =200
hay
y = 100 y = 100
Vay tiém nén lam 200 banh loai I va 100 banh loai II. O

Dau bang x4y ra khi va chi khi { (théa man z > 80)

2.
e Chitng minh 2 | abe.

% Néu b chin, hién nhién abc chia hét cho 2.

x Néu b 1& thi > =1 (mod 8). Lai do b* — 4ac va b* + 4ac 1a céac s6 chinh phuong 1é nén ta
lan luot suy ra:

b —dac, b +4ac=1 (mod 8) = 4ac=0 (mod 8)
= 2| ac
= 2| abc.

e Chitng minh 3 | abe.

% Néu b chia hét cho 3, hién nhién abc chia hét cho 3.

x Néu b khong chia hét cho 3 thi > =1 (mod 3). Lai do b* — 4ac va b* + 4ac 1a céc s6 chinh
phuong nén ta lan lugt suy ra:

b —4ac=0,1 (mod 3)=4ac=1,0 (mod3)=ac=1,0 (mod3),
b* +4ac=0,1 (mod 3) = 4ac=2,0 (mod3)= ac=2,0 (mod 3).

D6i chiéu, ta chi ra ac chia hét cho 3, vay nén abc ciing chia hét cho 3.
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e Chitng minh 5 | abe.

x Néu b chia hét cho 5, hién nhién abc chia hét cho 5.
x Néu b khong chia hét cho 5 thi b = 1,4 (mod 5).

o V6i b> =1 (mod 5), do b* — 4ac va b* + 4ac 1a cac s6 chinh phuong nén ta co:

b> —4ac=0,1,4 (mod 5) = 4ac=1,0,2 (mod 5)
= ac=4,0,3 (mod b5),
b> +4ac=0,1,4 (mod 5) = 4ac=4,0,3 (mod 5)
= ac=1,0,2 (mod 5).

D6i chiéu, ta chi ra ac chia hét cho 5, vay nén abe ciing chia hét cho 5.
o Véi b* = 4 (mod 5), bang cach lam tuong tu, ta ciing c6 abc chia hét cho 5.

Thong qua cac bude lam bén trén, ta nhan thay abe chia hét cho [2, 3, 5] = 30.
Nhu vay, bai toan da cho dugce chiing minh. O

Cau 3. Vdi a, b, ¢ 1a cac s6 thuyc khong am thda man a + b+ ¢ = 1, tim gia tri 16n nhat va gia tri
nhé nhat ciia bicu thiic: At) bl-¢ ol—a
a(l— —¢) c¢(l—a
pP—
3—a * 3—-0 * 3—c

1 1
Loi giai. Chuy 0 < ab + be + ca < g(a+b+c)2:§.

Tim min. Bing bién doéi tuong duong, ta ching minh dudc

T 27x — 1
>

FRpE= Y Vo < 3.

Suy ra

27a — 1)(1 —b
)

Do ds 97 — 275 ab
Lo - Sab-2 _2-9-2 1
= 61 Z 6 1

. 1 . 1
Dau -"xady rakhia=0=c= 3 Gia tri nho nhat ctia P la T

Tim max: Ta cb

sza(IQ—b) _ Za—Zab'

2

Suy ra

pclz2ab 1

- 2 -2
Dau -"x3y ra chang han khi b=c =0 va a = 1.
) 1
Gi4 tri I6n nhat cta P 1a 7 OJ
Giai thich 151 giai
Phan Max
. 1—-0b 1-0 .
Tac gia viet: aé ) < o 5 ) Tai sao lai ¢6 so 27
—a
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Rat don gian 1a dé cho a,b,c > 0 va a + b+ c = 1. Vay gia tri 16n nhat ctia a 1a may? Chac chan
la a < 1.
Neua<l = —a>—-1 = 3—a>2.
Khi mau s6 16n hon hoic bang 2, thi phan s6 sé nhé hon ho#ic bang 3
1 1

< —.
3—a 2

Vay ta c6 ngay:

Phan Min
o Biéu thiic P déi xiing vong quanh vé6i a, b, ¢ va a + b+ c = 1. Vay ta manh dan doan dau -"xay
rakhia=b=c=-.
3

o Ta muén tim gi4 tri m, n thod man:

>ma—+n 61 moi a
3—a (V ' )

o Va dau = phai xay ra dung tai diém r0i @ = —. (Day chinh la phuong phap tiép tuyén da dugc

Wl

deé cap 6 1oi giai ctia nhing dé trudc.)
, nén gia tri 2 vé phai bang nhau tai day:

1/3 (1)+ L_m 1)
=m| = n = —=—+4+n
3-1/3 3 8 3

Wl =

Vi dau = x4y ra tai a =

Mait khéc, ta chuyén vé bat dang thiic:

a—(3—a)(ma+n)
3—a

>0

3_@—(ma+n)20 =

Vi mau s6 3 —a > 0, nén tit s6 phai > 0:
a — (3ma + 3n — ma* —na) >0

ma® + (1 —3m+n)a—3n>0
. . P 1 1
Chi g ky cho nay: Dé mot da thic bac hai luon > 0 va c6 dau = tai a = 3 thi a = 3 phai la
nghiém kép cua da thic do.
1\2
Thic 1a da thic nay phai c¢6 dang: m (a — —> = 0.

. 2 1 2
Khai trién ra: m <a2 - 30 + §> = ma?® — ?ma + %

Dong nhat hé s6 clia da thitc nay véi da thic ta vita tim dude 6 trén:

. 2
o Hé so cua a: 1—3m+n:__m

3

o Hé sb tu do: —3n:% — m=—-2Tn
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Bay gio thé m = —27n vao phuong trinh hé s6 cla a:

2(—27n)

1—3(=2Tn) +n=-=—

1+8In+n=18n

1
1+82n=18n = 64n=-1 = n=—o
1 27
Twu d6 tinh duge: m = —2 <——) =—.
6 tin Jc:m 7 61 o1
Thé m va n vho ma + n, ta dude chinh xac biéu threc:
27 1 27a—1
64" 64 o4
~ - s N - - L3 - 2 ., ~ e . Z a 270/ - ].
Va d6 chinh 1a 1y do tac gia ¢6 duge danh gia "trén troi roi xuong" 3 > I
—a

Cau 4. Cho tam giac ABC vuong tai A, dusng cao AD. Goi I 1 trung diem AD; goi F, F lan
lugt 1a cac diem doi xting ctia D qua IC,IB. Cac dudng thang BF,CE cat nhau tai diem K,
dudng thing AK cit BC tai L. Goi H la chan dudng cao ha tit K len BC, M la trung diém ciia
HK.

1) Ching minh: BD = CL.
2) Chﬁmg minh: 4SABC = 3SKBC-

3) Goi P,Q lan lugt 1a chan dudng vuong goc ha tit D len AB, AC. Chitng minh: PQ vuong
gbc véi DM.

1. Tt gid thiét bai toan ta suy ra I la tam dudng tron noi tiép tam giac KBC. D, E, F 1a céac tiép
diém ctia (I) v6i BC,CA, AB. Theo bo dé hinh thang ta c6: M, I, L thing hang. Vé dudng thing

) e 1 —
qua A song song v6i BC' cat KB, KC tai X,Y thi BIX = §DIF+ EAIF = 90°.
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Ap dung he thic lugng trong tam giac vuong BIX ta co:

IF?=FB-FX=AX-BD=IE*=EY -EC =AY -CD.

XA COD XA LB . .. CD LB BC  BC
Suy ra —— VA - BD’ theo dinh 1i Thales ta cling c6: YA~ IO dan den 5D IC suy ra 5D IC
dan dén BD = CL.
XA Al
2. Tt chitng minh cau 1 ta ¢6: AXAI ~ AIDB (g.g) dan dén 7D = §p SW I8

XA_[D-IA_ADQ_DB-DC_DC
~ BD  4BD  4DB = 4’

BD . . BC
ching minh tuong tu ta c6: AY = e dan den XY = R tit d6 theo dinh Ii Thales ta c6:

AD AL YC _KY XY 1
KH KL KC™KCc BC 14
YO 3 S.se AD 3

nen KC 1 suy ra SKBC KiH 1 ay ABC KBC

3. Goi S la trung diém citia BC, tit chiing minh & cau 2 ta suy ra S la trung diém ctia DL.

LD 3 LD SD 3 HD 2
TacoE—Zsuyraﬁ—3maSlatrungd1emcuaDLnenﬁ— hayS—D—g.
. MH 1KH 1 4 2 HD MH
Ta ctiing co: D =3AD —3 3 3°WR oy =5 dan dén AMHD ~ AADS (c.g.c) suy

ra MDH = ASD nén MD | SA.
Lai c6: AP - AB = AD? = AQ AC dan dén AAQP ~ AABC (c.g.c) suy ra AQP ABC ma
SA =SB =5C suy ra SAC—I—AQP ACB+ABC’—90° hay AS 1 PQ suyra MD 1 PQ. O

Cau 5.

1) Ton tai hay khong s6 nguyén duong n dé 2n — 1,5n — 1,13n — 1 dong thdi 14 s6 chinh
phuong.

2) Cho chin diém trén mit phing, cit bat ky ba diém nao ciing 1a dinh cia mot tam gidc ma
canh dudc t6 xanh hoac t6 do, trong d6 bao gis ciing c6 canh dé. Chiing minh rang ton tai
mot t giac ¢6 cac canh va cac duong chéo cling t6 mau do.

1. Gia stt ton tai s6 nguyen duong n théa dé. Khi do, ta co thé dat

2n — 1 = 2 (1)
n—1=1y° (2)
13n —1=2° (3)

Ta 6 x 1& tit (1), nén ca y va z déu 1a s6 16. Lay 4 - (1) + (2) — (3) theo vé, ta chi ra
—d =42 +y* — 2 = Py =42+ ). (4)
Ta da biét, mot s6 chinh phuong chi ¢6 thé dong du véi 0, 1 hodic 4 theo modulo 8. Tuy nhién, do ci

z v y déu 1é nén ta co
Z2—9y*=1-1=0 (mod 8) (5)
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Mat khac, do x 1é nén 22 +1 =2 (mod 4), va nhu vay,

2(z2+1)=4 (mod 8) (6)

T (4), (5) va (6), ta chi ra ditu mau thuan. Nhu vay gia st sai, va bai toan duge chiing minh. OJ

2. Xét hai truong hop

e Trong chin diém ton tai diém A la dau mit ctia it nhat bén canh xanh. Gia st AB, AC, AD, AE
1a bén canh xanh. Khi d6 tit giac tao bdi bon dinh B, O, D, E sé 1a tit giac thod man bai toan
vi néu khong thi trong ti gidc nay sé c6 mot doan thang néu hai dinh duge t6 mau xanh, gia
stt BC dugc t6 xanh. Nhung luc nay tam giac ABC' sé khong c¢6 canh do 1a tréai véi gid thiét.

e Tat ca cac dinh c6 sd canh xanh xuét phat tit dinh dé khong vuot qua 3. Khi d6, ton tai mot
dinh ma s6 canh xanh xuat phat tit dinh d6 khong vust qua 2 vi néu khong thi moi dinh déu 1a
dau mat ciia ding ba canh xanh. Va do d6, s6 canh xanh sé 1a T khong phai 1a s6 nguyen.
Gia st A 1a dinh ma s6 canh xanh xuat phat tit A khong vuot qua 2. Khi d6, A 1a dau mut
clia it nhat sau canh mau do, gid st 1a AB, AC, AD, AE, AF, AG. Ap dung bai toan Ramsey

cho sdu diém B,C, D, E, F,G thi ton tai mot tam giac gia st 1la BC'D c6 ba canh cliing mau
va tam giac nay c6 ba canh mau do. Khi doé ti gidc ABC'D thoa méan bai toan. U
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PE 17

LOI GIAI

Cau 1.
1. Cho a,b, ¢ la cac s6 thuc khac 0 thoa man ab? + be? 4 ca? = abe. Tinh gia tri clia biéu thiec:
P=let+a)+ a+b)+ 0+
b c a
2. Giai hé phuong trinh:

20° — 3wy® = y(y — 2)

{(?mcy — 2)2 + 42% = 5y?

1. Tir gia thiét, ta co:
_abP+b*+ca® a b c

1 =4+ -4+ =
abc b+c+a
Khi do:
b c
P:—(c+a)+g(a+b)+a(b+c)
a b c
:Z(a—i—b—i—c)—i—;(a—kb—i—c)—i—a(a+b—i—c)—a—b—c
:(a—i—b—f—C)(g-l—l—)-I—E)—a—b—c:O.
b ¢ a
Vay P = 0. O

(Bzy — 2)? + 42? = 5y* (1)
2% = 3wy’ =y(y —2) (2)

Ta thay khi y = 0 thi tit (2) ¢6 x = 0, thay lai vao (1) thi khong thod man.

2. Ta c6 hé phuong trinh: {

22_ 2 22
Xéty#O,th(Z)tacéy(Sxy—Q):2x2—y2<:>3xy—2:%:§—y.
Thay vao (1) thi

227 ? 4t
<i—y) +4x2:5y2<:>%—4x2+y2+4x2:5y2
Y Y
4zt 2 4 4 2 2
<:>?=4y =2 =y & (@-y)(z+y)(z”+y)=0.

Trudng hop 1: Néu 22 = —y? & 22+ y?> = 0 & o = y = 0, khong thod man.
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Trudng hop 2: Néu z = y thi tu (2)

23:2—3:103:1’(:6—2)<:>3x3—x2—2x20<:> :v:12:> _9_12

Trudng hop 3: Néu z = —y thi tir (2)
20 =318 = —z(—2-2) 37 -1’ +22 =0 (32 —z +2) = 0.

Ma 322 — 2 +2 > 0 nén z = 0 kéo theo y = 0, khong thod man.

2 2
Vay hé phuong trinh c¢6 cac nghiem (z,y) la (1,1), <_§’ —§> O
Cau 2.
1. Cho da thic f(z) = a®*?°22 + bx + a***°c — 1, v6i a,b,c 1a cdc s6 nguyen. Gia st ring
phuong trinh f(z) = —2 c6 hai nghiem nguyén duong. Ching minh ring biéu thiec
1 2 .
UOF U0

2. V6i p 1a s6 nguyén to 18, dat A = 23p + 3 — 4. Chiing minh rang:

a) A khong phai 14 binh phuong ctia bat ki 6 tit nhién nao.
b) A khong phéi la tich ctia bat ki hai s6 nguyén duong lién tiép nao.

1. Gia stt a®®*22 + bz + a?**c — 1 = 0 ¢6 2 nghiém nguyén 1a r va s

Khi do:
1
r-s=c+ 22036 ez
nén
02026 —
Do doé:
fx)=2>+br+c—1
Xét

f@)y=2>+br+c—1=—-2haya* +br+c+1=0

Theo dinh ly Viét, ta co:

r+s=—b
rs=c+1
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Lai co:
{f(l) =b+c
f-D)=c—b
Do doé:
(D)) + f(=1)*=(b+ )’ + (c—b)* =2(b° + )
Suy ra

W)+ F1P
2

=(r+s)+(rs—1)?2
=r’s®+ri+ 2 +1
=+ 12+ 1)

(f(1)* + (f(=1))*
2

Vir24+1>2,s>+1>2nén

(f(1)* + (f(=1))
2

13 hgp sb.

Vay 14 hop s6.

2. a) Gia st ton tai s6 ty nhién x sao cho 23p + 3P — 4 = 22. Theo dinh 1i Fermat — nhd, ta co:
P +1=23p+3—-3=0 (mod p).
Ta suy ra 22 4 1 chia hét cho p v& p phai c6 dang 4k + 1. Diéu nay kéo theo
2p+3F —4d=a"=—-p+ (1)’ =2 (mod 4).

Do 22 = 0,1 (mod 4), nén diéu nay mau thuin. Vay A khong la s6 chinh phuong.

b) Gia sit ton tai s6 nguyén duong x sao cho 23p + 37 — 4 = x(z + 1). Ta xét cac truong hop
tiép theo.

* Truong hop 1. Néu p = 3, ta c6 A = 92, khong 1a tich clia hai s6 nguyén duong lién tiép
nao.

* Truong hgp 2. Néu p=1 (mod 3), ta c6
2?4 r+1=23p=23=2 (mod 3).

Day la diéu vo Ii, do 22 + 2+ 1= 0,1 (mod 3), véi moi sd nguyeén .

* Truong hgp 3. Néu p =2 (mod 3), ap dung dinh 1i Fermat — nhd, ta c6
2’ +2+1=23p+3’—-3=0 (mod p).

Ta nhan dude 22 + z + 1 chia hét cho p.
Theo nhu kién thitc da hoc, ta c¢6 1 chia hét cho p, mau thuan.

Vay A khong phai 1a tich bat ki hai s6 nguyén duong lién tiép nao. O
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Cau 3. Cho a,b,c € R théa man a + b+ ¢ = 0. Chiing minh rang:

ala+2) bbb+ 2) c(c+2)>O
2a2 +1 202 + 1 2c2+1 —

Ta co6:

al@+2) bb+2) clc+2)

>0
2a2 +1 202 4+ 1 22 +1 —
20> +4a 202 +4b 2% +4c
+ + >0
2a2 +1 262 +1 2¢2 +1
(2a+1)2 (26+1)* (2c+1)? -3

2a% + 1 202 + 1 22 4+1 —

Theo nguyeén 1y Dirichlet, trong 3 s6 a, b, ¢ luon ton tai 2 sé cing phia véi 0
Khong mat tinh tong quat, gia st 1 a va b.
Khi do, ta c6: ab > 0 kéo theo a® + b* = (a + b)? — 4ab < (a + b)* = 2.

Ap dung béat ding thic Cauchy - Schwarz dang Engel ta c6:

(2a +1)* (20 +1)? S (2a + 2a + 2)? S 2(c —1)2
20> + 1 202+1 ~ 2(a?+0?)+2 — 2+1

Bay gio, ta chi can chiing minh bat déng thic 1 bién:

A1  (e+1? _,
c2+1 2c2+1 —
20— 1?2+ 1) + (2c + 1)*(2 + 1)
CESNCEES)
o 2(c* = 2c+1)(22 + 1)+ (4 + 4c+ 1) (> + 1) = 3(c*+ 1)(2¢* + 1) >0
(2 +1)(2¢2 + 1) -
4t — 43 + 662 —de+ 2+ 4t + 43 + 52 +4e+ 1 —6¢t — 92 — 3

& >0
(@+1)(22 1 1) =

>3

2ct — 2¢?
>0

(+1)(2c2+1) —

2¢%(c — 1)?
(2+1)(2¢2+1)
Vay ta c6 diéu phai ching minh. O
M3 rong: Mot bai toan tuong tu cho ban luyén tap:
Cho a, b, ¢ thuc c6 tong 1a 3. Chiing minh ring:

> 0 ludn ding.

a n b n c <3
a?2+9 HB+9 24+9 10

Cau 4. Cho tam giac ABC (AB < AC) nhon, khong can va c6 cac duong cao AD, BE,C'F cit
nhau tai tryc tam H. Goi M, N, I tuong ting la trung diém ctia cac doan thang BC, EF, AH. Céc
duong thang AH, BC' theo thit tit cit duong thang EF tai J, S.

1. Chtng minh rang SB-SC = SE-SF =SJ-SN.

2. Chitng minh rang J 1a tryc tam cta tam giac IBC.
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3. Goi P la diém déi xitng cia N qua BC. Chitng minh ring BIP = CIM.

P

a) Ta c6 tam gidc BFC vuong tai F va tam giac BEC vuong tai E. Ma M 1a trung diém ctia BC.
Suy ra MB = MC = ME = MF nén tt giac BFEC ndi tiép duong tron (M, M B).
Ta ¢6: ZSFB =180° — /BFE = ZBCE, va goc F'SB chung thi ASBF ~ ASEC (g.9).

Khidég—g:g—gﬁSF-SE:SB-SC. (1)
Vi tam gidac AEH vuong tai H c6 I 1 trung diem AH nén IA = IE = IH.

Ta c6: LZIEM = 180° — LIFA — ZMEC = 180° — LZIAE — ZMCFE = 90°.

Tuong tu thi ZIFM = 90°. Nhu vay LIDM = ZIEM = ZIFM = 90°.

Ta chiing minh duge 5 diém I, F, E, M, D thuoc mot dudng tron.

Do do6 tit gidc DFEM noi tiép suy ra ZFDS = 180° — ZFDM = /FEM, va géc F'SB chung.

s SD  SF B
Déan dén ASDF ~ ASEM (g.9) = SE-Su® SM-SD = SE - SF. (2)
Mat khac [E = IF,NE = NF,ME = MF nén I, M, N thang hang va IM vuong géc EF tai N.
SD SJ

Ta ching minh duge ASDJ ~ ASNM & SM-SD=SN-SJ. (3)

(9.9) = SN SM
Tit (1), (2), (3) thi SB-SC = SE-SF = SN - 5.J.

b) Ta c6 /BFE =180° — /BCA=/ZDHE = ZAHB.
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BH AH IH
BF EF NF’
AIBH ~ ANBF (c.g.c) = /BIH = /BN J.(4)

Déan dén AABH ~ AEBF (g.g) = /BFE = /AHB thi

o SB SJ .

Tit (4), (5) thi
900° = Z/IBD + /BID = /IBD + /BNJ = ZIBD + /SC.J.

Suy ra JC vuong goc IB. Két hop véi 1.J vuong goc BC. Nhu vay J 1a triyc tam ctia tam giac IBC.
c) Ta ¢6 tam gidgc IEM vuong tai E va IN la dudng cao nén
MN MB

MN -MI=ME?=MB?>= —— = ——
= MB _ MI

= AMBN ~ AMIB (c.g.c).

MBiM]:> MI  BI (
BN IB MC  BP’
Va ZIBP = /IBM + /MBP = Z/IBM + /MBN = /IBM + /BIM = ZIMC.
Do d6 APBI ~ ACMI (c.g.c).

Vay £BIP = /ZMIC. U

Suy ra BP =BN,MB = MC).

Cau 5. Cho bang 6 vuong kich thuéc n x n va hai loai miéng ghép hinh "dau cong", "dau trit"nhu
hinh duéi day. Ta can pht kin bang 6 vuong da cho bang cach st dung ca hai loai miéng ghép, cac
miéng ghép khong duge chong lén nhau. Biét ring mdi 6 vuong nhé clia cdc miéng ghép chong
khit v6i mot 6 vuong nho trong bang va miéng ghép "dau tri"cod thé xoay 90°.

| | (117

Dau cong Dau trit

1. Chi ra mot cach phii kin théa man yéu cau trén véi n = 6.

2. Tim tat ca gia tri ciia n dé bang 6 vuong kich thudc n x n c6 thé duge phit kin bing cach
st dung ca hai loai miéng ghép da cho.

Ta ghép 2 dau cong va 13 dau trix nhu trén thi thda man bai toan.
2) Ta chttng minh v6i n 14 $6 chdn khong nhd hon 6 thi thda méan bai toan. That vay:
e V6i n = 2;4 dé thay khong c6 cach ghép dau cong va trit théa man.

e V6i n = 6 théa man theo cau 1).
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e V6i n 1a s6 chn va 16n hon 6.

2 X (n—2)

Ta dé dang to dugc bang cach ghép thém cac dau trit vao phan mau cam con lai.

e Véi n 1a s6 18. Ta danh cac sd 1 va 2 xen ké vao bang nhu sau:

112111212 }---|1
2111211 (2(1|---1]2
11271121 2]---]1
2(1|12(1(2|1}---1]2
112)1112]1]2 1

MBbi lan ghép mot dau trit sé phit hai 6 14 1 va 2 hay c6 tong la 3.

MB&i lan ta ghép mot dau cong sé phit béi 4 6 s6 2 va 1 656 1 hosic 4 6 s6 1 va 1 6 s6 2, hay c6 tdng

1a 9 hoac 6.

Vay tong céc sb trong cac 6 duge phit 1a chia hét cho 3. Ma tong tat ca cac s6 trong bang ban dau
3 .

la 3 (n? — 1) + 1 khong chia hét cho 3.

Do d6 khong thé phii kin bang n x n béi cac dau cong va trit véi n 1a s6 18. O
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PE 18

LOI GIAI

Cau 1.
1. Giai phuong trinh: z(z + 1) + 22z + 2+ 2 = 0.
2. Cho a, b, c la cac s6 thuc khac 0 va théa méan:
a® —2a(b+c) =b* —2b(c +a) = * —2c(a +1D).

, b bh- _
Tinh gid tri cfia biéu thite M = —— + 2 1 ¢ - a
C a

1. Diéu kién xéac dinh: x > —2.
Phuong trinh da cho c6 thé viét lai thanh

22+ 22V +2+ (2 +2)=0

hay 1a
(x++Vr+2)?=0.

Ta duge z ++/z +2 = 0. Néu —2 < x < —1 thi vé trai am (vo 1y), néu z > —1 thi vé trai duong (vo
1y).
Véi x = —1 thay vao théa man. Vay z = —1 14 nghiém duy nhat ctia phuong trinh. U
2. Dat a®> —2a(b+c) = b* —2b(c+a) = —2c(a+b) = K via+b+c=S. Khi d6 a, b, c 1a nghiem
da thic

P(z) =2® —22(S —2) — K = 32> — 225 — K.
Vi P(x) 1a da thic bac 2 nén c6 tdi da 2 nghiém, suy ra trong a, b, c c6 it nhat hai s6 bing nhau.
Khong méat tinh téng quat gid st @ = b. Ta dé& dang tinh duge M = 0. 0

Cau 2.
1. Tim tat ca cac s6 nguyén z va y thda man: 2% + 4y? = 2xy(x — 2y) + 5.

2. Cho m,n la cac s6 nguyén théa man s6 m? — mn + 4n? chia hét cho 25. Chitng minh s6
m? 4+ mn + 4n? cling chia hét cho 25.

1. Gia thiét cho tuong duong vdi
(x — 2y)* + day — 2zy(z — 2y) =5 < (v — 2y)* — 2ay(x — 2y) + 2%y — (2%y* — 4oy +4) = 1.
(x—2y—ay)y’ —(zy—20 =1 (z -2y 22y +2)(z -2y —2) = 1.
Do x,y 1a s6 nguyén nén z — 2y — 2xy + 2 va x — 2y — 2 1a u6c cta 1. Ta c6 cac truong hop sau

e Truong hop 1. v — 2y —2zy+2 =2 -2y —2 =1. Suyrazy = 2 va x — 2y = 3 nén
2y +3)y = 2 & 29?4+ 3y — 2 = 0. Giai ra tim dugc y = —2, tit d6 z = —1.

e Truong hop 2. v — 2y — 22y +2 =0 —2y—2=—1. Suyraxy = —2vaxr — 2y = 1 nén
2y + 1)y = —2 & 2y? + y + 2 = 0. Truong hop nay khong c6 y thda man.

207 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Vay (z,y) = (=1, —2) 1a cap s6 nguyén duy nhat théa man bai toan. O
2. Ta co
4(m® —mn + 4n?) = (2m — n)* + 15n?

nén tir gid thiét suy ra (2n — m)? + 15n? chia hét cho 5, tit d6 (2n — m)? chia hét cho 5. Do 5 1a s6
nguyén t6 nén lai ¢6 2n — m chia hét cho 5 va (2n — m)? chia hét cho 25.

Két hop déng thiic & trén lai c¢6 15n? chia hét cho 25 nén n? chia hét cho 5, do d6 n chia hét cho 5.
Suy ra m ciing chia hét cho 5.

T d6 m? + mn + 4n? chia hét cho 25. Ta c6 diéu phai chiing minh. O

Cau 3.
a*b?

1. Gid st a,b la cac s6 nguyén duong sao cho oy 14 s6 nguyén duong khong c6 u6éc nguyén
a

t6 vugt qua 3. Chiing minh réng a = b.
2. Xét x,y, z 1a cac s6 thuc duong théa man zy + yz + zx < zyz. Tim gia tri nhoé nhat cia

biéu thic:
Q= ay® +yz* +z2® — 18(x +y + 2).

1. Goi d = (a,b) thi ton tai x,y € Z, (z,y) = 1 théa man a = dx,b = dy. Theo gia thiét, ta co

a3b3 B d2x3y3

bt rt oy

ezZ*.(1)

Cha v 1a (2393, 2% + y*) = 1 nén tur 2* + y?* | d®2%y® ta suy ra 2t +¢* | &%
Khi do, ta dit d® = k(z* + y*) va thay vao (1) ta ¢

T gid thiét ta c6 ngay k, z,y khong c6 uéc nguyeén to vuct qua 3. Ta xét cac truong hop sau.

x Néu (k,z* +y*) = 1 thi k,2* + y* déu 1a cac s6 chinh phuong nhung z* + y* = 2 (mod 5)
nén loai truong hgp nay.

x Néu (k,z* +y*) > 1, ta gid stt k va 2* + y* c6 u6c nguyen t6 1a p thi p € {2,3}.

o Néu p = 3 thi ta suy ra ngay 3 | z,y diéu ndy mau thuan vi (z,y) = 1.

o Néu p =2 thivi (z,y) = 1 nén x, y phai ciing 1&. Vi vai tro x,y binh déng nén ta chi can
xétx=1,y=3"véiucN. Viet k =2°-3' v6is,t €N, s> 1, taco

d2 — 98 ‘3t (1_|_34u)

Luu y ring 1 + 3% khong 1a s6 chinh phuong va (2% - 3,1 + 3%) = 2.

Tu day ta dat 1 4 3% = 2m? v6i m 1a s6 nguyen duong. Vi vé trai khong chia hét cho 3
nén vé phai ciing khong chia hét cho 3, kéo theo 2m? =2 (mod 3).

Suy ra 3** =1 (mod 3), do d6 u = 0, tic la y = 1. T day ta dugc a = d = b.

Vay bai toan dudc ching minh.
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) 1 1 1 P
2. 4+ Tu gia thiet ¢6 1 > — 4+ — + —. Dung bat dang thic Cauchy-Schwarz c6
x Yy oz

1 1 1
oy’ +y2 + 2t > (;—i—;jt;) (zy? +y2* + z2%) > (y+ 2 + 2)%

+SuyraQ>(r+y+2)?2—18(r+y+2z)=(r+y+2z—9)?%—81> -8l

Khi 2 = y = z = 3 thi cac gia thiét dugc thdéa man vad Q = —81. Vay gia tri nho nhat cta Q
bang —81. O

Cach khac:
81

81 81
Q+81>axy? — 18y + — 4+ y2* — 182+ — + za® — 182 + —
T Y Z

9\? 9\?2 9\ 2
:x@—;) *W‘;) “(“z) =

Cau 4. Cho tam giac nhon ABC (AB < AC), ndi tiép duong tron (O). Duong thang di qua A
va song song véi dudng thing BC' cit dudng tron (O) tai giao diém thit hai 1a D. Goi M 1a trung
diém ctia doan thang BC. Dudng thing DM cit duong tron (O) tai giao diém thit hai 1a S.

1. Chitng minh tam giac AC'S dong dang véi tam giac BMS.

2. Goi J la trung diém ctia doan thang AS. Dudng thang B.J cat dudng tron (O) tai giao diém
thit hai 14 7. Chitng minh ring duong thing C'T song song v6i duong thing AS.

3. Cac duong cao DE, BF va CK clia tam gidc BC'D dong quy tai H. Goi L 1a chan duong
vuong géc ké tit diem H dén duong thing K F. Chitng minh ring cic dudsng thang AE va
DL cit nhau tai mot diém nim trén dudng tron (O).
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1. Chu y rang AD || BC va cac goéc noi tiép ciing chan mot cung trong duong tron (O)

Ta co:

ACS = ADS = BMS va SAC = SBC = AASC ~ ABMS (g.g)
2. Tu AACS ~ ABMS = AABS ~ ACMS (c.g.c)
Két hop vé6i J, M lan lugt 1a trung diem cta AS, BC

Ta co:

AB-C’S:AS-CMZQAJ-BTC:AJ-BC
Tit 46 AABJ ~ ACBS (c.g.c) = ABJ = CBS
Trong duong tron (O), ti ABT = gB\S, ta suy ra AS || CT.
3. Hinh thang ABC'D noi tiép duong tron (O) néen ABCD la hinh thang can.
Ta c6 tit gidc BCFK noi tiép nén
CBF = CKF, DKF = DCB = ABC

. EB LK
Tu AHBC ~ AHKF (g.g), ta thu dugc 5 = IF

Két hop véi AABC ~ ADKF (g.g), ta thu dusc BAE = KDL.

Goi G 1a giao diém ciia cac dudng thang AE va DL

Do BAG = BDG nén ta c6 ti gidc ABGD nai tiép.

Vay céc duong thang AE va DL cit nhau tai G thuoc (O). O

Cau 5. Day nhi phan 13 cic day s6 chi bao gom cac s6 0 va 1, vi du nhu cac day 0100, 11000, 11.
MBai lan ta duge phép thiyc hién mot trong céc thao tac sau:

1. D&i 010 thanh 1
2. D6i 1 thanh 010
3. D6i 110 thanh 0
4. D&i 0 thanh 110

Lieu ta c6 thé bién doi duge day 100...0 gdom 2003 s6 0 thanh day 00...01 gdm 2003 s6 0 va
mot s6 1 hay khong? Tai sao?

Ta quy uéc gia tri cia mdi s6 0 trong mot day nhi phan 13 +1 néu s6 lugng s6 1 ndm bén trai noé
la s6 chin va la —1 néu ngugc lai. Dat gia tri ciia mot day nhi phan 1d tong cac gia tri clia tat ci
cac s6 0 trong day nhi phan d6 néu day nhi phan d6 c6 chita s6 0 (néu khong ta sé khong quy uée
gia tri cho day do).

Khi thyc hién thao tac (a) va (b), do khong c¢6 s6 1 nao duge them vao hodc x6a khoi day nén
gia tri clia tat ca céc s6 0 trong day sau khi thye hien thao tac sé khong thay doi. Vi ta them vao
hoiic x6a di mot cip s6 0 mang hai gid tri d6i 1ap nhau (1 $6 0 ¢6 nhiéu s6 1 nam bén trai hon s6 0
con lai) nén gia tri ctia ddy nhi phan mdi sé khong thay doi.
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Khi thiic hién thao tac (c¢) va (d), do s6 lugng s6 1 duge them vao hodic x6a khoi day 1a 2 nen
s6 luong s6 1 ndm ben trai moi s6 0 trong day khong thay doi tinh chin 18, hay gia tri ciia mdi s6
0 trong day sau khi thuc hién thao téc sé khong thay doi. Vi khong c¢6 s6 0 ndo duge them vao hay
x6a khéi day nén gia tri ctia day nhi phan mdéi ciing sé khong thay doi.

Nhu vay thi gia tri ctia cadc day nhi phan c6 s6 0 sé khong bao git thay doi khi ta thyc hién thao
tac. Vi gia tri ctia 2 day 100...0 gom 2003 s6 0, mot s6 1 va day 00...01 gom 2003 s6 0 va mot s
1 tuong tng 1la —2003 va +2003 nén khong thé thu duge day nay qua day kia bing cach thuc hien
cac thao tac trén. O
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PE 19
LOI GIAI

Cau 1.

1) Tim tat ci cac gid tri ctia tham s6 m dé phuong trinh 22 — 2(m — 1)z +m? — 2m — 8 = 0
¢6 hai nghiém phan biét x1, x5 thoa man x; + 6 = \/x5.

v6i x # 0,2 # —1. Tinh gia tri biéu thic:

1 1
2) Chof(x):\/1+ﬁ+(x+1)2

S=fM)+f(2)+fB)+ -+ f(2023)

1. Xét phuong trinh: 22 — 2(m — 1)z +m? — 2m — 8 = 0.

Ta c6: A’ = [—(m — 1)]* — (m? — 2m — 8) = 9 > 0,Vm nén phuong trinh luon c¢6 hai nghiégm phan
blét T1,T9.

Ta tim dugc hai nghiém cia phuong trinh la x =m —4 va x = m + 2.
Truong hop 1: 1 = m — 4, x5 = m + 2, bai toan tré thanh:

m—4+6=vm+2m+2=vm-+2

>
m+2>0 m > —2 m 2 =2 =1
& m=-1 <
(m+2)?=m+2 m?+3m+2=0 [ m= —2
m=—2
Truong hop 2: vy = m + 2,29 = m — 4, bai toan trd thanh:
m+24+6=vm—-—-4m+8=vm-—4
m+8>0 m > —8 m > —8
S<m—-4>0 S<Am>4 Sim>4 (vo nghiém).
(m+8)2=m —4 m? + 15m + 68 = 0 m e o
Vay m = —1,m = —2 thoa méan la cac gia tri phai tim. O
1 1 1 1
2. Ta co: = J1+=4+—-=14+—-— 61 x > 0.
a co: f(x) \/+x2+(x—|—1)2 +x P

That vay, khi > 0, hai vé cia ddng thiic déu duong nén binh phuong hai vé ctia ding thiic trén, ta
dugc:

T S &
2 (z+1)2 2 (z+1)2 x x4+1 z(z+1)
1 1 1 1 2 2 1 1
ST S 22 0[]
+x2+(x—|—1)2 +x2+(x—|—1)2 xr r+1 x r+1 (luon diing)
Ap dung ta dugc:
1 1 1 1 1 1 1 1
D=14: = fQ)=1d=— = f(3)=14>— . f(202) =1+ — — —
1 2024% — 1
a 1 2 2023) = 2024 — = U
Vay F(1)+ F(2) + 1(8) + -+ F(2023) = 2024 — o = 22
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Cau 2. Cho s6 nguyén duong n c6 tat cad k ude s6 duong 1a dy < dy < - - < dj,. Gia st
di+do+---+dp+k=2n+1

Chttng minh rang 2n 13 mot s6 chinh phuong.

Goi Iy, 1o, ..., 5 1a cac ude 1é clia n va 2™ 1a liy thita 16n nhét ctia 2 trong khai trien n. Cac ude
cua n la

li,loy oy ls, 200, 200, ., 216, . 24, 2 5, . 2
Déng thitc ¢ dé bai tré thanh

h+lb+.  +l+2L+2+ . 42+ .. +2"0+2" o+ ..+ 2"+ (m+1)s=2n+1
Dua cac nhan tit iy + Iy + ... + I, vé mot nhom, dang thic trén tuong duong
(Lh+l+ ..+ +(m+1)s=2n+1 (x)
T6i day, ta xét cac truong hop sau day.
e Néu s chin thi vé trai clia (x) chin, con vé phai ctia () 1¢, mau thun.
e Néu s 1é va m chin thi vé trii ctia (%) cling chin, con vé phai clia (%) 18, mau thuan.

n k k Z
. 1 2 km z A 2 N
om = PU Py Pyt €O SO ude la

e Néu s 1é vam 1é,
(k1 + 1) (ks + 1)...(ky + 1).

Theo d6, cac k; 1a s6 chan va 2m+! . 2% = 2n 1a s6 chinh phuong.

Nhu vay, bai toan dugc chiing minh. 0

Cau 3.

1) Giai phuong trinh:

1
VT +2yy—1+4+3Vz - :§(as+y+z+11)

. , 1 , .
2) Cho cac so thuc a,b,c théa man 0 < a,b, ¢ < 5 va 2a + 3b + 4¢ = 3. Tim gia tri nho nhat
(GTNN) ctia biéu thiic:

2 9 8
~ a(3b+4c—2) +b(4a+80—3) +c(2a—|—3b—1)

1. Diéu kien > 0,y > 1,z > 2. Phuong trinh da cho tuong duong véi

VT + 4/ y—1+6vVz—2=x+y+z+11
Wz -12+(Wy—-1-22+(2-2-3>=0
SvVr—1l=\/y—-1-2=vz-2-3=0z2=1y=>5,z=11
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Vay phuong trinh da cho ¢6 nghiém 1a (x,y, z) = (1,5, 11). O

2. Dé y thay mau s6 c6 sy lien quan dén gia thuyét.
Do dé ta c6 cac bién doi sau v6i 2a + 3b + 4c = 3:
a(3b+4c—2) =a(3 —2a —2) =a(l — 2a)

b(4a + 8¢ — 3) = b(6 — 6b — 3) = 3b(1 — 2b)
c(2a+3b—1)=c¢c(3—4c—1) =2¢(1 — 2¢)

DodsP=— 2> 4 3, 4 _ 2 3 . A
a(l—2a)  b(1—2b) ¢(1—-2¢) a*(1—2a) b*(1—-2b) 2(1—2c)
Ap dung Cauchy 3 s6 (dang zyz < <%>3) ta co:
P> QTa—l-gTb—f—# > 27(2a + 3b + 4c) = 81 (dpem)
21 21 27
Déuzxéyrakhia:b:c:é O

Cau 4. Cho AABC nhon (AB > AC) noi tiép duong tron tam O, ban kinh R. Céc dudng cao
AD,BE,CF cia AABC cat nhau tai H. Duong kinh AK ctia dudng tron (O) cat EF tai N.

1) Chitng minh t gisc BKNF noi tiép va AKD = AHN.

2) Duong thang qua C song song v6i AB cat dudng thang BE tai M. Goi Q 1a giao diém ctia
BC va HK, duong thing EF cit QM tai P. Ching minh ABPC vuong.

K

1. Vi AK la duong kinh nén ZACK = ZABK = 90°.

Ta ching minh duge: AAEF ~ AABC (c.g.c) = LAEF = ZABC.

Suy ra ZOAC + /AEF = 1807 ;AOC +sapp = B0 ;4‘43 ¢ + ZABC = 90°.

Suy ra AK vudng géc v6i EF. Nhu vay ZKNF = 90° = ZABK.
Tt d6 suy ra dugde tit giac BENK noi tiép.
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AN AF
Khi d6 chiing minh duge AANF ~ AABK (g.g) = A5 = _AK < AN.AK = AB.AF.
AF  AH
Va AAFH ~ AADB (g.g) = 55 = 5= & AD.AH = AB.AF = ANAK.
AN AH
Suy ra AD = AR ZDAK chung suy ra AAHN ~ AAKD (c.g.c) = LAHN = LZAKD.

2. Goi G la trung diém ctia AH.

Ta chi y BHCK la hinh binh hanh nén BC, HK cét nhau tai trung diém, tiic 13 @ 1a trung diém
BC'. Goi I la giao ctia AH va EF.

Ta cha y hai tam giac AMBC ~ ACAH do cac cip canh tuong tng vuong géc v6i nhau. (1)

Goi L 1a giao ctia AD véi (O). Ta c6 tit giac NILK noi tiép. Va chiing minh duge:

AB AL

AB.AF = AN.AK = Al.AL = a7 = AR

Két hop véi goc BAL chung suy ra ABIA ~ ALFA = ZABI = ZALF. (2)
Ma D@ song song LK do ciing vuéng véi AL nén D la trung diém ctia HL. Ta co:

HF.HC=HAHD =2HG.HD = HG.HL
HF _ HG
HL ~ HC'

Suy ra AFHL ~ AGHC (c.g.c) = ZFLH = ZGCH.
Két hop v6i (2) thi ZABI = /ZFLH = Z/GCH. Ta ¢6 bién doi goc sau:

LFHL = /ZGHC

/IBE = /ABE — /ABI = /ZACH — /GCH = /ACG = /BMQ (do (1))

Do d6 BI song song v6i M P. Theo dinh 1y Thales ta co:

EI EB EA
EP EM EC

= Al | CP = /PCB = 90°.

Vay ta c6 diéu phai ching minh. O

Cau 5. Xét mot nhéom n ngudi véi n nguyen duong va n < 475. Hai nguoi bat ki trong nhém
quen nhau hoic khong quen nhau. Biét ring ton tai sé6 nguyén duong m > 10 sao cho c¢6 thé chia
nhém nay thanh m nhém nhé phan biet, danh s6 tit 1 dén m sao cho méi ngudi § nhém i quen
v6i diing j ngudi ¢ nhém j véi moi 4, j phan biet thuoe {1,2,...,m}. Tinh gia tri 16n nhat c6 thé
co clia n.

Néu goi ay, as, ..., a,, lan lugt 1a s6 hoc sinh ciia 16p 1,2, ..., m thi ta co

a+ag+...+a, =n
V6i 2 nhém thit 4 va j phan biet thuoc {1,2,...,m}, ta thyc hien dém s6 bo (a,b) véi a thudc
~ a; a; N
nhom 7 va b thuoec nhom j. Dé dang c¢6 duge ia; = ja; hay la — = —2. T d6 ta suy ra

t J
ap  az _am_a1+a2+...+am_ n
1 2 7 m 142+ ..4+m  mm+1)
N m(m +1 L . m(m + 1
Chu y rang vi m > 10 nén Q > 55. Do n chia hét cho so6 ¢6 dang ( ) van < 475
nén kiém tra triyc tiép, ta thay gia tri 16n nhéat ctia n la 468, véi m = 12. O
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DE 20
LOI GIAI
Cau 1.
1. Xét cac s6 thuc duong a,b théa man 3a® + 5ab — 2b*> = 0. Tinh gi4 tri ctia bic¢u thtc
3a — 2b
P= .
2a +b

2. Cho da thitc Q(z) = 23+ ax? + bz + ¢, v6i a, b, ¢ 1a cac s6 nguyén. Biét Q(x) c6 mot nghiem
la zo = v/3 va Q(1) = 4, tinh gia tri Q(—2).

3a? 4+ 5ab — 26> =0

3a® 4 6ab — ab — 2b* = 0
3a(a +2b) —b(a+2b) =0
(3a — b)(a+ 2b) = 0

3a=b hoic a+2b=0 (voly do a,b déu duong - gia thiét)
3a—2-3a —3a -3

Thay b = 3a vao P co6: P = = i
2a + 3a oa )

VayP:%g 0

2. Thay = = v/3 vao Q(x) co:

0=Q(\V3) = (V3)>+a(V3)?+bV/3+¢
0=3vV3+3a+bV/3+c
0=V3B+b)+3a+c
—(3a+¢) = V3(3+0)

) —(3a+¢)

Xétb+3#0 3= —

tb+3#0 = V3 PP
—(3a+¢)

ma a,b,c € Z — € Q, két hop v/3 € I nén gia thiét trén vo ly.

3+0b
= 3+b=0 = b=-3
— 3a+c=0 = c=-3a
= Q(z) =2+ az® — 3z — 3a
Do (1) = 4 nén thay x =1 ¢o:

4=1+4+al*-31-3a
4=-2—-2a
6 =—2a
— a=-3 = ¢c=-3(-3)=9
= Qz)=2>—-32*—3z+9
Thay x = —2 c6: Q(—2) = (=2)3 —3(-2)? —=3(-2) +9=-8—-34+6+9= -5
Vay Q(~2) = -5 O
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Cau 2.

1. Mot cong ty X ap dung chinh sach tra luong cho nhan vién theo hai mic: ngay lam viéc
binh thudng va ngay lam viec dac bigt (lam vao ngay duge nghi), biét ring tién luong clia
mot ngay lam viéc dic biét nhieu hon tién Iuong ciia mot ngay lam viéc binh thuong 1a 225
nghin dong. Trong mot thang, anh Binh 14 nhan vién ctia cong ty X lam viéc 24 ngay, trong
d6 c6 mot s6 ngay lam viec didc biet. Binh nhan duge 9 triéu dong cho nhiing ngay lam viéc
binh thuong va 2,7 trieu dong cho nhitng ngay lam viéc dic biet. Héi anh Binh duge nhan
bao nhiéu nghin dong cho mdi ngay lam viéc dac biet?

2. Giai phuong trinh:
9—=x

V8x — 16

V2 -2+ Vr—2=

1. Goi 6 tién anh Binh nhan dugc cho méi ngay lam viée dic biet 1a z (nghin dong), (z > 225).
Vay nén tién luong mot ngay binh thuong clia anh Binh 1a x — 225 (nghin dong).
Tw do, ta co:

. 0
e SO ngay lam viéc dac biét ctia anh Binh 1a (ngay)
P o 9000 X
e SO ngay lam viéc binh thuong cia anh Binh la 905 (ngay)
x —

Do anh lam tong 24 ngay nén ta cé phuong trinh sau:

2700 9000

+ =24
x x — 225
2700(x — 225) 4+ 9000z 04
z(x — 225) B

&117002 — 607500 = 24x(x — 225)
<117002 — 607500 = 2422 — 5400
<2422 — 171002 + 607500 = 0
&12(x — 675) (22 — 75) =0

20 —75=0 x:?(ktm)

Vay s6 tién anh Binh nhan dugc cho mot ngay lam viéc dic biet 14 675 nghin dong. d
— 2> >
2. DKXD: |24 7220 z21
8z — 16 # 0 r 42

Cach 1. Dat a =22 —2,b=vx —2 (v6ia > 0,b # 0) ta c6
a?=2x—-2=2(x—2)+2=20+2,nén a’> =20 +2. (1)

Bién d6i PT da cho thanh:

16 — (2 — 2)
20 — 24 Vr—2=— """/
V2 Vi 40 — 2
a=4—-2b

a=—4-2b

16 — a?

h b=
ay a + i

& (a+2b)?* =16 & [
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Néua = —4—2bthidoa>0mneénb< —2;tu (1) ta lai c6
20 = a®> —2 > —2 = b > —1 (mau thuén).

Vay a = 4 — 2b. Thay vao (1) ta duge:

(4-2b2=2"+2 (b-—1)(F*-b+7)=0. (2)

1\> 27
\ﬁbQ—IH—?:(b—i) —l—z>Onéntf1’(2)suyrabzl,dodéa:4—2b:2.
T d6 tim duge z = 3 (thoéa man).

Cach 2. V6i z = 3 thi:
VI =43:-2—-2+4++/3-2=2+1=3;
9-3 6

VP=——===-=3
v8-3—16 2

Nhan thay VT = VP, nén x = 3 13 nghiém ctia phuong trinh.

o Xét x > 3 thi:

V20 —2>+2-3-2=2; Jr—-2>+/3-2=1;

1 1

9—-2<9-3=6; 0<

1
< ==
V8r—16 /8-3—-16 2
6
nénVT>2—|—1:3vaVP<523.Dod()VT>VP.

e Xét2<x<3thiv2r—2<2;, Vr—2<1=VT<3;

1 1
9—2>6;, ——=>-=VP >3 Dodo VI <VP.
. Rz —16 2 © o

e Xét1<ax<2thiv2r—2>0; x—2>—1nén VT > —1;

1 1
9—a>7 —-2<V8r—-16<0=0< -8 —-16<2=> —— v > —
_7 - - —/8xr —16 — 2
99—z 9—x
=————>-—=VP=———<——=<—-1.Dodo VT > VP.
—v/8r —16 2 v/8x — 16 2
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 3. O
Cau 3.

1. Cho tap hgp S = {1;2;...;20}. Chon ngau nhién hai phan tit ctia tap hop S. Tinh x4c suat
dé chon dugc hai phan t& ma tich hai phan tit d6 chia hét cho 6.

2. Tim tat cid bo ba s6 nguyén khong am (m,n, k) théa man diéu kien:

k> —k+4=5m(2+10")

1. Goi D la bién ¢6 chon dudce hai phan ti c6 tich chia hét cho 6. Ta dém s6 cach chon ra hai
phan tit ma tich ctia chiing chia hét cho 6. C6 ba kha nang:

R . . . 3-2 R
e (& hai phan tu chia het cho 6: vi ¢c6 3 s0 chia héet cho 6 nén ¢c6 —— = 3 céch chon hai phan

2
t1t déu chia hét cho 6.

e C6 dung mot phan tit chia hét cho 6: c6 3 cach chon ra mot phan ti chia hét cho 6 va c6 17
cach chon ra phan tit con lai khong chia hét cho 6. Do d6 trong truong hgp nay c6 3 - 17 = 51
cach chon.
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e Ca hai phan tit déu khong chia hét cho 6 (phai loai di cac phan tit 6, 12, 18): thé thi phai c6
mot phan tit chia hét cho 2 (¢6 7 cach chon) va mot phan tit chia hét cho 3 (¢6 3 cach chon).
Do dé trong truong hop nay c¢6 7 -3 = 21 cach chon.

Suy ra s6 két qua thuan lgi cho bién ¢d D 1a 3 + 51 + 21 = 75.

. L2 5 15
Xa at cia bien co D la — = —.
dc suat ctia bien co D la 700 = =2

2. V6in=0,n=1, Kiém tra, ta timram =1,k = 8 khi n = 1.
V6i n > 2, ta xét cac truong hgp sau.

e V6i m = 0, phuong trinh ban dau tré thanh:
B —k+4=24+10" =4k -4k +16 =8+4-10" & (2k — 1)* + 7 =4-10"
Do n > 1 nén khi lay dong du theo modulo 5 hai vé, ta dugc:
(2k—1)>=4-10"-7=-7=3 (mod 5).
Ta duge diéu mau thuan & day.
o Voim > 1, khi d6 5 & 1a udc clia k% — k +4 = (k — 3)(k + 2) + 10,
Nhu vay, (k — 3)(k+2) sé chia hét cho 5. Mit khac ta lai ¢6 5| (k+2) — (k—3) = 5, nén dong
thoi cd k + 2 vd k — 3 sé chia hét cho 5 va k? — k + 4 chia hét cho 5 nhung khong chia hét cho
25. Dén day, ta chi ra m = 1, lic nay phuong trinh da cho tré thanh:
B —k+4=52+10") < (2k — 1) = 25420 - 10™.
Dé thay 2k — 1 ¢6 tan cuing 1a 5. Dat 2k — 1 = 10q + 5, ta co:
20 - 10" +25 = (10¢ + 5)* & q(g + 1) = 2" - 5",
Do (q,q+1)=(2",5" 1) =1vaqg< ¢+ 1,2" < 5" ! nén ta xét cac truong hop sau:

* Trudng hgp 1. Néug=1va ¢+ 1 =2"-5""1 thi n = 1, trai diéu kien n > 2 dang xét.

* Trudng hop 2. Néug=2"vaqg+1=5""1thi2" +1=5""1
Tatimran=2qg=4,k=23.

Vay céac bo s6 théa man la (m,n, k) = (1,1,8),(1,2,23). O

Cau 4. Cho duong tron (O), duong kinh AB. Xét day cung C'D khong di qua O, khong vuong
goc véi AB va CD cat AB tai I. Goi H, K 1an lugt 1a hinh chiéu vuong goc ctia I len AC va AD.

1. Chting minh hai tam giac IHK va BCD dong dang.
2. Chfl’llg minh SAACD > ASApgIK.

3. Tiép tuyén tai diém A ctia duong tron (O) cat CD tai T. Hai duong thang BC va BD cit
tia TO lan lugt tai E va F, AF cdt (O) tai P, AE cat (O) tai Q. Ching minh t giac
CDPQ 1a hinh chi nhat.

1. Do K, H 1a hinh chiéu ctia I 1en AD vi AC nén THA = TKA = 90° ma ADB = 90° = ACB
(goc noi tiép chan nita duong tron).
Suy ra IH//BC (cing L AC), IK//BD (cing L AD) = KIH = DBC.
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Theo hé qua dinh 1y Thales, ta chiing minh dugc:

IK Al IH
BD AB (OB

nén AIHK ~ ABCD (c-g-c).
Sarp Al

2. Co: SBIDS =75 1(42 tam gidc chung dudng cao).
I
Tuong tu: -21¢ = 22
Y Spre 1B

Sarp  Sare Al

Spip Sprc 1B’
Ap dung tinh chat day ti s6 bang nhau, ta co:

Al B Sarp + Sarc Sacp

IB Spip + Spic B Sspep

AI)2

2 2
Theo chiing minh trén: ATHK ~ ABCD nén SIS = (KH> = <AH) = (E

Spep CD AC
Al

— 2 2

gif——iﬁ —12?“{—Uﬁ;§g);3?ﬁ?iﬁ—4(mmbad&gﬂmCAM{mﬁ
AB?

Suy ra Sacp > 4SrHK-

Dau biang xay ra khi IA = IB, ttc 1a I 1a trung diem AB = [ = O (vo Iy vi CD khong qua

Suy ra

o).
Vay Sacp > 4S5tk

3. B6 dé (Dinh ly Pascal): Cho luc gidc ABCDEF noi tiép duong tron, H, K, I lan lugt 1a
giao diém ctia AB va ED, BC va EF, AF va C'D. Chitng minh ring I, H, K thing hang.
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Chiing minh:
Goi X 1a giao diém ctia AB,CD,Y la giao diém ctia EF va CD, Z 1a giao diém ctia AB va EF.
Ap dung dinh 1y Menelaus cho AXY Z véi cat tuyén IFA ta dudc:

Ap dung dinh 1y Menelaus cho AXY Z cat tuyén HED ta dugc:

HX EZ DY
HZ EY DX

1 (2

Ap dung dinh 1y Menelaus cho AXY Z cat tuyén K BC ta duge:

KZ CY BX _

KXY OxX BZ (3)

Tu (1), (2), (3) nhan theo vé ta duge:

IY HX KZ XA XB ZE ZF YC YD

IX HZ KY XC XD ZA 7B YE YF '

Chuy XA XB=XCXD,ZEZF =ZA.ZB,YCYD =YE.YF tu dé ta dugc:

Iy HX KZ _

Ap dung dinh Iy Menelaus dédo cho AXY Z ta dude H,I, K thing hang (dpcm).
Tré lai bai toan:
Ké dudng kinh DQ' ctia (O), goi E’ la giao cia AQ’ véi C'B.

Ap dung dinh 1y Pascal cho bo (é 5, Z) voi AQ'NBC = FE', AANDC =T, BANQ'D = O.
Do d6 T, 0, E' thang hang hay F = E’ vay nén DQ la duong kinh ctia (O).
Hoan toan tuong tu C'P cting la dudng kinh cta (O) do d6 DCQP la hinh chit nhat. O
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Cau 5. Trong mot ludi vuong 8 x 8, ngudi choi ¢6 thé di chuyén quan cd den nhy qua mot quan
cd trang theo dudsng chéo vao mot 6 tréng lien ké dé an quan ¢ d6 nhu hinh duéi day.

Mot luot choi, ngusi choi c6 thé an nhiéu cac quan co trang bang nhing budc nhay lien tiép, mbi
budc dn mot quan co. Hdi ¢6 t6i da bao nhicu quan c¢d tring ma ngudsi choi c6 thé an trong mot
lugt choi?

Dau tién ching ta sé to ludi vuong theo cach t6 ctia ban cd vua. Khi ay dé ¥ ring cach di chuyén
quan cd den theo dudng chéo — nhu cach di chuyén clia quan tinh trong ban c¢d vua, ching ta c6 thé
khéng dinh ring mot quan ¢ den xuét phat ¢ 6 mau nao thi sé luon & trong 6 mau dé. Dong thoi
cac quan co den an dude ciing phai 6 trong nhitng 6 cting mau dé. Khong mét tinh tong quat, gia st
quan c¢o den xuat phat 6 mau trang. Khi dé ching ta danh dau cac 6 trang theo quy luat dudi day:

Vi céc 6 danh s6 1 va cac 6 danh s6 2 tuong duong nhau nén ching ta gid st théem rang quan co
den xuat phét tai mot 6 danh s6 1. Dé ¥ them ring sau mdi luot nhay, quan cd den ludén dimg lai &
o danh s6 1, tuong tng véi viec ngudi choi chi c6 thé an dude cac quan cd 6 6 danh s6 2. Hon nita
dé thay rang khong c6 cach nao dé an duge nhitng quan c¢d & cac 6 danh s6 2 canh ban cd. Vi vay s6
quan ¢ toi da ma ngudi choi c6 thé an trong mot lugt 1a nhing quan s trong cac 6 danh sd 2 con
lai (12 9 6). Nguoi choi c¢6 the di chuyén va an 9 quan ¢d nhu vi du & trén. O

Binh luan. Vi duy trén thuoc dang toan vé toi uu héa trong luéi vuong, né duge giai quyét chu yéu
dua vao tinh bat bién trong cach di chuyén ctia quan cd den. Trong vi du dudi day, ki thuat st dung
yéu t6 bat bién lai dugc sit dung dé giai quyét bai toan.
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DE 21
LOT GIATI
Cau 1.
N 2 £ 2 ~ x y z 3 - 2z . - 2
1) Cho z,y, z la céc s6 thuc duong théa man + + = —, tinh gia tri bieu
x+y y+z z+cz 2
thtc:

22 — y? — 22 22 _ g2

Tty Wrata)  GryEty)

2) Mot con Robot di chuyen trén mot duong théng, né duge lap trinh di chuyén tu dong nhu
saw: O vi trf xut phat, khi ¢6 hiéu lénh, Robot sé budc 8 bude, moi bude né sé ngau nhién
tién vé phia trudc 1 m hoac lui vé phia sau 1 m véi xac suat nhu nhau. Sau dé6 Robot ding
lai. Goi A 1a bién c6: “Khi Robot ding lai n6 cach vi tri xuat phat xa hon 4 m”. Xac suat

y .oa Loa P )
clia bién ¢d A bang 3 (a,b € N*), biet 7 14 mot phan s6 toi gidn. Tinh a + b.

1. Ta bién déi

22 — 9 _x—y‘x+y_(x+z_1)x+y_x+y_x+y
(x+2)(y+2) y+z z+=z Y+ z r+z y+z x+=z
Tuong tu, ta ciing co:
y? — 22 Ytz oy+z
y+x)z+2) x4z y+a
2% — a? z+x z+wT

Crylat+y) z+y 2+y

Nen 2 2 2 2 2 2
e — -2 - —x
= Y + Y +
(+2)y+2)  (+o)lz+2) (+y)+y)
Tty rt+y ytz y+z zH+r 4w
y+z x+z x+z Yy+xr T+Y z+y
-2z Z—x T-—
- + + Y
y+z z4+zxr xT+vy
z T z T
(i) - (e )
Yy+z z4+x xT+VY y+z z4+x x+vy
3
:2( g o= 47 )-3:2-——3:0.
y+z z+x x4y 2
Vay A = 0. O

2. Goi z la s6 buéec Robot tién vé phia trude trong tong s6 8 bude di chuyén (0 < < 8,2 € N).
Khi d6, s6 bude Robot i vé phia sau 1a 8 — .

Vi trf ctia Robot ltc ding lai cach vi trf xuat phat mot khodng la:
|z — (8 — )| = |2z — 8| (m).
Bién c6 A: “Khi Robot ditng lai né cich vi tri xuat phat xa hon 4 m” xay ra khi va chi khi:

20 — 8 >4 {x>6
=

20 — 8| >4 <
20 —8 < —4 T <2
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Do 0 <z < 8vaz € Nnén ta tim dugc cac gia tri théoa man cta z la: x € {0;1;7;8}. S6 phan
t1t clia khong gian mau (t6ng s6 trang thai bude di c¢o thé xay ra) la:

Q| = 2° = 256.

S6 két qua thuan 1oi cho bién c6 A la:

Qal=C +C3+Cg +C8=1+8+8+1=18.

X4c suat clia bién c6 A bang:

Q4 18 9
PA) =A== 2
(4) Q] ~ 256 128

9 .
Vi 58 l& phan 6 tdi gidan nén ta ¢6 a = 9 va b = 128 (théa man a,b € N*).

Vay gia tri ctia biéu thitc can tinh 1a: a + b =9 + 128 = 137. O

Cau 2.

1. Tim tat ca cac bo s6 (a,b,c) 1a ba canh clia mot tam gidc thda man a* — 3a + b + ¢,
b> —3b+c+a, ¢ — 3c+a+ b déu la cac s6 chinh phuong.

2. Tim tat cad cac sd thyc = thdéa man trong cac so:
9 1 1
:1:'—\/5, x+2\/§, r+—-, T——
x x

c6 dung mot s6 khong nguyen.

1. Theo bat déng thiic tam giac, b+ ¢ > a va do a,b,c nguyén nén b +c > a + 1. Ta ¢6
a>—3a+b+c>a’*—2a+1=(a—1)>
Khong méat tinh tong quat, ta gia sit a > b > c. Gia st nay cho ta
(a—1?<a*-3a+b+c<a®—a<d,

va nhu vay, a? — 3a + b+ ¢ chi ¢6 thé 1a s6 chinh phuong néu b+ c =a + 1.
Tiép theo, ta ciing c¢6 b> —3b+c+a = (b—1)*> 4+ 2(c — 1) la s6 chinh phuong, thé nhung do

b—12<(b-12+2(c—-1)<b*—-1<b
nén roé rang ¢ = 1. Két hgp véi dang thiic b+ ¢ =a + 1, ta chi ra a = b.
Cudi cung, ta c6 ¢ —3c+a+b=2(a — 1) 1a 6 chinh phuong, nén ton tai s6 ty nhién m sao

cho a = 2m? + 1. Kiém tra tryc tiép cic bo s6 (2m? + 1,2m? + 1, 1), ta thay ching déu thoa
méan dé bai. Day chinh 1a két qua bai toan. O

Y 1 1 .. . . .
2. Khong the xay ra truong hop ca z + — va x — — deu la s6 nguyén, béi vi khi d6
x x

1 1
T+ —+r——=22
x x
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13 s6 hitu ty va x hitu ty, vo li. Nhu vay, mot trong hai s6

r+—-, T——
x x

phai khong nguyen, dong thoi ca hai s6 = — /2 va 22 4+ 2v/2 déu nguyen.
Do = — +/2 nguyen nén ta c6 thé dit = — /2 = a, véi a 1a sé nguyen. Khi d6 vi

2?2 +2V2 = (a+ V22 +2V2 =a* + 2+ 2V2(a + 1)

la s6 nguyén nén a = —1. Ta can thit lai. V6i o = —1 4 /2, ta ¢6

1 1
T+ -—=—-14+V2+——" =92V2 7,
T —1+2 ¢
1 1
t——=—-14+V2—-———=-2¢7Z
T —1++2
Nhu vay, s6 thuc z théa man la z = —1+2. OJ

Cau 3.

1. Cho da thiic f(x) c6 hé s6 nguyen. Chiing minh ring khong ton tai ba s6 nguyén phan biet
a,b,csao cho f(a) =0, f(b) = ¢, f(c) = a.

2. Cho céc s6 thyc duong z,y, z thoa man zyz = 1. Chiing minh:

x . 2y n 4z 1
202 +y?2 +5  6y2+ 2246 3224422416 12

IN

1. Gid st phan ching rang ton tai ba s6 nguyén phan biét a, b, ¢ théa méan:

Do f(z) la da thitc v6i hé s6 nguyen, nén vdi hai s6 nguyen phan biet z,y bat ky, ta luon c6
tinh chat:
(x—y) | (f(z) = f(v))

Ap dung tinh chét nay 1an lugt cho ba cip s6 (a,b), (b,c) va (¢, a), ta thu dugce:

(a=0) [ (f(a) = f(})) = (a=b)[(b—c)
(=) [ (fO) = f(0)) = (b—c)[(c—a)
(c—a) | (f(c) = fla)) = (c—a)|(a—D)

Vi a, b, c 1a ba s6 nguyén phan biét nén cac hieu a — b, b — ¢, ¢ — a déu 1 cac s6 nguyeén khac
0. T cAc moi quan hé chia hét trén, ta suy ra:

la=bl <[|b—¢f <le—al <fa—0b|
Dau —” xay ra khi va chi khi:
la—bl=b—cl=|c—a|l=k (véikeZ")
Datdy =a—0b,dy =b— ¢, ds = c—a. Khi d6 ta c6 |d| = |ds| = |d3] = k > 0.

225 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Xét
di+do+d3=(a—b)+(b—c)+(c—a)=0
Tuy nhién, vi mdi d; chi c6 thé nhan gia tri 1a k hoac —k, tdng clia ba s6 c6 cling tri tuyét déi

k # 0 khong thé biang 0 (vi tong clia mot s6 1é cac s6 hang 4k luon c6 dang 43k hoac +k,
luon khac 0).

Suy ra mau thuan. Gia st ban dau I3 sai.
Vay khong ton tai ba s6 nguyén phan biét a, b, ¢ sao cho f(a) = b, f(b) = ¢, f(¢) = a (dpcm).
0

2. Ap dung bat déng thic Cauchy cho hai sé khong am, ta co:

20 + P + 5= (2 +y) + (2P + 1)+ 4> 20y + 20+ 4 =2y + 7 +2)
6y +22+6= 4y +2°) +2(° + 1) +4>4yz +4y +4=4(yz +y + 1)
322 +4x? +16 = (22 +42°%) +2(22 +4) + 8> 420 + 82+ 8 = 4(zx + 22+ 2)

T T 2y Y
= < ; <
2024+ 42 +5 ~ 2@y+x+2) 6y +224+6 ~ 2yz+y+1)
4z z

<
3224422416 — zx+22+2

Cong vé theo vé, ta co:

VT < ‘ + Y +—=
T 2ry+x+2) 2yzt+y+1l) zx+2z+42

_1( x n Y n 2z )
S 2\aytar+2 yrdyd+l zx 42242

1 T Ty 2z
2\zy+ax+2 wxyzt+ay+x  zx+ 224+ zyz

_1( x n Ty n 2 )_1
S 2\wy+2+2 aytr+2 ztay+2/ 2
O

Cau 4. Cho tam gidc nhon ABC noi tiép duong tron (O). Cac duong cao AD, BE, C'F clia tam
gidc ABC' cét nhau tai H.

1. Ching minh DA la tia phan giac cua géoc EDF'.

HD HE HF
2. Chiing minh AD BE CF =1.

3. Goi M la giao diém ctia tia EF v6i duong tron (O). Goi P,Q lan lugt 1a tam dudng tron
ngoai tiép tam giac BMF va tam gidc CM E. Chimg minh AM 1 PQ.

1. Vi BFH = BDH = 90° nén BFH D noi tiép.
Vi HEC = HDC = 90° nén CEHD noi tiép.
Vi BFC = BEC = 90° nén BFEC nai tiép.

Do do6, taco: FHD = FBH = FBE = FCE = HCE =HDFE
Vay DH la phan giac FDE.
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2. Ki hiéu Sapc 1a dién tich AABC, khi do6 ta c6:

1 1 1

bt = + + = =

_ Spuc | Scua | Samp _ Sapc

HD HE HF
“ap "BETCF
3. Goi giao diém thit hai ctia EF v6i (O) 1a S.
Ké dudng kinh AV cua (O). Goi T 1a giao AV v6i EF.
Ta c6 AFE = ACB (do BFEC noi tiép)
FAT = BAV = BCV
Do d6 AFE + FAT = ACB + BCV = ACV = 90°
Vay AO L EF. Do d6 AM = AN
Suy ra AMF = MBF = MCE

1

180° — MPF ——

Vaynénm:m—l—m:m—l—f:MBF+90°—m:90°. Suy
ra AM 1 MP. -
180° — MQFE

Ta 6 AMQ = AMF + EMQ = MCE + — MCE +90° — MCE = 90°

Suy ra AM 1 MQ.
Vay ta c6 M, P,Q thang hang va PQ 1L AM. O

Cau 5. C6 thé diit t6i da bao nhiéu quan vua vio ban ¢ 12 x 12 sao cho mdi quan vua cé thé
an duge ding mot quan vua khac trong mot nude di? Quan vua trong mot nuée c6 thé di chuyen
dén mot trong 8 6 xung quanh nhu hinh dudi day.
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Chiing ta danh dau mot phan ban cd rong 2 x 2 6 vuong nhu 1a mot “vuong quoc” cho mdi quan
cd vua nhu hinh duéi day.

Chiing ta c6 nhan xét sau néu phan vuong quoc ciia hai quan vua bat ki khong giao nhau thi
khong quan nao trong hai quan vua do6 c6 thé an duge nhau trong mot nuée di. Néu hai quan vua cé
chung mot phan vuong qubc thi hai quan vua c6 thé an dude nhau trong ding mot nude di. Ta gop
hai quan vua dé thanh mot nhém, vuong qudc ciia nhém nay bao gom vuong quoc clia cd 2 quan
vua. Chi ¢6 hai dang vuong qudc nhu hinh duéi day.

1
T
| @
+
1

A
1
1
e
T 1
! 1
' -
1

Loar 1

Khi ay ta thay dugc vuong qubc loai 1 bao phii phan dién tich bang 6 6 vuong don vi, trong khi
vuong quoc loai 2 bao phtt phan dién tich bang 7 6 vuong don vi. Goi s6 vuong quoc loai 1 1a a va s
vuong quoc loai 2 1a b. Ta c6 tong s6 quan vua trén ban cd 1a 2(a + b). Dé y ring tong dién tich che
phii clia céc vuong qubc 16n nhéat ¢é thé 1a mot hinh c6 kich thude 13 x 13, khi ma ¢ mot s6 quan
vua duge dat & canh ban co. Phan dién tich nay rong bang 169 6 vuong don vi. Vi cac vuong quoc
clia cac cap 2 quan vua khong thé giao nhau nén ta c6 bat ding thitc sau: 6a + 7b < 169. Trong dé6
6a 1a tong dién tich ctia cac viuong quoc loai 1 va 7b 1 tdng dién tich ctia cac vuong qubc loai 2. Vi
6(a + b) < 6a + 7b = 169 nén 2(a + b) < 56. Vay c6 thé dat duge t6i da 56 quan vua lén ban cd sao
cho mdi quan cé thé an duge ding mot quan vua khéac trong mot nude di. Ching ta ¢ thé sdp xép
cac quan c6 nhu hinh duéi day. O
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DE 22
LOI GIAI

Cau 1.

1. Mot t6 hoc sinh gom c6 5 hoc sinh nam va 7 hoc sinh nit. Chon ngau nhién 3 hoc sinh tit
td d6 dé tham gia doi tinh nguyen. Tinh xéac suat dé trong 3 hoc sinh duge chon c¢6 it nhéat
mot hoc sinh nam.

2. Cho P(z) = az® + bx + ¢ (a,b, c € N*) théa man P(8) — P(5) = 2025.
Chiing minh rang P(12) — P(9) 1a mot s6 1é.

1. Tong sb hoc sinh trong to 1a: 5 + 7 = 12 (hoc sinh).

S6 phan tit ctia khong gian mau (chon ngau nhién 3 hoc sinh tit 12 hoc sinh) la:

n(Q) = C3, = 220

Goi A 1a bién cb: "Trong 3 hoc sinh dugc chon c6 it nhat mot hoc sinh nam".
Khi d6, bién c¢6 dbi A 1a: "Trong 3 hoc sinh duge chon khong ¢6 hoc sinh nam nao"(ca 3 hoc
sinh deéu la nit).

S6 phan ti ciia bién c6 A la:

PA)=—~>=—=—
W=T) " 20 " n
- 7 37
PA)=1-PA)=1——=—
(A) (A) 1=
Vay xéac suat dé trong 3 hoc sinh dude chon cé it nhat mot hoc sinh nam I3 1 O
2. Theo gia thiét, ta co:
P(8) — P(5) = (64a + 8b + ¢) — (25a + 5b + ¢) = 2025
<= 39a + 3b = 2025
Xét biéu thiic can ching minh:
P(12) — P(9) = (14da + 12b + ¢) — (81a + 9b + c)
= 63a + 3b
= (39a + 3b) + 24a
= 2025 + 24a
Vi a € N* nén 24a 1a mot sé chan.
Mt khéc, 2025 1a mot s6 18.
Do d6, (2025 + 24a) 1a mot s6 1é.
Vay P(12) — P(9) 1a mot s6 1é (dpem). O
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Cau 2.

1. Cho x,y € Z théa méan 2° + 3+ 2® + > + oy — Loy +x +y + 1.
Chting minh rang: z* 4+ 3%y + 1.

2. Tim tat ca cac s6 nguyen t6 p dé 1 + 2P + 37 1a s6 chinh phuong.

1. Diéu kién dé phép chia c6 nghia: zy+z+y+1# 0 (z+1)(y+1) A0 1 # —1vay # —1.
Ta bién doi biéu thic bi chia:

A=+ + 2+ +ay -1
A=@P+2—o-D+ P+ —y—-1D+(@y+z+y+1)
A=2*(rx+1) —(2+ D)+ y+ D) -+ 1D+ (+ Dy +1)
A= -+ D+ -Dy+1) +(@+1)(y+1)

Theo gia thiét, Ai(zy +z +y+ 1) tic 1a Ai(z +1)(y +1).

Suy ra thuong 13 mot sd nguyéen k.

(z+1(y+1)

(@ =D+1) @ -DE+1)
(x+1)(y+1) (x+1)(y+1)

+1=Fk (keZ)

2_1 2_1
T Sy S |
y+1 r+1
- x2_]‘ N y2_1 ~ N z X ~ 4
Dat u = VA v = . Viz,y €Z nén u,v la cac s6 hiu ti (u,v € Q).

y+1 r+1
Ta c6 tong:
ut+v=k—1€Z

Mat khac, xét tich ctia chung:

| y2—1
u-v = .
y+1 x+1
@D+ -D+D)
y+1 r+1

—(@—y—1)€eZ

Do tong u + v € Z va tich u - v € Z, theo dinh 1y Viete ddo, u vi v 1a hai nghiém ctia phuong
trinh bac hai:
2 —(u+v)t+uw=0

Phuong trinh nay c6 hé s6 nguyén va hé s6 bac cao nhat bang 1. Theo dinh 1y vé nghiém hitu

ti, moi nghiém httu ti ctia phuong trinh da thitc monic c6 hé s6 nguyén déu phai la sd nguyen.

That vay, gid st u = P (véi p,q € Z,q > 0 va UCLN(p, q) = 1). Thay u vao phuong trinh trén
q

ta co:

(g) —(u+v)§+uv20<:)p2:q-[(u+v)p—uv-q]
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Do (u + v) va uv la cac s6 nguyén nén [(u + v)p — uv - q] € Z = p*iq.
Ma UCLN(p,q) =1 = g¢=1=u e Z
2

- €Z= (af — Dily+1).

x
Thc la

Xét biéu thiic can chiing minh B = z* 4 ¢, ta tach:

B=(a"-1)+ (@ +1)

o Vi(22—1)i(y+1),taco: zt —1= (2?2 —1)(z*+1)i(y +1).

e Theo hing dang thitc: ° +1=(y + 1) —y" +--- —y+ Di(y + 1).

T hai diéu trén, suy ra (z* — 1) + (y° + 1)i(y + 1), hay (z* + y?):(y + 1). (Diéu phai chiing
minh). O

2. Gid st 1+ 2P + 3P = k2 v6i k € N* va p 1a s6 nguyen to.
o Truong hogp 1: p = 2.
Taco: 1+22432=1+4+9 =14 (loai)
o Truong hgp 2: p = 3.
Ta c6: 1+ 23+ 3% =1+ 8+ 27 = 36 = 6° (thoad man)
Vay p = 3 la mot nghiém.
o Trudng hgp 3: p 14 s6 nguyeén t6 16n hon 3.
Khi do, p 1a sd 1é va p > 5.
Xét phuong trinh theo modulo 3:
o Viplénen 2 = (—1)?» = —1 (mod 3).
o 3» =0 (mod 3).
Suyra: k2 =1+2"+3=1—-1+0=0 (mod 3).
Do k%3 = ki3 = k%9.
Tiép tuc xét phuong trinh theo modulo 9:
Vip>5mnén 3 =243-3""°=0 (mod 9).
Dé k%9 thi:
142743 =0 (mod9)=14+2"=0 (mod9)=2"=-1=8 (mod9)

Xét chu k¥ s6 du ctia 2" khi chia cho 9:

o 21 =2 (mod 9)

o 22=4 (mod 9)

o 23 =8 (mod 9)

o 2 =7 (mod 9)

o 2°=5 (mod 9)

o 26=1 (mod9)
Chu ky dong du lip lai véi do dai 1a 6. Dé 2P = 8 (mod 9), ta bit budc phai c6 p = 3
(mod 6).

Tic lap=6m+3=32m+ 1) véi m € N*.

Phan tich nay cho thay p:3. Nhung do p 1a s6 nguyen t6 16n hon 3, diéu nay 1a vo ly (mau
thuan).
Do d6, khong ton tai s6 nguyén t6 p > 3 nao théa man.
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Vay s6 nguyén t6 duy nhat thda man yéu cau bai toan la p = 3. O

Cau 3.
1. Cho a,b,c la cac s6 thiyc duong. Chiing minh rang:

a b c 1
+ + > —
Vb+c Vatc Va+b o V2

(Va+ Vb+e)

2. Cho a,b € N* sao cho a? + b* + 1iab. Chiing minh réng a® + b* + 1 = 3ab.

Cach 1. Bat déng thiic can chiing minh tuong duong:

(V2a +V2b+ v2c) Vb + ¢
b

" (V2a + V2o + V)

C

T (Vo VB )

N | —

va+c

>
va+b
Theo bat dang thitc AM-GM ta duge:

V2avb+c < 26L+Tb+c

2
2 b
VacJath < %
Do doé ta co:
2a 2b 2¢

P>
- 2a—|—5b+5c+2b+5a+5c+2c+5a+5b

a? b2 c?
=2
(2@2 + 5ab + Hac + 2b% 4 5ab + 5be + 2¢2 + 5ac + 5bc>

Theo bat dang thitc Cauchy-Schwarz:
2 2
Z a > (CL +b+ C)

9.
2a? 4 5ab + bac — 2a? 4+ 202 + 2¢2 4 10ab + 10bc + 10ca

cyc

(a+b+c)3? 1
4la+b+c)2 2

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia = b = c. O
Cach 2. Ta cé:
p_ a . b . c
CVb+tce Vatce Va+b
1 1 1
=(a+b+c < + + )— Vb+e+vVatc+vVa+b
( ) Vbd+c Vatc Va+b ( v )
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Theo bat dang thiic Cauchy-Schwarz ta cé:

N 1 N 1 )> 9.(a+b+c)
Vb+c Vat+c Va+b/ T Va+b+Vb+c+eta

(a+b—|—c)<

Theo bat dang thitc AM-GM ta co:

Vatb+Vhtetvera< 3-2(atb+o)

Suy ra:
IYa+b+c)
—4/3-2-(a+b+c
T V3-2-(a+b+c) v ( )
3(a+b+c)
= > — (Va+Vb+e
vl )
Phép chiing minh hoan tat. Dang thic x4y ra khi va chi khi a = b = c. O

Cach 3. Do bat dang thiic thuan nhat, chuan héa a + b + ¢ = 3. D& dang sit dung phuong phéap
tiép tuyén (da nhac t6i ¢ nhing dé trude), ta co:

3t—t % \_f(t_l)
That vay:
t_ VB 30-1) 3 (VBT VRRVES T4 VRIBVETH6VD)
VBST V2 V2 43—1(V2+V3—1)
Suy ra:
Z\/Ta \/—(\/_+\f+f)+—\/—(a+b+c— 3) > 7(\/_+\f+f)
Phép chitng minh hoan tit. Ding thitc xay ra khi va chi khi a = b = c. O

2. Via,b € N* nén ab > 0. Gia st ton tai cac cip s6 (a,b) thoa man dé bai ma a® + b* + 1 # 3ab.

a’® + b +1

Theo gia thiét, ta c6
ab

=k v6i k € N*. Do d6 k # 3.
=a®—kba+b*+1=0 (1)

Trong cic cap so nguyén duong (a, b) théa man (1), goi (ag, by) 1a cap s6 ¢ tong ag + by nhéd
nhat. Khong mat tinh tong quat, gia st ag > by.

C6 dinh by, xét phuong trinh bac hai déi véi an ¢:

— kbt +b5+1=0 (2)
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Phuong trinh (2) nhan ag lam mot nghiém. Theo dinh 1y Viete, nghiém con lai a; théa méan:

ag +a; = k’bo
aoga1 = bg +1

Vi ao,k,bg € N* nén ay = kbo —ag € 7.
Mit khac, tiu agaq :bg—l—l >0 vaag>0= a; > 0. Suy ra a; € N*.
Do d6, cap (aq,bp) cing 1a mot nghiém nguyén duong ctia (1).

Do cach chon ciap (ag, by) c6 tong nhé nhat nén:

ao+bo §a1+b0:>a0 <a
T ag > by, ta xét hai truong hop:

o Truong hgp 1: ag = by.
Thay vao (1): 2a2 +1=kad © ad(k—2)=1=a}=1=ay= 1.
Khi d6 k —2=1= k=3 (Mau thuan véi gia st k # 3).

o Tru’fing hdp 2: a9 > by = ag > by + 1.

B+1 b2+1  b+b
Ta co: =0 < 0 < 9 = by < ag.
a4 co- Qo _b0+1 b0+1 0= 40

Suy ra a; < ap (Mau thuin véi khang dinh ag < a; & trén).

Trong moi truong hgp déu dan t6i mau thuan, vay gia sit sai.
Do d6, ta phai c6 k = 3, tidc 1a a® + b? + 1 = 3ab. (Diéu phai chiing minh). O

Cau 4.

Cho tam gidc nhon ABC (AB < AC) nai tiép dudng tron (O). Goi M, N lan lugt 1 trung diém
ctia AB vi AC. Dudng thang M N cit (O) tai P va Q (P thuoc cung nhd AB, Q thudc cung nhd
AC). Lay diém D thuoc canh BC (D # B, C). Dudng tron ngoai tiép tam gidc BDP cit AB tai
I (I # B). Duong thang DI cit AC tai K.

1. Chitng minh ti giac AIPK noi tiép.

2. Chiing minh rang: ];g gi

3. Goi CP cat dudng tron ngoai tiép tam giac BDP tai G (G # P). Dudng thang IG cat BC
tai E. Ching minh rang khi D di dong trén canh BC' thi ti s6 Yelol khong doi.

1. Ta c6: PBI = PBA = PDI = PCA hay PDK = PCK
Suy ra ti giac PDCj(\nt.
Cé: PIA =180° — PIB.
=180° - PDB
= PDC =180° — PKC
Suy ra PIA + PKC = 180°
= AKPI nai tiép

2.AAPB ~ AKPD (g.g)
PK PD _PK PA

~ PA_PB _ PD _PB
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K

Ké AH 1 PQ tai H, BK' 1. PQ tai K'. Suy ra AH = BK'.

Dé ching minh: AH = PA -sin APH
QA

AH = PA- —
- R
(chiing minh bang cach ké duong kinh AQ")
Tuwong tu: BK' = PB - g—g
Suy ra PA-QA=PB-QB

PA QB

T PB_ QA
Suy ra dpcm.

3. Ta c6: IGP = I[BP = ABP = PCA
Suy ra IG || AC.

CE — BC — BE = pc — B¢ BI _ BC(AB — BI)

AB AB
BC

— Al 22
AB

APIA ~ APDC (g.g)

PC
:>CD_AI.]—DZ
PC

; cp Al p7  pc 4B
W™ ep T BC T PA BC
AB
f CD
Do A, B,C, P co dinh nenﬁkhong doi.

L AL_PA
CD PC
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Cau 5. Cho bang 6 vuong kich thuée 10 x 10 ban dau c6 100 6 tring. Mai lan bién doi, ta dudc
phép déi toan bo mau ciia cac 6 thuoc mot hang hodc mot cot (Trang thanh Den, Den thanh
Trang). Biét tong s6 6 den sau n budc 1a mot sé6 chinh phuong khac 0. Tim n.

Gia sit sau n bude bién doéi, ¢6 r hang dude chon mot s6 1é 1an va ¢ ¢ot duge chon mot s6 1é lan
(0 <r,ec<10).

Khi d6, mot 6 & giao diem ctia hang i va cot j sé c6 mau den khi va chi khi né duge déi mau mot
s6 1& 1an, titc 1a mot trong hai duong (hang ho#c cot chita n6) duge chon mot s6 1& 1an va duong con
lai duge chon mot s6 chin lan.

Tong s6 6 den trén bang sau n bude la:

S =7r(10—¢) 4+ ¢(10 — r) = 107 + 10c — 2rc
Theo gia thiét, S 1a mot s6 chinh phuong khac 0, dat S = k* (k € N*). Ta c6:

k? = 107 + 10c — 2rc = 2k* = 20r + 20c — 4rc
& 2k* — 100 = —(4rc — 207 — 20c + 100)
& 100 — 2k* = (2r — 10)(2¢ — 10)
/{32

<:>(5—7”)(5—c):25—?

. . k2 . .
Vi r,c € Z nén ve tréi la so nguyén, suy ra 5 €7 = k2= k*4.
k? . .
Mit khéac, 0 < S <100 = 0 < k2 < 100. Do 25 — 5 phai 1a tich ctia hai s6 nguyén tit —5 dén 5

Vi0<rc<10=-5<5—rb—c<5h), taxét cac gia tri ctia k? € {4,16, 36,64, 100}:
o Néuk?=4= (5-1)(5—c) =23 (Loai v 23 > 5 x 5).
e Néu k? =16 = (5 —1r)(5 — ¢) = 17 (Loai).
e Néuk?=36= (5—r)(5—c) =7 (Loai).
)

e Neuk?=64= (5—r)(5—c)=—7 (Loai, i —7=1x (=7) = (—1) x 7, ma cac thita s6 phai
thuoc [—5;5]).

e Néu k*=100= (5—7)(5—c) = —25.

— Do =5 <5 —1r,5— ¢ <5 nén bat buoc phai c6 mot thita s6 bang 5 va mot thita s6 bang
—5.
— = {b—r,b—c}={5-5} = {r,c} ={0,10} hodc {r,c} = {10,0}.
Nhu vay, dé s6 6 den 1a s6 chinh phuong khéc 0 thi trang thai cudi cting phai ¢6 (r = 0, ¢ = 10)
hodc (r =10,¢ = 0).
Mbi budc bién dbi (chon 1 hang hodc 1 cot dé doi mau) déu lam thay ddi tinh chin 18 clia tong
s6 lan chon clia hang hodc cot d6. Do do, tong s6 bude n va tong (r + ¢) phai c6 ciing tinh chin 1é:

n=r-+c (mod2)

V6i {r,c} = {0,10}, ta c6 r + ¢ =10 = 0 (mod 2). Suy ra n phai 12 mot s6 chin.
Vay n 1a s6 nguyén duong chén bat ky (n € N* n:2). O
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PE 23
LOI GIAI
Cau 1.
, 26 — 6
1. Rat gon bidu thic: A = /13 + 43 + ——
° VB2

2. Tim gia tri clia tham s6 m dé ba dudng thang: (dy) : y = v+ 2; (d2) : y = 22 — 1 v&
(d3) : y = (2m — 1)x + 3 — m dong quy.

1. Ta coé:
2v2-vV3-2v3-V3
A=V1242.2v3- 141+ 5
N S 2V3(V2—V3)
A=1/(2V3+1)2+ N
B 2v3(v3 - V?2)
A=2V3+1] - N
A=2V3+1-2V3 (vi2v3+1>0)
A=1
Vay A = 1. O

2. Toa do giao diém ctlia (d;) va (ds) 1a nghiém ctia heé phuong trinh:

y=x+2 r+2=-2x-1 3r = —3 r=-1
= = =
y=—2x-1 Y=+ 2 y=x+ 2 y=1
Suy ra (dy) cit (dy) tai diém M(—1;1).
Dé ba dudng thang (d,), (dy), (d3) dong quy thi (ds) phai di qua diem M(—1;1). Thay x =
—1,5 = 1 vao phuong trinh dudng thang (ds3), ta co:
I=0C2m—-1)(-1)+3—-m
Sl=-2m+1+3-m
< 3m =3
S m=1
V6i m = 1, phuong trinh (d3) tré thanh y = x + 2, trung véi (d;) (khong théa man diéu kien
ba dudng thing phan bict dong quy).
Dé ba duong thang dong quy thi chiing phai phan biét, tic la:

2m —1#1 2m — 1 #£ =2
" 7 w " 7 sSm#1
3—m#2 3—m#—1
Do d6, khong c6 gia tri m nao thoéa man yéu cau bai toan. U
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Cau 2.

1. Giai phuong trinh sau:

Var?2 — 14z +16+1 =2 +Va2 —4x +5

2. Tim tat cd cac sd nguyén t6 p va sd nguyen duong n sao cho:

pP=2p* +p+1=3"

1. Phuong trinh da cho tuong duong véi
VA2 =4z +5) + 2@ —1) 2= (¢ — 1) + Va2 — 4z + 5

Dita=+va?2—4x+5suyraa>2vab=x—1

=V4a2+20—2=a+b
o 4a? 4+ 20— 2 = a® + 2ab + b2
& 3a®+ (20 —2) —2ab—b* =0

Ta c6 ngay a?> —b?> =4 —2x =2 —2b
Thé vao trén ta ducc

3a* + (b — a®) — 2ab—b* =0

a>2
& Sa=0
a(la—5b) =0
Véia=b=z2=2
Vay phuong trinh da cho c¢6 nghiém duy nhat x = 2 O

2. Neup=2thi3"=3=n=1.

Néup>3thip?—2p2+p+1=pp—1)2+1,plasélénen (p—1)*4 dan dén p(p — 1)? +1
chia 4 du 1. Suy ra 3" chia 4 du 1, nén n phai 1a s6 chdn. Dat n = 2m. Ta c6:

p(p—1)> =3*"—1 & p(p—1)* = (3™ —1)(3™+1). Vi (3™—1,3"+1) = 2 va p la s6 nguyen t6 18

~ 2 z 2 1%
nén xay ra cac kha nang sau.

3m_ 1
3m — 1 3m—1 = 2a*
THI: P taco (p—1)2 = B3"+1)=4{ p suy ra 2b% chia 3
3m 41 p p 3m 4 1 = 202
du 1 (vo ly).
, 3m 41
3m 4 1 3m 41 = 2p?
TH2: * p taco (p—1)*= i 3" —-1)= P
3" —1 ip p 3™ —1=2a?

Xét 3™ — 1 = 2a?, néu m 1& 3™ = 3¢t = 3. 9% suy ra 3™ — 1 chia 4 du 2 nén a 1é, b chin ma

3™ 4+ 1 =2pb? va 2pb*:8 con 3™ +1 =3 1+ 1=3.95+1=4 (mod 8) vo ly.

Néu m chin m = 2k thi 3™ — 1 = 242 & (3 — 1)(3% + 1) = 2a%. Ta cfing ¢6 2 kha ning.
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F-1=¢
—I—{ c = 3k =2 +1vo6 1y, do ¢? chia 3 dut 1 nén ¢ + 1 chia 3 du 2.

3F 41 =24
gt — 1 = 242 . :
=3 =(c—-1(c+1)suyrac=2k=1tasuyram=2vap|10=
F41=¢
p=>5,n=4.
Toém lai: p=2,n =1 hoac p=>5,n=4. U

Cau 3. Cho dudng tron (O; R) va day cung BC ¢6 dinh (BC < 2R). Diém A di dong trén duong
tron (O; R) sao cho tam gidgc ABC' la tam gidc nhon. Goi H la truc tam ctia tam giac ABC'.

1. Dudng thing chia tia phan gidc goc ngoai tai dinh H ctia tam giac BHC cat AB, AC lan
lugt tai hai diém M, N. Chiing minh tam giac AMN can.

2. Ké cac dudng cao BE va CF ctia tam giac ABC. Goi S la giao diém tht hai khac A ciia
duong thang AH va duong tron (O). Dudng thang SE cit dusng tron (O) tai diém thit hai
X (khac S). Chitng minh dudng thang BX di qua trung diém ctia doan théng EF.

3. Duong tron ngoai tiép tam gidc AM N cat tia phan giac clia goc BAC tai K. Chitng minh
diém K thuoc mot duong tron ¢ dinh.

1. Tac6 LZACH = ZABH do cung phu vé6i géc BAC. Vac¢6 ZCHN = ZBHM (do M N la phan
giac goc ngoai ZBHC').
Khi d6: ZANM = /ACH+ /CHN = /ABH + /BHM = ZAMN.
Suy ra tam giac AMN can tai A.

2. Goi AD la duong cao cua tam giac ABC.
Ta c6 ZHCB = Z/BAH = ZSCB suy ra tam giac HC'S can tai C.
Hay D la trung diém ctia HS.
Ta ¢ tit gidc AEDB noi tiép suy ra ZFBE = ZHDE (1).
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Va cac tit giac AEHF, HECD noi tiép thi /FEB = /BAH = /BCH = /DEH (2).

BF _EF BF EF BF FI

Tu (1) va (2 ABFE ~ADHE = — = — —_— =
(1) va (2) suy ra DH _ HE oDH _2HE ~ SH HE
Suy ra ABFI ~ ASHE (c.g.c) = ZFBl = /ZHSE = ZABX.

Suy ra B, I, X thing hang.

3. Goi J la giao cia AK véi (O). Ké hai duong kinh CG, BL cia (O).
Goi T, R la giao cua JG, JL v6i BC. Ta cé:

TB BG FEH NE

ABGC ~ AEHC (8.8) = 77 = =6 = 76 = ne

= TN || BE.

Do tam gidc AMN can va K la diém chinh gitta cung nhé M N clia dudng tron ngoai tiép tam
giac AMN nén AK la duong kinh, khi d6 ZANK = 90°.

Hay TN || BE || KN. Nén T, K, N thang hang.

Do G, J c¢b dinh suy ra T' ¢6 dinh.

Tuong tu R c6 dinh.

Ta cé: LTIR+ ZTKR =
Suy ra tit gidc K RJT noi tiép.

Mat khac do T, R, J c¢6 dinh nén dudng tron ngoai tiép tam gidc T JR c6 dinh.

Suy ra K luon thuoc mot duong tron co dinh. O

ZGOL ©JMEN — ZBOC

+ ZMKN = 180°.

Cau 4.

1. Cho cac s6 nguyén duong z,y théa man z > y va (z —y,zy + 1) = (x + y, 2y — 1) = 1.
Chiing minh rang: (z + y)? + (zy — 1)? khong phai 1a s6 chinh phuong.

2. Xét x,y, z 1a cac s6 thue khong am thoa man dieu kien 22 + y? + 22 + 22yz = 1. Tim gia
tri 16n nhat cta bicu thiic:
P=zy+yz+ zox — 2zyz

1. Taco A= (x +y)* + (xy — 1) = (z* + 1)(y* + 1), gid stt 22 + 1,y* + 1 cung chia hét cho s6
o P, |2+ 1d ) ) . .
nguyen to d the thi A:d*, ta co: . = (2°+1) — (y*+ 1):d hay (x — y)(xz + y):d.
v+ 1id

Do d 1a s6 nguyén t6 nén trong 2 s6 (z — y), (z + y) ton tai it nhat 1 s6 chia hét cho d, gid sit
x + yid suy ra (z +y)2id>.
Ta c6: A = (z + y)? + (zy — 1)%d* ma (x + y)*d?® suy ra (zy — 1)%:d*> = zy — 1id nhu vay
r+y,zy — 1 con ¢6 1 ude chung la d > 1 (trai v6i gid thiét). Suy ra (2% + 1,5° + 1) = 1.
Tuong tu truong hop x —yid chu ¥ A = (z —y)? + (xy + 1)? ta ciing suy ra (2> + 1,3 +1) = 1.
Nhu vay A la s6 chinh phuong khi va chi khi 2% + 1,y 4+ 1 dong thoi 1a s6 chinh phuong.

Nhung do x nguyén duong nén ta c6: 22 < 2’ + 1<z +2z+1 & 22 <22 +1 < (z+1)? nén
2?2 4 1 khong thé 1a s6 chinh phuong.

Vay: (x +y)? + (zy — 1)? khong phai 1a s6 chinh phuong. O

2. Néu chia truc s6 thanh hai phan bdi s6 0, thi trong 3 86 (22 — 1), (2y — 1), (22 — 1) luon ton
tai hai s6 nam vé clting phia, khong méat tinh téng quat gia si

2 —1D)R2y—-1)>0=2(x+y) — 4oy <1=z(z+y) —2zyz <

N |
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T 2% + y? + 22 + 22yz = 1 suy ra

1_
1— 2% =2azyz +2” + y* > 2wy + 2ayz = 2ay(z + 1) = ay < 22-

1— 1
Vivay P =zy +yz + 2o — 20yz < Z+%:§.
. 1 . .1 L L, .1
Vle:y:z:ﬁthleéng é.Vay gia tri 16n nhat cia P bang 3 0

Cau 5. Ton tai hay khong tap hgp A gom hitu han cac sé thyc duong théa man dong thoi hai
diéu kien

1. A c6 it nhat hai phan tt.

2
2. V6i moi a,beA,a#bthi\/E—gbeA.

Gia st phan chiing, ton tai mot tap hgp A gom hitu han cac s6 thyc duong théa méan dong thoi
hai diéu kién ctia bai toan.

Vi A 1a tap hop hitu han cac s6 thuc va c6 it nhat 2 phan tt (theo diéu kién 1), nén tap A chic
chan ton tai phan tit 16n nhat va phan tit nhé nhat.

Goi M la phan tit 16n nhat va m 1a phan t nhoé nhat ctia tap A.

Do A chita it nhat 2 phan ti va cidc phan tit déu 1a s6 thiyc duong nén ta co:

M>m>0
Xét cap phan tit m, M € A (v6i m # M), theo dieéu kieén 2 clia bai toan, ta phai co:

2
\/E—gMeA

Vi m la phan t nhoé nhat ctia tap A, nén moi phan ti thuoc A déu phai 16n hon hoic bang m.
Do do:

\/m—gMZm
<:>§M§\/E—m (1) (1)

Ta sé tim gia tri 16n nhat ctia biéu thitc v/m — m. Ta bién d6i nhu sau:

fimed o) 4 ()

1
4

1\2
Vi (\/m — 5) > 0 v6i moi m > 0, nén ta suy ra:

1
vm—m < 1
Thay két qua nay vao bat dang thic (1), ta dudc:
2 1 3
-M<- = M< -
3 4 -8

241 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Nhu vay, moi phan ti ctia tap A déu nhé hon hodic bang 2. Suy ra M < 1 va m < 1, kéo theo:

VM +y/m<V1i4vVi=2 (x)

Tiép tuc, xét cap phan tit M, m € A (v6i M # m), theo diéu kién 2, ta ciing co:
2

Vi M 1a phan ti 16n nhat ctia tap A, nén moi phan ti thuoc A déu phai nhoé hon hoac bang M.
Do do:

m—ngM
<:>\/M—M§§m (2) (2)

Tit (1) va (2), ta c6 he bat dang thiic:

2
m+ =M < /m
M+§m2\/M

Trit vé theo vé hai bat dang thitc trén (Idy bat dang thitc dudi trit bat ding thiic trén), ta duge:

<M+§m)—<m—|—§M) z\/ﬂ—m
= M—m—g(M—m)z\/M—\/m
= (M) =V -V (3 3)

Vi M >m > 0, ta c6 thé nhan lugng lien hgp cho vé phai ctia (3):

(VM — i) (WM + i) M —m

VM —/m = =
VM +/m VM +/m
Thay vao (3), ta dugce:
1 M —
M —m) > ="
3 VM +m
Do M > m nén M —m > 0. Chia c& hai vé ctia bat dang thiic cho (M — m), ta co:
1 1
_Z—
37 VM+ym
= VM ++/m >3

Diéu nay hoan toan mau thuan véi nhan xét (*) ¢ tren la VM + /m < 2.
Vay, khong ton tai tap hgp A ndo thoa man dé bai. O
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PE 24

LOI GIAI

Cau l

1. Cho x,y > 0 théa man zy + = +y = 1. Tinh gid tri ctia biéu thic:

1+y2
=2 \/— 2
T 1—|—x2+

2. Cho f(z) la da thiic bac 3 véi he s6 clia hang tt ¢6 bac cao nhat 1a 1, thoa man diéu kien
£(2023) = 2024 va £(2024) = 2025. Tinh gid tri cita biéu thitc Q = —3£(2025) + £(2026).

- V1 +22)(1+y2)

1. Theogt: zy+x+y=1=ay+r+y+1=2=(z+1)(y+1)=2
Taco: 2’ +1=22+1+0=2>+1+ay+az+y—1l=2>+ay+ao+y=(v+y)(z+1)

Tuong tu: > + 1= (x +y)(y + 1)

Xét: S =2z “ \/
zzx\/iii 2,/%+(w+y)\/(ﬂ:+l)(y+l)

(x+1)(y+1)—2:>x+1—y

V2 V2
=5 =2 9 D)
vt yy+1+(x+y)\/_

(1 +y?)

+1

= Bién d6i ta duge S = 2v/2 O

2. Dat da thic Q(z) = f(x) — (x + 1), véi Q(z) 1a da thitc bac 3 va he s6 clia hang tt bac cao
nhét cling s6 1a 1. Ta nhan thay rang 2023,2024 1a nghiem ctia da thiic Q(x), vay nén ta sé c6
Q(x) = (x —2023)(z — 2024).H(x), v6i H(zx) la da thiic bac 1 va ciing ¢6 hé s6 ctia hang tit ¢6
bac cao nhat bang 1. T day ta nhan ra H(z) sé c6 dang (x + a) véi a 1a hé s6 tu do. Dén day
ta thay lai H(z) va Q(z) vao f(z) ta dugce:

flz) =2+ 14 (x —2023)(z — 2024).(x + a)
Quay lai v6i @, ta co:

Q = —3f(2025) + f(2026) = —3[2026 + 2.(2025 + a)] + 2027 + 6.(2026 + a)
— 2027 — 3.2026 + 6(2026 + a — 2025 — a) = 2027 — 3.2026 + 6 = —4045

Vay Q = —4045. 0

Cau 2
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1. Giai hé phuong trinh:
1 2z z+./y

3z 3y 204y

22z +/y) = V2 +6—y

2. Mot chiéc quat giay khi mdé hét mrc ra c6 goc ¢ tam 1a 150°, ban kinh chiéc quat 30 cm va
ban kinh phan nan quat khong dan giay 1a 5 cm. Gia st khi dan gidy lam quat, ngudi ta
phai dan da hai mit va phai du them 10% dien tich gidy dé dan cac mép va lam quat dep
hon, hay tinh dién tich gidy can thiét dé dan quat noi tren (Lay 7 ~ 3,14 va két qua lam
tron dén hang phan tram).

1. Diéu kieén: y > 0; -3 <z # 0.
2x T+ tx

— 4 —
3x  3t2z?2 222 4 t2x2

Dit /y = te = y = t*2® thay vao (1) ta dugc:
Rit gon bién x ta dua vé phuong trinh an ¢:

=2 F+t+1)=0t=2s/y=22>0.
Thay vao (2) ta dugc:

25 1
4x2+8x:\/2x+6<:>4x2+10x+z=2x+6+\/2x+6+1
2

o (e ) - (v’

VIT—3  13-3V17

Giai ra ta dugc v = ——
lal ra ta Jcx 1 =y 5

V17T -3 13 —3v17

Vay nghiém cua hé (x;y) = ( R 5 ) O

.302.150
2. - Dién tich hinh quat ban kinh R, = 30cm la: S, = WW = 3757 (cm?)
52150 125

- Dién tich hinh quat ban kinh Ry = 5em la: Sy = T W0 127T(cm2)

- Dién tich can dan giay hai mat la:
125 4375

Sg == 2(81 — SQ) =2 <3757T - 127T) == 6 W(cm2)

- Dién tich gidy can dung (ké cd phan du 10%) la:
4375

S =S5+ 10%S; = 1,1- —2" ~ 2519, 8(cm?)

[

Cau 3 Cho tam gidc ABC ngoai tiép dusng tron (I), cac tiép diém cta (I) véi BC,CA, AB lan
lugt 1a D, E, F. Goi M la chan duong vuong goéc ha tit D len EF, duong thing qua M song song
v6i AB cat DF tai P, duong thang qua M song song v6i AC cit DE tai Q.

1. Chiing minh: 4 diém D, E, M, P nam trén mot duong tron.
2. Goi K la giao diém ctia AD v6i PQ. Ching minh: KP = KQ.
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3. Goi H la giao diém ctia EP, FQ, N la giao diem cia AM véi BC, L la giao diém cua
IN, HD. Ching minh: KL vudng goc v6i BC.

B NU D

1. Do MP || AF nén

FMP:AFE:90°—[FE:9O°—5(18O°—E[F) :§EIF:EDF suy ra

AFMP ~ AFDE (g.g) dan dén AFMD ~ AFPE (c.g.c) nén FPE = FMD = 90°, tit d6
dé dang chitng minh duge 4 diém D, E, M, P nim trén dudong tron duong kinh DE.

2. Goi G la trung diém ctia EF, ta c6: [E = [F,AE = AF neén IA la trung tric cia EF dan
dén TA L EF tai G, suy ra AIGE ~ AIEA (g.g) dén dén IE2 =TA.IG L.IG thay IE = ID ta
c6: ID* = TA.IG suy ra AG]D ~ ADIA (C g.c) nén IDG = ]AD ADM mat k khac ta co
tinh chat quen_th thuoc: EDM — IDF suy ra EDM + MDA =IDF + DG hay EDA = G’DF

chi y rang: DPQ DEF nén ADPK ~ ADEG (g.), két hop véi ADPQ ~ ADEF (c.g.c)

KP PQ
tasuyraE—G—ﬁmaEF 2FEG nén PQ = 2K P hay KP = KQ.

3. Ta trinh bay 2 cach giai cho ¥ nay nhu sau:

. 1
Cach 1: Dinh nghia lai L la trung diém cuia HD thi LP = LQ) = LD = LH = §HD nén L la tam
duong tron di qua 4 diém D, P, H,Q. Goi N la giao diém ctia IL véi BC, ta ching minh: A, M, N
thang hang. Chi y rang: Do LM || AI (ciing vuong géc véi DE) nén ta chiing minh:

IA NI
ML NL

245 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Ta cé: 4 diem M, P,Q, L nam trén du’dng tron O le cta tam gidc DEF va LP = LQ neén ta dé
chiing minh duge: ML la phan glac cua PM Q (hoc smh tu ching mlnh tinh chat nay) Ta co:
PM H AB,MQ H AC nén PMQ BAC suy ra 180° — PMQ — 180° — BAC hay PLQ EIF dan
dén LMQ FAT Goi U,V 1a chan cac duong vuong goc ha tit L len BC, MQ thi AAFI ~ AMV L

A IF e T

(g.g) ddn dén —— = —. Ta c6: LQM*lSOo MPL = MPF+LPD = BFD+LPD = BDP +

ML VL
IA IF ID IN
LPD = LDU suy ra LU = LD.sin LDU = LQ.sin LQV = LV do d6 = — = —— suy

ML VL UL NL
ra A, M, N thang hang bai toan dugc ching minh.

Cach 2: (Hinh vé trén la hinh vé ctia cach 1, ban doc c6 thé tu vé hinh theo cach 2 dé tham khéo
thém)

Ta dé chitng minh duge: AMPQ ~ AABC, goi Al cat BC tai X, M D cat PQ tai Z. Ta c6 tinh
chat quen thudc: H la giao 3 phan giac trong clia tam giac M PQ nén H 1a tam dudng tron ndi tiép

tam giac M P() suy ra , goi L 1 trung diém ctia DH, ta chiing minh: I, L, N thang hang.

M[I:IZ jl[E
Thic 1a chiing minh: D - Ix diéu nay tuong duong véi chi ra:
MH ML MH DM
7 = ID mit khac theo tinh chat phan giac ta co: 77 = D7 nén ta quy vé chitng minh:
DM ML DM —- ML ML DL ML 9
57 ~ 1D ay 57 1D _LD tic la: ﬁ—ﬁhayLD =LZLM.
Cha ¥ rang: LG 1a trung trie cia PQ va @ =90° va ALKZ ~ ALMG (g.g) nén
LQ*=LK.LG = LZ.LM (dpcm). O
Cau 4

1. Tim tat ca cac s6 nguyen duong x,y dé biéu thic 82° + y* — 6xy + 1 1a s6 nguyen t6.

2. Xét day vo han cac s6 nguyén duong a; < ay < --- < a, < ... théa man diéu kién
Qip1—a; > 8 v6imoii=1,2,.... V6i mbi s6 ty nhién n, dit s, = a; +as +-- - +a,. Ching
minh rang véi moi s6 tu nhién n trong khoang [s,,, s,+1) ton tai it nhat hai s6 chinh phuong.

1. Xét biéu thitc P = 823 + y* — 62y + 1, ta bién do6i nhu sau:

P= (22> + ¢y’ +1—6xy
P=Q2rv+y)?-3 2z -yQ2r+y)+1—6xy
P=[2z+y)’+1"] -6y +y+1)
P=Q2r+y+1)[2x+y)?*—(2r+y)+1] —6ryr+y+1)
P=Q2r+y+1)42® +4ay +y* — 2z —y+ 1 — 6zy)

P=Q2r+y+1)42® —2zy +9y* — 20—y +1)
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Vi z,y 1a cdc s6 nguyen duong (z > 1,y > 1) nen:
2e+y+1>2(1)+1+1=4>1
Dé P la s6 nguyeén t6 thi thita s6 thit hai budc phai bing 1:
4o — ey 4+ —20—y+1=1
4 —2xy+y* —20—y=0

Nhan cd hai vé cia phuong trinh véi 2, ta co:
8x% — 4oy + 2y —4xr — 2y =0
& (4 —day+y°) + (4a® — 4o+ 1)+ (P —2y+1)—2=0
e 2r—y)P+Q2r—-1)7+(@y—172=2

Vi z,y € Z" nén (2 — y)?, (2x — 1)?, (y — 1)* déu la céc s6 chinh phuong.
Mat khac, dox >1=2r—-1>1= (22 — 1) > 1.

o Néuz>2thi (20 —1)2>3>=9>2 (vo ly).

e Do d6, bat buodc z = 1.
Thay z = 1 vao phuong trinh, ta dugc:

2-y)’+12+(y—1)7=2
ey-2°"+@-1"=1

Tong ctia hai s6 chinh phuong bing 1, nén phai c6 mot s6 bing 0 va mot s6 bang 1.

e Trudng hop 1: y — 1 =0 < y =1 (théa man nguyén duong).

e Trudng hop 2: y —2 =0 < y = 2 (théa man nguyén duong).

e Viz=1y=1:P=8(1)>+1%-6(1)(1) + 1 = 4. Vi 4 khong phai 1a s6 nguyén t6 nén

loai.

e Véiz=1,y=2: P=8(1*+2%—6(1)(2) + 1 =5. Vi 5 la s6 nguyen t6 nén nhan.

Vay cap s6 nguyén duong duy nhat thoa man bai toan 1a (z;y) = (1;2). O
2. Goi m? 1a s6 chinh phuong 16n nhéat théa man m? < s, thi s, < (m+ 1)
Ta chiing minh (m + 2)? < s,,11.
Gia st phan ching (m + 2)? > s,11. Thé thi vi m? < s, < s,41 < (m + 2)? nén
Unp1 = Spp1 — Sn < (M +2)* —m? = 4m + 4.
Viajy1 —a; >8v6imoii=1,2,... nén
p < pyp —8<4dm—4, a, 1 <4dm—12,..., a3 <4m —4(2n —1).
Do d6
Sp=a1+ax+ - +a,
<dnm —4(1+3+---+2n—1) = 4nm — 4n°.

Ma m? < s, nén m? < 4nm — 4n? hay (m — 2n)? < 0, vo ly.

Vay gia stt phan chiing 1a sai, nghia la ta phai c6 (m +2)? < s, tu dé suy ra s, < (m+1)%* <
(m+2)? < s, tic trong khodng [s,, s,+1) phai c6 it nhat hai s6 chinh phuong la (m + 1)? va
(m+2)% O
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Cau 5
1. Cho a,b,c la cac sb thiyc duong théa man abe = 1. Tim gia tri nhé nhat ciia biéu thic:

B a® + 2025 n b* + 2025 n  + 2025
S ad(b+c)  V(cta)  Ala+bd)

2. Cho mot luéi 6 vuong kich thuée 24 x 24, ban dau tat ci cac 6 don vi déu dude to6 mau
trang. Mot nudc di bao gdm viéc chon mot hang hodc mot cot, roi thay doi mau ciia tat
cd cac 0 don vi trong hang hodc cot do (tir trang sang den, va tit den sang trang). Hoi sau
mot s6 hitu han nuéce di, lieu lu6i ¢ thé chita ding 574 6 don vi mau den hay khong?

1. Cha ¥ ring,

1)\?2 1\2
1 1 1 5) (6)
_|_

al(b+c) - Bla+c) cAla+b) alb+c) N b(a+c) * c(a+b)

= (BDT Cauchy/AM-GM)

Mit khac, (a+ b+ ¢)? > 3(ab + ac + be) v6i cac s6 thue duong a, b, . ()

a’(b+c) +b2(a+c) +c2(a+b) ~(b+¢) (a~|—c)jL (a+b)

<1 1 1)2
_+_+_
a b ¢

= 2(a+b+c) ®)
)

(1 1+1 1+1 1)
bc a ac b ab c

N o DO
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Cubi cing, vi a®> + 1 > 2a, ta co:

a?® + 2025 N b2 + 2025 N 2 + 2025 - 2a + 2024 N 2b + 2024 N 2¢ + 2024
ad(b+c)  ba+c) Ala+b) — a*b+c¢) blat+c) Ala+d)

3 3
>2-—-+2024- -
- 2+ 2

= 3039

Dau bang x4y ra khia =b=c = 1. O
2. Cau tra loi cua bai toan la pht dinh.
Gia st sau mot s6 hitu han cac nude di, trén ludi 6 vuong c6 dung 574 6 mau den.

Téng s6 6 don vi trén toan bo ludi 1a 24 x 24 = 576 (5).
Khi d6, s6 6 don vi mau trang con s6t lai trén ludi sé 1a 576 — 574 = 2 (0).

Do trén toan bo luéi rong 16n chi c6 ding 2 6 mau trang, ta luon cé thé chi ra duge mot hinh
vuong kich thude 2 x 2 chita ding 1 6 mau trang va 3 6 mau den. (Giai thich them: Chon mot
0 trang bat ky, 6 nay thuoc 4 hinh vuong 2 x 2 khac nhau. Ta dé dang chon dugc mot trong
cac hinh vuong 2 x 2 d6 ma khong chita 6 trang thit hai).

Bay gio, ta xét tinh chin 1é ctia s6 lugng 6 mau trang trong mot hinh vuong 2 x 2 bat ky tren
lu6i:

Ban dau, tat cd cac 6 déu duge t6 mau trang. Suy ra, moi hinh vuong 2 x 2 déu chita dung 4
o trang. S6 lugng 6 mau trang ban dau 14 mot s6 chén.

M&bi nuéce di 1a viec déi mau toan bo mot hang hoic mot cot. Nude di nay sé tac dong lén mot
hinh vuong 2 x 2 dang xét theo mot trong hai truong hop:

e Hang hodc cot dude chon khong di qua hinh vuong 2 x 2: S6 6 mau trang trong hinh
vuong khong thay doi.

e Hang hoic cot dude chon di qua hinh vuong 2 x 2: N6 sé lam déi mau ding 2 6 don vi
trong hinh vuong dé. Gia st trong 2 6 bi tac dong c6 k 6 dang 1a mau trang (k € {0,1,2})
va 2 — k 06 dang 1a mau den. Sau khi thyc hién nuée di, &k 6 trang bién thanh den (méat di
k o trang), va 2 — k 6 den bién thanh trang (thém 2 — k 6 trang). Vay, su thay doi vé sd
lugng 6 trang trong hinh vuong 2 x 2 nay 1a: (2 — k) — k =2 — 2k.

Vi dai lugng 2 — 2k = 2(1 — k) luon luon 13 mot s6 chén, nén tinh chén 1& ctia s6 lugng 6 mau
trang trong moi hinh vuong 2 x 2 14 mot bat bién (khong bao gid thay ddi qua cac nudc di).
Ban dau n6 1a s6 chan, nén sau bao nhiéu nude di n6é van bat buoc phai 1a mot s6 chin.

Diéu nay mau thudn hoan toan vé6i lap luan & trén, khi ta chi ra sy ton tai ctia mot hinh vuong
2 x 2 chita ding 1 6 mau trang (la mot so 18).

Vay, gia st ban dau la sai. Khong thé nao dat dugc trang thai luéi chita ding 574 6 don vi
mau den. O
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PE 25

LOI GIAI

Cau 1.

1. Cho a, b, c 1a cic s6 thyc duong théa man a + b+ ¢ + 2v/abc = 1. Tinh gia tri biéu thic:

P = \/a(1 = b)(1 =) + /b(1 — ¢)(1 — a) + /(1 — a)(1 — b) — Vabe + 2026

2. Mot hop dung 4 bi xanh va 6 bi dé. Ta lan lugt rat 2 vien bi. Tinh xac suat dé rat duge
mot bi xanh va mot bi do.

1. Tacoba+b+c+2Vabc=1=b+c=1—a— 2Vabc, nén:

VA=0(1—¢)=vVI—b—ctbe=/1—-(b+¢)+be
:\/1—(1—2\/@—a)+bc:\/a+2\/%+bc

=V (Va+Vbo)? = Va+ Ve

=>\/a(1—b)(1—c):\/5(\/5+\/%):a+\/%

Tuong tu, ta co:

VA=)l —a) = Vb+ Vea= /b1 —c)(1 —a) = b+ Vabe
VA —a)(1=b) = e+ Vab = \/e(1 —a)(1 —b) = ¢+ Vabe

Do do, ta dugc:

P=a+Vabe+ b+ Vabe + ¢+ Vabe — Vabe + 2026
=a4+ b+ c+ 2Vabe + 2026 = 1 + 2026 = 2027

Vay P = 2027. O
2. S6 cach rit ngAu nhién 2 vién bi tit tong s6 4 + 6 = 10 vién bi la:
n(Q) = C3, =45
Xét bién c6 A: "Rit duge mot bi xanh va mot bi dé". S6 cach dé rit duge 1 vien bi xanh trong
4 vién bi xanh va 1 vién bi do6 trong 6 vién bi do la:

n(A)=C}-Ci=4-6=24

X&c suat ctia bién cd A la: 4) 24 )
n

P A = —_— = = —

W=T0 " 5 15

250 Mot s6 de on tap thi chuyen - Tap 1



Nguyén Lan Anh K68 THPT Chuyén Bién Hoa 2026

Cau 2.
1. Giai hé phuong trinh:
VB ETTET-1
v+ + 2y — yPr =0
2. Cho x,y, z 1a cac s6 thuc thoéa man dicu kién = 4+ y + z = 0. Chitng minh réang:

20 —1  2y—1 22—1>—3
24+2  yP+2 22427 2

1. Diéu kien z, 2z —y — 1 > 0.
Phuong trinh thit nhat ctia hé tuong duong véi:

Vri=y/z—y—-1l+lers=c—y—1+2/z—y—1+1
sy=20/r—y—1ay=4z—-y—1)

S y+2)l=drey+2=2V/r
Phuong trinh thit hai ctia hé tuong duong véi:

Y4+r+2v/r—yr =0 (y+ Vo) =a Sy +Vr=yJr

Ta c6 hé méi la:

{y+2=2ﬁ {y+2:2\/5 {y+2:2\/5
= = 9
y+\r=yr 20+ (y+2) =y(y +2) vy —y—2=0
(-

1
& 4

y=2
r=4

So sanh v6i diéu kién ban dau, ta thay ca hai nghiém trén déu théa man.

1
Vay hé phuong trinh da cho c¢6 hai nghiém 1a (x,y) = (Z, —1) ,(2,4). O

2. Trong 3 s6 x,y, z luon c6 hai s6 ciing khong am hoic cting khong duong do = + vy + 2 = 0.

Khong méat tong quat, gia sit zy > 0.
20 —1 2y—1 2z—-1

Dat P =
¢ 2+2  yP+2 0 2242
2 2 2
Ap dungﬂ—kn—ZMVGi a,b > 0 (khong can chiing minh)
a b a+b
27 — 1 2y — 1 2z —1 (z+1)* (y+1)* (2+1)?
pes= (o)« (Bh )+ (55 +)-
* x? 42 N y?+2 * 2242 x? 42 * y?+2 * 2242
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Pi3> (z+y+2)°  (z+1)
Tty 44 2242

(r+y+2)° (z+1)?

P+3>
- T (r+y)?-2ay+4 0 2242

(z+y+2)?  (2+1)

= P+3>
* T (rty)2+4 0 242

(Vizy >0).

(2—2)% (2+1)?
22+4 22 +2

Dox+y+2=0nén P+3 >
. : R
Ta chiing minh P+ 3 > 7 That vay:

(2 —2)%(224+2) + (2 4+ 1)*(2* + 4)
24+ 622+ 8

(=2 |

N z
224+ 4 z

+1)?
2

3
>
2+ -2

> 3<=>
-2
S22 — 4z +4) (2% +2) +2(22 + 22 + 1)(22 +4) > 3(2* + 622 +8)

S 4P 44”7 >06 27 —42+4) > 08 2%(2—2)2 >0

Diéu nay ding véi moi z. Dau bang xay ra khi z = 0 hoac z = 2.
3 -3

SuyraP—FSZi@PZ?.

Dau bang xay ra khi z =y, 2y = 0,2%(z = 2)* =0,z +y+2=0z=y =2 = 0.

Vay c6 diéu phai chting minh. O

Cau 3.
1. Mot s6 nguyéen duong m dugce goi 1a “s6 lech dep” néu ton tai sé nguyén n sao cho
m? = (2n —1)(2n — 4) + 18.
Tim gia tri 16n nhat c6 thé c6 cta |m — n.

2. Cho p 1a mot s6 nguyen to va n la s6 nguyén duong nhé nhat, 16n hon 1, sao cho n® — 1
chia hét cho p. Chitng minh ring c6 it nhat mot trong hai s6 (n +1)® — 1 hodc (n+2)% —1
chia hét cho p.

1. Ta c6 phuong trinh:
m? = (2n — 1)(2n — 4) + 18

& m? =4n* — 10n + 22
Nhan ca hai vé véi 4 dé tao hing dang thc:
& 4m? = 16n* — 40n + 88
& 4m? = (4n — 5)? + 63

& 4m* — (4n — 5)? = 63
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< (2m —4n+5)(2m +4n —5) = 63

Do m,n € Z va m > 0, suy ra (2m — 4n + 5) va (2m + 4n — 5) la cac udc nguyeén cia 63.
Mat khéac, tong hai thita sb la:

(2m —4n+5)4+ (2m+4n—5) =4m >0

Do d6, ca hai thita s6 déu phai 1a s6 duong.

Tong . _ Higu+10

van (v6i Hieu = Thira s6 sau - Thita s6 trude).

Ta c6: m =

Lap bang xét cic cap udc duong clia 63 ta tim duge cac gia tri c¢6 thé ¢d ctia |m —n| 1a 3 va
7. Vay gia tri 16n nhat c6 thé c6 ctia |m —n| 1a 7. O

2. TaconS —1=n—-1Dn+1)n*—n+1)(n>+n+1).
Vin® — 1ip va p 14 s6 nguyén t6 nén p phai chia hét it nhat mot trong 4 nhan tit trén.
Trucong hop 1: p = 2.
Vi n > 1 nhé nhat thod man n® — 1:2 nén n phai la s6 1é nhé nhat 16n hon 1 = n = 3.
Khi d6 (n +2)% — 1 =55 —1 14 s6 chéin, nén chia hét cho 2 (Thda man).
Truong hop 2: p > 2. Ta xét cac kha nang ctia nhan t1t chia hét cho p:
e Khanang 1: p|(n—1)=n=1 (mod p).
Vin>1=mn>p+1 Tuynhién, véiso p—1>2,tacé (p—1)°0—-1=(-1)°-1=0
(mod p). Diéu nay mau thuan vé6i tinh "nhé nhat"cian (vip—1<p+1 < n).
Vay kha nang nay khong xay ra.
e Kha nang 2: p| (n+1) = n= -1 (mod p).
Két hgp dieu kien n nhé nhat va n < p — 1 (da ching minh & trén), ta bat budc co6
n=p-—1.
Khi d6: (n+2)°%—-1=(p+1)°—-1=1°-1=0 (mod p). Do dé6 (n +2)% — 1ip.
e Kha nang 3: p| (n? +n+1).
Taco: (n+1)>=n*+2n+1=n>+n+1)+n=n (mod p).
Suy ra: (n+1)® = ((n+ 1)?)> =n?® (mod p).
Mat khac, n* =1 =(n—1)(n* +n+1)p=n3=1 (mod p).
Tt d6 suy ra (n+ 1) =1 (mod p) = (n+ 1)% — 1ip.
e Kha nang 4: p | (n* —n+1).
Taco: (n—1)2=n*>-2n+1=(n*—n+1)—n=—n (mod p).
Suy ra: (n —1)¢ = ((n — 1)?)3 = (-n)® = —n? (mod p).
Mit khac, n® +1=(n+1)(n?> —n+1)ip = n3>= —1 (mod p).
Tt d6 suy ra (n — 1) = —(—1) =1 (mod p) = (n — 1)° — 1ip.
Vi n 1& s6 nguyén duong nhoé nhat 16n hon 1 théa méan tinh chat chia hét, nén n — 1 khong
thé 12 86 16n hon 1 (néu khong n — 1 sé 1a gid tri nhé hon n théa man). Do d6n —1 < 1.
Man>1=n—12>1.
Bat buocn—1=1=n=2 Thayn=2vaop|(n*—n+1) tadugcp|3=p=3.
V6ip=3n=2taxét: n+2)5-1=4-1=1°~1=0 (mod 3). Do dé6 (n+2)% —1ip.
Vay trong moi truong hop, luon c6 it nhat mot trong hai s6 (n +1)% — 1 hodc (n+2)® — 1 chia
hét cho p. O
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Cau 4. Cho tam gidc nhon ABC (véi AB < BC < CA) c6 I,J, M lan lugt la trung diém ciia
cac canh AB, AC, BC. Goi D la giao diém ctia hai duong tron (I; IA) va (J; JA), v6i D khac A.

1. Chiting minh t gidc AIMJ 1a hinh binh hanh va ba diém B, D, C thang hang.

2. Tiép tuyén ctia (I;TA) tai A cit dudng thang MJ tai diém K va cit (J; JA) tai diém P,
v6i P khac A. Tiép tuyén cia (J;JJA) tai A cat (I;1A) tai diém Q, véi Q khac A. Goi
Eli diégiéi xting v6i A qua D. Chting minh tit giac ADMK noi tiép duong tron va
PAQ + PEQ = 180°.

3. Goi S va T lan lugt la giao diém ciia duong thang PQ véi hai duong thang BC' va AD.
Chiing minh TP - SQ =TQ - SP.

E

1. D& ching minh AIMJ 1a hinh binh hanh. Va dung tinh chat géc déi cia tit gidc noi tiép dé
chitng minh ba diém B, D, C thang hang.

2. Ta chiing minh ADM K noi tiép dudng tron. Tt gid thiét, ta c6 MJ | AB. Hon nita AB 1 AP
(AP 1a tiép tuyén tai A ctia ([;7A)) nen MJ L AP. Két hop diéu trén véi JA = JP, ta suy ra
M J 1a duong trung tryc cia AP. Tu day suy ra MK 1 AP hay AK M = 90°. Suy ra ADMK
noi tiép.

Goi H la giao diém ctia M va AQ. Chitng minh tuong tu nhu trén, ta c6 M H 1a duong trung
tryc ctia AQ va AHM K noi tiép. Két hop véi ADM K noi tiép, ta suy ra A, H, D, M, K cling
nam trén mot du’c‘i/n& trbn./\

Ta chiing minh PAQ + PEQ = 180°. Ta ¢6 H la trung diém cia AQ (M H la duong trung
tryc clia AQ), D la trung diém ctia AE nén HD la duong trung binh clia tam gidc AEQ. Suy
ra HD || QF, tit d6 thu diwge QEA = HDA (hai goc 6 vi trf ddng vi).
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Ta c6 K la trung diém ctia AP (MK la dudng trung tric cia AP), D la trung diém ctia AE
nén KD la dudong trung binh ciia tam giac AEP. Suy ra KD || PE, dan dén PEA = KDA
(hai goc & vi trf dong vi).
Ta co: @ = FET‘I—{—@ — KDA + HDA = HDEK (8) Hon nita HDK+% =
HDK + HAK = 180° (do A, H, D, M, K cing nim trén mot duong tron) (9) Tit (8) va (9)
suy ra m + P/ETQ = 180°.

SP

TP
3. Ta can chiing minh m = 50 Ta co: QDT QDA QBA (do AQBD noi tiép) (10) Va

PDT = PDA = PCA (do APC'D nai tiép) (11)

Xét tam giac ABQ vuong tai () va tam giac AC'P vuong tai P ¢6 Cm — PAC (cung phu
BAC). Suy ra: AABQ ~ AACP dan dén QBA = PCA (12)

Tu (10), (11), (12) suy ra @ — PDT kéo theo DT 1 tia phan giac trong cia Q/ZﬁD, vay:

TP DP
—=—(13)
7 DQ

Ta c¢6: DS L DT nén DS la tia phan giac ngoai ctia @73, suy ra:
SP DP

22 (4
TP SP
T (13) va (14) suy ra O~ = g—Q hay TP -5Q =TQ - SP. O
Cau 5. Cho 40 s6 nguyén duong ay, as, . .., a9 va by, by, ..., by théa man:

1<a<ay <+ <apg <200,
1§b1<b2<"'<b21§200.

Chiing minh rang ton tai bon s6 a;, a;, by, b, (i < j, k < p) sao cho a; — a; = b, — by.

Xét cac tong c6 dang a,, +b, véim € {1,2,...,19} van € {1,2,...,21}. Ta thay c6 19-21 = 399
tong nhu vay, va mdi tong nhan gia tri nguyen tit 2 dén 400 (c6 399 gia tri).

Ta sé chiing minh c6 hai tong bing nhau. That vay, gia sit khong c6 tong ndo biang nhau, khi
d6 399 tong nay sé nhan di cac gia tri tit 2 dén 400. Suy ra tong nhé nhat phai bang 2 va tong 16n
nhat bang 400. No6i cach khac, ta c6 a; + by = 2 va ayg + bay = 400. Két hop vdi gia thiét, ta duge
a; = by = 1 VA ajg = by = 200, tut d6 suy ra a; + by = a9 + by = 201, mau thuan.

Vay phai c6 hai tong bing nhau. Gia st hai tong bang nhau d6 1a a; + b, va a; + by. Thé thi ta
c6 a; — a; = by, — by. Khang dinh ctia bai toan dugce ching minh. OJ
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Tai lieéu tham khao

MATHNET: https://mathnet.mit.edu/explorer.html

Dién dan toan hoc: https://diendantoanhoc.org/

Facebook

TOANMATH.com: https://toanmath.com/

Dé thi hoc sinh giéi tinh, dé thi thit vao chuyén, dé thi chinh thic vao chuyén cac tinh cac nam

Mot s6 chuyén dé t6 hop (Danh cho hoc sinh trung hoc co s§) - Nguyén Tién Lam, Duong
Minh Khoi

Tuyén chon CHUYEN DE HINH HOC TRONG TAM - Nguyédn Trung Kién
Mot s6 chit dé s6 hoc huéng t6i ki thi HSG va chuyén toan - Nguyén Nhat Huy
96+ dé on luyen chuyén toan - Vo Qudc Ba Can

Dinh huéng boi dudng hoc sinh nang khiéu toan t6 hgp tap 4 - Lé Anh Vinh

Bo dé thi tuyén sinh vao 16p 10 truong chuyeén va truong thuong chéat luong cao mon toan - Luu
Ba Thing
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Mot sb tai lieu phuc vu cho qua trinh 6n thi chuyén

https://drive.google.com /file/d /1o QNbi8wckxHuzw18GuhasxO2- WIPvp8/view?usp=drive link
https://drive.google.com/file/d /1xZPoBODaO27Pwars1MdvlLU8Zz07NrzT /view ?usp=drive link

https://drive.google.com /file/d /1Z3UGy4RgBCcBe3PPIRst3Z6P-20Xh2WM /view Tusp=drive |
link

https://drive.google.com /file/d /1aaOBOLt-oytROAzGcC JAFAc2eF GekY /view?usp=drive link

https://drive.google.com /file/d /1325VbcobMIUoarUo Yt TmfMVMINWCDOzF /view7usp=drive
link

https://drive.google.com /file/d /151UnyrFY JeldCKRIZEMKuOJnu99QCYIH /view?usp=drive link
https://drive.google.com /file/d /13DzHN9-U5sRVBy VPSGu59B-tWj ra2T1/view?usp=drive link

https://drive.google.com/file/d/1  A2szA-AKW o7mDh308EiH8ABOBgXtnb/view?usp=drive
link

https://drive.google.com /file/d /1JPxNkIpVEjd4nyrV5LkJytLiYT430Ehg /view?usp=drive link

https://drive.google.com/drive/folders/1t6yiDNm8i7te 1UJHO0zOcz2k2L6H-1Hd 7usp=sharing

Trén day 1a mot s tai lieu chon loc ban than toi diing dé on thi chuyeén, duge luu trit vao muc

drive clia toi nay xin chia sé t6i cdc ban. C6 mot file hinh ctia anh Nguyén Ngoc Son ma toi thay
rat hay cho cac ban dam mé hinh hoc ¢6 thé lam thit. Link & vi trf s6 10 14 mot phan dé thi toi da
luyén tap trong nam lép 9, con lai da phan 1a bai tap cac phan khac nhau dé cac ban lam. Khuyén
khich cac ban mua nhiing quyén sach da ké tén 6 phan tai lieu tham khao vé hoc, d6 ciing 1a nhiing
quyen sach toi da ding dé on tap.

Mong né6 sé cé ich cho cac ban hoc sinh. Ngoai ra nhitng ngudi tré c6 thé lien hé véi toi qua
https://www.facebook.com /nguyen.lan.anh.831387/?locale=vi VN dé thuan tién hon la gmail.

Toi yéu Chuyén Tuyén Quang!
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